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as
PREFACE

.
This text has been written under the auspices of the. School Mathematics

Study Group as a sZA .arint one to'teach the SMSG,text Mathematics,

____ferJunioi: High School, 7blume I. t attempts to .ervelop the basic content

necessary to understand and teach the material covered in Volume I of t

jun {or high. school series. 4
.1.

Also included throughout t is text axe comments on su Led methods of

presenting this material to sewenth graders. Addi al helpful hints can be

found in theSMSG Teacher's Commentary that accompanies Mathematics for Junior

High School, Volume I. Thus, it would be quite beneficial for one to study

this text concurrently with the available SMSG seventh grade materials.

Although designed specifically to accompany the.aforementionad SMSG text,

the terial prelented herein should adequately 'Prepare one to teLh any or
s t

the so-called "modern" approaches.to..spventh grade mathema"-kcs. AlArst all

of these programs have certain keyohaturesfn common, fuch as:

(a)'. emphasis on the rationale of the fundamenta l operations; .*

(b) discussion of properties and structure of the number system;

(c) attention to conceptis of non-metric as well as metriggeometty;

(d) exploration.of.other systems of numeration -as a device fol.

-strengthening the understanding of bur own decimal system.

It has been the aperience of teachers 1.7ho have participated in such pro-'

trams as the SKSG one that seventh grade youngsters (as well as teachers) .show
.

fair more interest and enthusiasm in their studies of mathematics than,ls) the °
. . .

ease wiiYi traditional programs that present a heavy emphasis on cOinaational. ..

techniques. This is not to imply that compdtation is neglected in the newer .°

:approaches; rather it i6 developed with carqal attention pai-dte'teaping
,

and understanding.

In this text, class exercises are.interspersed.throughou, with answers -..,
_ .

given t the co4clusion of each chapter. Answers tq the end of chapter exer-
.. , . %

.
,.

exerciseseises,,are to be found at the end of the book. The exerciSes should be com-' .i
..

ple9ed as soon as the material is read in
.

order to strengthen ideas presetted
...

Athin each,-section. Furthermore, each chapter closes with an4additionaL .col- -7-
r/-... . .

lectkon of exercises to, provide practice of key ideas., A series of masters
..... . ..fi

are available for prepar,i&krojeetuals-to use in
,

conlunction with the teaching
r . ; 4,;. r.' . , 1 e-., . .

-of.a Course based on this book.



.

This text was written with the thottght that .wouldbe used in .an in-

service course for which there would be an instruc or or consultant available.

However,. gufficient details have been presented throughout so thft a teacher

should be able to master the materialindependently.

AlthdLigh these units are based on. Volume I of Mathematics for Junior High,.

School, it was.necessary to prexent some ideas tnat fist appear in Volume II,

in al-der,to 12rovide a complete picture in some areas. Thus, the set of real

nunbers is discussed here'altkAigh they are not forMally treated until tp4e

eighth grade in most tents.
e
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INTRODUCTION ,

Mathematics is conceAedNith Many things; some serious. and some frivolous,

somq hard and some easy. The computation of batting averages is mathematics.

-The study of gUrfacos which may be pulledinto the shape of spheres is mathe-

matics. The -solution of the well-known,,Problem,

0 ,

SEND
4 ' 'MORE

' MONEY

where each letter is to,-.'6e replaced uniquply by a digit to forma correct

adcb.tion croblem, is mathematics. Some very simple but careful reasoning° will

produce the lver. In this ttxt we shall study soma of the branches of mathe-

mal.'ics and lay a foundation for filrther studSf.
0

The diversity in mathematics may 2,e compared to the diversity available

'in reading'. We may chooe our reading in many ways. We may read for recrea-.

'tfon or for knowledge. This analogy...may 'e carried oh in other-ways. Just

as kme read onrare occasions otherdey read.compulsively, being uncomfor-

table' when they are'more than three feet from a book,, paper, or magazine.

Whatever.the reason' or whatever the level, nearly everyoie finds something

of interest to read. Certaihly, everyone who can read 'finds the "ability to

'reAd -valuable. The same may, be said for mathematics: There is something of

interest or value tlo everyone/ There are those who will use mathematics to

verify their paychjqks . and there are some wit are comillsive ,mathematicians,
. .

only happSr 'when thinking.of mathematics.
4

The analogy may b'eextended in still other directions. No one person is

able to read, all the books, magazines,. pamphlets, and papers.published, and'

no one individual an be knowledgeable in all areasof mathematics. There are

those who read and also write; in mathematics there are those who study, 'those

who use mathemat4.c, -and:those.,iaao go. further and create new mathematics .

Every. discipline /las a VOcabularY 6f'its own. This may include. special

words, such as ma-rneto drodynamics, or common words with meanings specialized
. .to the subject, ch as function. This is usually An attempt to achieve pee-

cikohg and eCOno in:coinmunication. Unfortunatelj, a jargon is sometimes
1 , .

introduced in a discipline to maslc. -a fundamental lack pf knowledge and to
I .

appear -scientific
./.- «

, _.
, :';' , i-. '-- 4- '

_

,.
.

,

. . .

To achieve economy and precision in mathematics some very common words

are used to convey deep ideas. The word "nuaker," as used in mathematics,

briefly, conveys ,O very' a-U:ti-ita layman, the word "number" brings

to mild some symbols.. We recognize that the symbol is not the concept. When -

we write tde. word "horse" we think of .a "solid-hoofed animal used for riding
.

.

I
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on or;drawing burdens,," but the word "horse" is not the ani 1 but is rather

% lasymbol .c,r the animalaren we write the symbols 6, VI,' and -IT , we are-
\ (\24

\triting various forms of names for a number concept. To be precise we speak
24 ..

of the symbols 6, VI, and -7.- as numerals which name the same number. There

are, ofcourse; situations in which this degree of pre6ision is necessary apd
- .

.

other occasions when this precision becomes pedantic: A physician', when speak-

ing to a colleague, may refer to a patient's broken tibia while the patient is N
V

centent to speak of'a broken leg.

We might speak of the numbers whose numerals are 1, 2, 3, and 4. -4rhis

Nrould be perfectly correct. However, we frequently choose to write "the num-

;hers 1, 2, 3, and if and trust the context will make, our meaning clear.

Y. It is.desirable ;11pt pupils know the distinction:between numeral and

number. 'For example, we may wish to write:,
14(3 X 3) + 3] 6

6
.

On the face cif it, it is ridiculous to claim the two aides of this expression

. dare thesame. When we realize these are two names which, name the same numbe.,
the statement becomes meaningful.

The purpose of the introduction in this text is to illustrate that there

rs more td mathematics than compuOng and that there is much of interest in

mathematics thht may readily be demonstrated to the juniol- high school student.
,

The.aims of an introductory chapter at the beginning of the seventh grade are

many. Itis worthwhile to reawhkenan interest it mathematics, show the

power of mathemati4s in many varied situations, add to give an'indication.of

some of thettings to come.

Chapter 1 in Volume I, of Mathematics for Junior High 5-hool illustrates

how this might be eine. In teachi g such:a chapter it may not. be best to da,

the entire chapter at One. time. A

until the student's interest is cap
,

A good time to return to such mater

A NumberGame

art of_such a chapter could be covered ,

ured and the rest" vostpOiled until later1

al is just before vacatiaPs.

The interest. of the student might -be arouse

.number game. Here is'a game witn.simple ruleifq

the game we will call the players A and' B.

3, 4,i5, 6 player A picks a number. Player B

,, 1

by Q.Vi g a very simple

two pl era. To describe

piong*the numbers 1, 2,

tlrgplieksa nUMber, again

from 1,.2, 3, 4, 5, '6 and adds it to the number A piaed.'.It'is now A's -..,

. ,...
it turn. He picks a Neer from the six and adds it to the prgceding sum. The

. ,

Yl



. ..

game continues in, this, fashion. The game is won bey the player who is able on
.

his turn to .pick the number, from 1, 2;.3, 4, 6, which es the total .

sum 56. The same number may be picked,as many times as detired.
, ,

...,

A Sample Game

,

A chooses . 6 chooses, 5;
.

6 + 5 . 11 .

A chooses 3; 11 + 3 14_ B choOses 6; 14 + 6 : 20'=

as BA chooses 1; 20 + 1 chooses 4; 21 +.4 = 25,=

A chooses 6; 25 + 6 B chooses 3; '81.: 3= 34ji,

A chooses 34 +.2 t chooses 6; 36 + 6 = 42
36 b

A chOoses 5; 42 + 5 chooses 4; 45 t 4 6 49,B

4,0A chooses , 4; 49 + 4 B chooses .3; 53 +.3 = 56= t

B wins! /

Pair off the class members and play this game. Can you find a pattern that

will enable you to always win. this game?

say it is,. fc,r- reason an deduction allows'Is this mathematics? We would

.

you to answer the above questions.
,

in the classroom; it may be varied.

This game has a feature that is desirable

For example, the gape may be played with

.the numbers 1, 2, 3, 4, 5, 6, 7 and'Winning sum 85. There are, of course;

. many variations.
,

This game is an example of a mathematical problem (or
'

puzzle) which may
;

be solved without' any formal'knowledge of Mathematics. It is amusing to play
. ,

.

anti it is pleasurOle'to discover the strategy of the game. Since there are

vaFiations in thich the winning 4trwtegyri... not much changed/ many students
t

have an opportunity tb make a diScovery...
,

\ 1 .
_ ....

II; the remainder of thisintroduction we shall examine in detail some
.._ _

' A
problems whigga are typical of those giyen in Chapter 1 or Mathematics for

; d -

Juntor lifgh School, Volume I. There gfe many.such problems; their.object is----,

t'o.incr,ease interest in mathematics. ,Theyshould not be allowed tO become.

frustrating. A simple question at the right, time may lead the student or ,

class in, the right di'ection.

we'

,viii
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Weighing Problems

Consider the following reasoning problem:

Eight marbles all hive the same size, colort and shape.:

Bev.en of them have the same weight and the other is heavier.
__

-4Sirig a balance scale, how would you find the he marble

if you mike only -two weighings?
4

0

f

0.1

There are many; ways one might begin to wqrk on this problet. Many
;

students, however, ,:lesitate to begin because of the relatively large number

'of marbles invol';ed. This difficulty occurs in many problems and students'

. should be encouraged to invent similar but easier problems to be solved first.

The eight-marble problem is

easily 1); done.

A student might begin

appearance. Ope' marble is
,

the heavy one using a beam
-- -

.c6urse very easy.

a good example of a -15roblm'in which this may

r

with this%Iroblem: Two marbles are identical ip

heavier than the otter. .Determine'which marble is

balance. 'The solution of this problem is of

6

a J
Now one might be encouraged to look at the problem of three marbles. Is

it possible to determine the'heavr marble with one weighing? The student

should now come.to the conclusionrthat anequal number of marbles must be

placed in each pan (tray) of the beam balano4, He also will see that there

a need to consider' cas,es., ,

4

a



0

t

t °

'While it is not recommended that the-students_wOrit their way case by

case uitothe Case of eight- marblATCT&W'ribre cases may be helpful. Can
is'

the heavy marble among four marbles,alwayaj.he.determined in one Weighing?

In two weighings? Having done the prObleM,forfour,marbles, thejaroblem:of

five Marbles is easily done.
/ %.

e

Studying the cases with a smaller'number of marbles has served the purpose

of-making the problem seem less formidable and gives 'suggestions for doing

the problem of eight marbles. We must be careful, however, that our special

cases do not mislead us. It 'may appear for the cases already done that there
! '4011Itur

is a different way to start in the case of an even number of marbles and an

odenumbei,of marbles. To do the problem of eight marbles, it may seem that

the first weighing shou14.be four marbles against four marbles. This would

surely tell us which "Collection of four marbles contains the,heav marble.

We know from the exploratory problems that it takes two,weighings to detegline

a healy marble fro& aMong four Itarbles: This approach to the problem would

thus require three weighingS. If iths possible -to do the 'problem as stated,

-,, this is not the-Way to do it!
.

The elementary distinction between even and-odd which may seem to indi-

cate a"gendr,aI Pattern does t otin this case' reveal the true pattern. may

a

'1.

happen as it did here, that a small number of cases seem to indicate a pattern
1

which turns ut not, to b orrect pattern. IT you have safely passed carso

On a certai hill ee times,.can you make an/valid assertions about what,
.*. . ,..1. '

will happen t fourth tine? Of cour4se, the
*0truepattern may be discoltered.,

with a small number of experiments. -

-.. .4
. I I. . ,

. -t
To continue

%
the solution, we doknow that if the heavy marble is/known to -

le'amongthree.marbles o r among two.40,b16b,it inay.be loCitedwIth-one weigiling.
N....:

These remarks should alloW'thereaAet to complete the problem. .,
. .

..,'

. ,

. it'is b no means implied ,that.-Erls iroblein must be 14orked by thit ,se-
-.

Tience of discovery, steps. What ha.S been shdwn is that a geemingLy.complex
.. -

,

-* proitlem may somettmes 'de done by exploratIon,through simple problemS:It is
.,.

.
. -

important for students urtimateIk-too prod;ice correct answers and equally im- ,..,...,'
,1, . . .

portantIthat they no t'be forced into the same modeof thought as their teachers.
, .

,:qbie classpAroblems was proposed originally Is counterfeit coin ipob- .1

__

- 4r ,
lemsf' an example is given below: -

t

f

tc

-

4
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Among si' coins identical in appearance there tt- one
,

counterfeit coin. It is known-that the counterfeit ts made

from impure metal and does,not weigh the same as the genuine

coins. What is the smallest number of weighings with, a beam

balance which would be required to locate thelCounterfeit

coin? Will the answer change with additional requirements?

Are additional weighingsr

false coin is too heavy er

wired to determine whether the

bo light?

c

Unicursal ProbleMs

Most 4ildren have worked at problems whick.CmatAematicians call Unicursal,:.

problems. A figure is given composed of segments, eit)ier ine segments.or

curve's., and the player -is required to trace the figure with t ,I.ifting his

pencil and without retracing a segment which has alreaks-been '-vered. Try,

this with t112..foll.,owing_figures.

tf .

(

1

,'.1 Anyone who has attempted one of the puzzleslwill be surprised to learn that

the key to understanatng them is mathematics. Alain, no inv lved mathematics

is required.' Unkpursal prottlems are another good illustrati n of the,power
, /- 1,

and versat.ility bf'mlathematics:
.

°
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Again,- let-us begin by examinin

student might be encouraged to make

imple problems: 'Let us see.how a

ies.

The figure above is easily traced cor

da

o the ties. Also the fig {lre

C

.a.\

may be traced without IxiolaitinE; tc- rule. In this case alittle care

must be exercised.. A tracingwhi h °bays the rules of the game, or what we

0- will call'a_sucgrac in ,- anhcIt4egin at. A. hit must begin at B

or a!_ student should put'i to words a reason for this statement.

That is, why will it.be impossi e to complete a successful tracing if begun.4

.

The figure 151.ow may- also e traced.according.to the

. .

yr
. «

dahlt a'sUcCet'STUI. ingLbegin_at,B ? WhY.-mus,
t

end at A or begin or at G-?

IP

° ti

ules.

re

end

s

-A

4,....

Is it posible to trace4the figure

at, any point?

A-

. .

the tracing begin or
14

%
1.

ex 2

/111Itill/11111.111111/gni

4
i. <.

_. _

above? Possipjemay you start,

x -;,-;



Gle woulA like to make some general statements about these problems, if

possible. The 'rule which says the pencil is not to be lifted from the ps;Perwa
. , 0 , .,,

tells,us tha.I.,..a. figure composed of two L*Steirit 'parts cannot be traced success-
.

e

fully. To use a technidal word: Any figure which can be traced according to
.

.. , .
,

t,he, rules must be connected. .-Inkihe last faur:figures,dg theThnswers- ioncern-
---... ......".. , _

gming tracing depend on the number of seents meeting at, a point? .

/ SA
. , Q

,

The :examples indicate that the solution may not depend, upon,the total number
,.-

of segments at a point; rather, the examples indicate a clifTerence aecording°
.4

'to the parity of the number of segments 'at a 'point. parity refers to the

property of being odd Or even. The examples suggest thai' a successful tracing

of a figure with an odd numbfr of segments at a, point. will begin or end at

that- point- For a point with one segment (part of a larger figure) it is

clear
/ .

-that. thetraqing must start or end at that point. Let us think about

a point 'with tIlree segments.

'(part of a iarger figure)

.

Suppose we do not begin at this point, then in the- co'urse 'of:, a tracing' which

.4,,.1; is tf:4 be successful we must come into this point, thereby covering- one of '

the segments. There remain two. segments not yet covered.. A Successful .trac-,.

ing .must continue by leaving the pint :over 6ee of tile segments'. There '

' remains ope:se nt to be trace.d. 'Once the third, segment is traced we are-
1,, .. )

finished, for there is no way then to' mode away from the point. That ;s,

a point. with three.segments whibh is not a starting 'point 'Of a successful

tracing must be the fin2Shing.point. k ..." I % ;
This 'reasoning may la sily be extedaed to cover tfie (ase of any point

; N
with an odd number of segments. A point with an odd number of s ents whiCh

is not a staAing point, of a successful traoing must be the end point; the
_

.

'tracingtrabing must step at the point. ' ' '

:-C- ''" 'r':: L,et us ;i''4,Viej this conclusion.. We look at an odd point, a point with

an gdd nupber of segments, and conclude that if it is not a starting point .

of h successful tracing thenit is the endpoint. 'This doe's not eliminate

, the po'sibiliii; th t an odd point may be a starting point, We may_ sav that an

odd point:which' is,.nci ad end point is a starting point. We may clasafy the
1

'points of a successful tracing as: starting_pointT intermediate points, and '
o

end point. kri odd point which is not the - starting point must be the end

poitr.:. .,An oddpoint can not be am intermediate point.' Thus an odd point
`''''.i"--

which is no t end point muss 'be the starting point.
. f t' .4..: .

''- - xilir7 )

J
.

.
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1

In a-possible tracing problem. each odd pbint must be a starting poi

end,,,point. Since, according to the rules, there
_ .

point and one end pointy, a figure which has more

;traced successfully. -,/ ,/

Is ,it possible, to trace these

without retracing a:hy'segments?

(a). it. ,

it

figulxs

t or

cad be at most one sta ing

than two odd points c nnot be
= , ,

without lifting your pent 1 and

'

I. .
.

1 -

UbirAirsal problems, Or tracing problems,

The 'Mathematician, Euler, (1707-1783) was the

;these puzzles in connection with the Koenigsberg bridge
c

,

halFe an honorable place in mathematics.

first to systematically study

problem. Wier was>

.a prolific mathematician; hi collected works are,-still beiu4 edited.

It is estimated'' that over sixty large volumes Will be required.

many interests'were the properties of figures in space.

sphere

Among'his

sphe-1:e with:thandle
..

.---
1

-I . - ________ -7

;first
.

,"---1--- -i--- '),..--------
For exakiPle,..Euler was the to give a mathematidal way. of differentiat-,,

ing between these twItLfigules withoUt,saying "sphere with a,handle. ,
.

r

Eulei;ts'SavIngof this problem and the Unicursal problem was a pait of
. vi.e, -7---r p.,_:,,.

..,the begpiningof that branch of mathematics known Al topology.

Eruct wrote Man matheMailcai't-eXtf.:Ii-lhas)beei,claimedthat until
I-

',1 .i, ,.

,.,

the'reuent flurry of the new texts, ever) high scndol mathematicAttext
t ,

was Et. torr'sion o2 Euler' s te
hl I

.

xiv18
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Counting Problems
f ..

In a school class5, 35' pupils, all the pupils take either French or

German; 21 students awk eon-oiled in French and 17 are enrolled in German.
_

40w many students are enrolled in both French and German?

This is an example of one form of counting problem. Let'us analyze this

problem. There must be some students enrolled'in both French and German, for
- - ;

otherwise there would have to be 38 21 + 17 studentS'ill the class. When

we add 21 and 17 we are counting among the 21 those students who are

taking only French and those Whd are taking both French adt.INGerman. Among the

17 we again count"thosOstudepts who are taking both ,French and German. The/

sum, ;38 = 17 21, represents the number of those students taking only French,

those students taking.only German, and twice the number of students taking

both French and GerMan. The number 35 is the sum of the number of those
6

taking only French, those taking only German; and, the number takingboth Frenah

and German.

/ .

French-+ German + Both.= 35

French + German + 2 x Both = 38
A . '.

r 1
. o .

oNow We see that.the number taking both lahguages must be 3.. Prom thrs we may

compute, if we irish,..tile number taking only French, the number.taiing only
. . 4 ,s.

German., .
,

.''

. -

. .

. 'tAs a somewhat more,,complicated example 9f the same sort of probrem wemare
.

have: -
. .. _

1.In a clasi of 225 studentt all Of whom are required to
.-...,

e take a foreign liinivage, 94 students are enrolled in French,

328 s u ents are enrolled in German, and 88 are taking

Rus ian. No other foreign lam es'are offered. It ie alSo

$41kthat 36 are 'enrolled in trench and German, 22 iWik- .

.

-kno

Ge ,and,- ssian'and 29 in French and Russian. Are any , ,
,,_ .

..
,

. t
students Ptak languages? If so, how many?.

4 -...,

The similarity bet eenythis problem and the preceding ones is clear. The
:

similarity may suggest tHr ire begin the problem as before.. If we,add-t-914.,.....,:....a....._.2.........,
,'1,--1---),,-,.:,,,4 ?.;' ' - ,"=- '' , 7-)'-') *- '

126, add Ob to Obtain '316', .We find we have accounted for the students who '.

making two languages twice.. That is, a student who is taking French and
- I*

*Russian has been.counted in the.. 94 students taking French and again in the

`85 -itudents'takingI4aLan. "Thus, it is not surprising that the sum, ;310,.

exceeds the-total number of students, 225. Suppose we attempt to repi.esent
, . f

the-total number of students in terms of the number taking the various languages.
........-.........4..... , ,,....... ; ... , .

.r
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0

Thus,
.

sOme

I
.4

- , 1
rom 310 = 94.128 + 88 we must subtract the duplications.. With

are the student may complete thesoljtion in this faLion.

Caution: Subtraction to eliminate the duplication may result,in other

dug icatiOn.* (There are exactly,' 2 Students taking all three languages.)

'

In the next chapters we will'see how, with the aid

notation and knowledge; the reasoning needed to do this problem may be much

ti
t

1

.' /Some of. thp many°facets of mathsmatiqs have

lems we have discussed. As examples of,some Other aspects of mathematics to
\

we will list some problems which yo'..? may think about and even solvb now

but whose solutions1,rill be natural consequeAces of the material to be studied
, .

`later. .Answers to these anirthe other problems presented in this intriodu'clion

are included at the end ofi%the text with the chapter exercise answers. -'

of a little matbematiCal

been introduced in the prob-

come

.. .there are three. houses -on .a street. At the curb there
.9*

.

-'are three'-Ut'lities; water, 'e:eotricity, d gas -Is -it -, )-'--°-
. 0.%.-., . /

.
,

possible to co ect ,each,utility to =.ch house without the

conpections cro 0:each of

',
.. .

AP Objects b- eighed on. balance scale by comparing

them with st ndardiweights. ''.If you wish to weigh objects, in
5. . . .

pounds, betw en- 1 pound and 63 pounds, what would be the'

most effici. et of standard weights? (Efficient-means the,

smallest possi e number ,of weights.)'

I t.

cI

4
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Introduction
I 4

Several questions usually arise among mathematicians, educators,: pupils

and parents about. the pedagogical soundnes4 of the teaching of sets, and set.
, -.

language. Questions are raised as to why, where, :when, and how sets should be
...

., ,

introduced in the seventh grade curriculum. Some argue that a separate -chapter

should be included; some-say .that conceptsNof sets should be 'introduced as they
. .

..}

are needed; and-some educators claim that sets are not needed °at all.to be

Chapter -1,

SETS

t ! =1-""
o
;4:75

r.

I

,,,,'

"modeim.", .
r

There is merit in each of ,these viewpoints, but. in this book we will take

the position, that.fccr the juzlibr hi h school youngsters set ,language should be ,

presented primatrilkas it is needed to clarify mathtmatical concepts. The

reason that we sre'tria..uding these concepts in a separate chapter in this text

is that, because, Rf the limited time ,a teacher has available to. spend-on an
"I?

in-service program of this nature, familiarity with set language will expedite-.
our presentation of other inathematical ideas appearing. in later, chapters. The

language, of sets will, gibe usva precise way
..

ofitaslking ,about certain ;limberv.., ."
ideas, properties of Noperations, and geometrical 'Concepts.

1.1 The Concept of Secs

tie say that a set is a - well- defined collection of objects. What_ is meant
r .

. of,
.

by this?, Certain1.7 ye know whet is meant by a colleetion: A-bunch of banana,
, --.

a herd of elephants, a set of dishes, the things opmy desk, and so on.. 'When
,

.
..,

we say it is Well-defined, we must be certain that the description allows us to

determine without ambiguity whether or .not an element belongs to the set. The

objects in a set' need not be related in any way except that we treat them as a

esi;ogle group'. For example, the set consisting of the

"Tuesday," and the moon is a well-defined collection.

we usually speak of sets with elements that have some
.. ti

examplethe set of whole numbers, the set, of primes,

a line.

number 5, the word

However, in mathematics

property in common.. For
jor the set of points on

.4
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O

1.4%.*

,.

,
. ... ..

There are many ways of
.

-describing s set, For example, each% of, the follow -

ing

,

-.........

sdegcribe the same Set: . It$ , 4

Mei set: of whole numbers between id'` 12. , "..- .. . .

. The set Of-whole numbers from 7 through,-11, ;I
,)

;inclusive. 4

The number 7, 8, 9; 10, and 11.

(7, 8, 9, 10, 11)

10, 11, 9, 7)

Notice the ruse of braces, ( ), with the members uf elements of, thelset.

included between,theM. Frequently, an arbitrary capital:letter, is Used to.

name the' set;

M = (7., 8, 9, 10, 11)

:

,The "things" in a'set need not be objects you can .touCh or see.' The set,
. . . . t

.

j
9 ..

of all Beethoven symphonies doeenot contain any c4Inerete objects. You A- , p,
0..-

'have.Htard some of its members, however. The
4
pet tof ali football teams` in4the,

United Stated is a set whode members are,thamselves set& ef players.
4

, -14 .-
Sometimes' -t1 e-SYMbol "E" (stylized "Gteek letter, epsilon) is 'used tole

,"is'a member of," or "is an,eleMent'of." Thus we can express the fact-ti.aat:he. ....t

number 8 is a member of set.* sbdVeby writing:
' .' 8 E M 3

We can express.the feat that the number 6 is not a member of set M 1)y, ,

d ;

6 M
.', . .

, ,;..

At times we enceunten
.

a set which contains no members. Such-a set is ,,

called the "null set" Or the "empty set," and is designated by '1,!) or 0. ov
-< 4;

,, IfPset ,B is the set of all odd whole numbers than' ,1 then set .i3 has ..' '',,,, __ _ - -...t A

`e6rltj"rdgifib&-tiiiikitiqnWi4teIi= O. Another e he empty set is tV

set of United States cities located, in-the province of Man toba, Canada. ;

---.
Often it is inconvenient-to list all the members of a set within braces. '. ..

The set of letters-of the English alphabet could be sh9wn as

Here a pattern has been established and the three dotS mean "au so op in
. ,

. manner" to z. Vet orwhble numbers may be' shown' as' W = (0,1,23,4,
., , ,

The fact that no element is named-after the ellipsis
t
(...) impp.ed that the , :

.
. :

:listing of elements does, not terminate-'but rather continues on in the same
.

t

Paieiii i;.i'ahout end. Such a set is called an infinite set.. Afinite set.i.A.-
.-67,a, ?

a set which may to counted with the counting coming koan end. Set E. above
,

,,,:!..

' is an example of a finite het while set W illustrates an infinite set-.
.4,

1 ,

t
;)

4r
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Some other examples of finite sets are:
. .

. a
P = (2,4;6,840);

Q=
the empty set, 0;

the set of people in the United States of America.

Some additional infinite sets are:

T f (5,10,15,...); 7

the dUltiples of t57;

'the points :on a.lihe;

the set of prime numbers.,
. 4

. *.'.'

Class Exercises

4 4.1,..
1. Tell whether or not each of the.foXowiesetS'is well, defined._ ....

.
.

',... ,. .

V. The set ostatesof the United StateS.bordei4ing the PaCific
. .

, - .
. . ... .

N:. .

b. -.,he set off small states inIthe-UnitedStates;
,. r -- -

c: ile set of si.1 wholejvambersAhich are not multiples of 3.

, d, .The set of all whole, numbers between Cr and. 1.

e., The letters w4ch are in the name' of your school and not in

-. your last name. .

_.

.

p' r

2. Describe each of the followihg_sets in at least two other ways:
.

. a. 1l ,odd whole numbers from 1 to 12 .inclusive.

r

Ocean.

b. M =10,20,30,...,100 }. U
c. .The set of integers greater than 5.j . , i'' . i .'I ,__, . - ...i _II-

d.. The set-of whole numbvs,between 2 and 30 and greater than 50.e
...

O
'3. Tell'whethei or not each of the following is true or false and explain

youn reasoning.

' a. 3 e (2,3,4,5)
1

b. (0) = 0

c, (0) = 0 x . _
,

,..__
d. 17"4)(,6;7,8,;..) i

,e. -* (",f;A) /.:-.6,e,d), ? 1 1-

-, f. 32 4..(4,$,12,'''...,96)

2
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A

the'follo4ng sets as finite or infinite.

a. Set'of all whole number's which are multiples of 3.

b. Set,of all numbers x such that it + 1 = x.-

'.c. Set of grains of sand on the beach of Coney Island

,d. Set of all;positiye integers smaller than 0.

e. All mathematics textbooks in the United States.

5. Let ;14 = (3,517,....,23) What are tie
?

elements of the set? (Bewar.)

5-

X;'2 Relations Between Sets

4i- Consider the set ofthe first three lettprs of the alphabet, A = (a,b,c),

and the set-dontLinins the letters of the 'word

'orar in which the-members 'of a set are listed

these two sets are identical or eqnsT. This c

. .

cab, B'= (c,a,b). Since. the
,

is iffimaterial, we can say:that
,7 -

an b.e Written as A =
,

.

(Rememher "=," here means "name6" pFecisely, the same thing.")

' Think of'lhe'set -A = an g = (1,2,3,:..,26). A maltching
40'

or brie -to -one'correspondence may peillustrated between these two sets as

follows:
. , A = (a,b;c,:..,z5. -

- $ $ T $
C = (1,2,3;:..,26J .

i.
.

.

.

, A one-to-one correspondence associates each element of set, A to an
1. -/

OF element of set 0 and each element of set C to an element of set A.

, \

.

Obvibpsly, other matchings are. Possible with the same two sets::

Certainly.set A isnot'equal to set C, A / C, since they, do not have

the same elements. HOwever, they do have the same cardinality; that is, the

\ same number of members. Tlierefore,we say that set A is equivalent to

set C. The equivalence, of two sets is frequently written as: A(--->C.

Remember, two sets are equivalent if the elementa''oX each can be put in a

one-to-one correspondence.

It should be apparent frcl the definitions that all equal sets -are

equivalent, but .not all -equivalent sets-are equal.

If two sets have no members in common, we say theyyare disjoint. For

-example; consider the sets, R = (6,8,12,14) and $ = (5,7;9). Note that R

and have no common members. Therefore, we, say that R and S are dis-

.illant sets.

-

2.4



\ k ,

%.. . -

Think of the set of members of your class, C.. The set of boys in your

class, $, is a subset (4 the set of.members df your class. This may be
_._

.represented by drawing a sketch,.often called a "Venn" diagram.

§tudentsin
Your Class

(Set C)

Boys in
Your Class

(Set h)

,
Ta write this relationship in mathematical langua& we use the symbol " C "

which may be 'read "is a subset of" or "is contained in." You can now write:

BCC.
The diagram at the right illustrates

that the set .of all red flowers is a subset- -

o the set of all flowers4 Let the'set
# ": ,-

of..alled flowers be, called R' and the '

:'set of all flowers beltali.ed.F. 'The

relationship'of 4' and..F can then
L ) . ;

written as:, RL, P.

Note in the%falowing yenn diagram that the set of all red.floweYs

belongs to the Set of flowers, and that the set of all tulips also belongs

to-the. set of all flowert:

e

Let the set of

'sexPre ed as:

all lipt'be cAlled. T. ,J11 ab6Ve relationship may

,* tr. kt.
R-Cr; and

-1:1"C

now be

a

What can you say about the relationship Of sets IR' and T? _you would cer-

tainly have to say that some Wips are'red and area thus cc:Ana-413d in set R.

-,- This is why the sets R and _T ,are_sipldpas overlapping ovals in the diagram,'

certainly Cannot say- that T Is-rue.-.- Why_ipt?
a

1

e



wOuld.be: (1), (3), (5)7 (1,3), (1,5),' (.3,5), (1,3,5), and the empty.set20.

As another example let us find,..411 the subsets of B (1,3,5). They

Any tet is a subset of itself, and the empty set is considered to be a subset
_

of every set. Tilts may be a little clearer if you,consider the set (Tom,
$

j ilarrY), where we now think of the set of three. boys whose names are

Tom, Dick, and Harry, and not the set of"three words--"Tom," "Di'ck," and .

_"Harry.." We nowt ask: . "In how many ,ways could you ask none or some of the

three goys to go to the ball game-with you ?" The answer is that you could

ask any one of them, or any two of them, or all three of them, or none of

them. Thus, the subsets are: (Tom), (Dick), (Harry).; (Tom, -Dick), (Tom,

Harry), (Dick, Harry), (Tom, Dic), Harryi), and 0.
%.

We can gtate this conceptoof a subset in mathematical language as follows:

If everS, element of a set S belongs to a set T, then.

S is said to be a subset of T. We say that S 4s

contained in T; that is, S(: T.,,

Iklso,

e e,

8 is'A'proper subset of T if SCT, S / T.

For example, the proper subsets of set B = (1,3,5) would by all of the

subsets of di' ,except B itself; namely: 0,(1 }, (s), (5), .(123), (1,5)y e, and

(3,5)

Sometimes the symbol (:is used to represent "is a subset of "and the

symbol/ used only to represent "is a proper subset of."
#

- -

Class Exercises

.6, Draw Venn diagrams illustrating the following relationships:
w 9

p

. 'a. B is a proper subse_Sof' A.

.b. B and D are proper sdesets of A, and B and ,D are disjoi;;;V4.

c. B and C areproper subsets'of- A,t and B and .0 are not

disjoint.K"

Givenl'the sets S = ((,527,9) and T = C0,2,4,6,8,10).

a. Find Kt;:- the set of all numbers belongineAkboth S and T.

Is K a subset of .S ? of T ? Draw a VendlIdiagram illustrating
- .

this.. ;

C

r

6
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.
.

b. -'Find M, the, set of'all number% each.of which belongs to S .or. .

to T_ or to both. (We never include the. same nuMbermorethy ': 1
, 4

once in a set.) Is M 's subset of S ? Is T a subset of' -

Is M finite?
f, A

..-

c. Find R, the subset of M,' which contains all the odd numbers,

in M. Of which others'of our sets'is this a subset?
1

8. The fdilowing table has been started!

Set
Number of
members Subsets

NuMber of
Subsetd

a. Or ' 0 0 1

b. (Z\j 1
. 0, (L) ' 2 %

ce ' (L, 0) 2 0, (& (0), (L,0) 4

d. (G,O, CD 3 -

e. (L, 0, 0, *) , .,
--..-

,

.

.
How many different subsets,can be formed from the members of the set

in a? From the members ofithe d4 in e ? Try to predict how many
. .

. .

. different subsets a set with eight,members would have.
,

,

. 1.3 Intersection and Union of Setd"

. .... \ ,

two
-1- -

- We often think,of eietents common to two sets. Suppose that in your
1,

class you asked all the boys who' play in the school band to stand. Let this

be the followingtet: .
.

_ B -4 (Bill, Jim, Tom, Sam).

Suppose these bOys then sat downand you asked all the boyslwith red pair to
vr.t4

stand. Let this be the follong setfl
. t\

.,(Sam,,Tom, Carl).-

suppps you asked all the red-haired harld' members to stand. What
7

would this set be?. It would be the set: .

(Tom, Sam).

This set is called the intersection of set B and set R. _TheCaiining of

Sets in this manner is an operation on thesvets.

, A

two

4

27
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ze"

. .

The intersection /(symbol,n)..of two. gets, is thelset of all

elements common to each .of the given-isets..-, 0
f, e" 't

. ;#,;-., . .. , ,,

-.
Let us consider two other. sets, G ' _and. -11 -defined ;as f o/Avis :. e

- ,

, . .v.
G..; (4,5,6,7,13,9);- . .:-1. ......,

,

H -r (2-,4-;6;8i10): -

From these two sets :.tother set; may be forme$ whose members appear in

both G and H:

K [4,6,8).

Set K -consists of the members that seis _G and H. have in common and is

therefore the intersection of the tA4? sets.. This be written as:

A diagram

(-;4.;-6;8,10 1:= (4,6,81'
or

G n H =K.

may also be used to illustrate this idea:

r

G H ,c31

The 'shaded region indicates the intersectipn of the_two _sets.

"Now consider set R = (1,2;3,4,5) and set S = (6,7,8,9).

H .

a

Sets R

and S have no members in common (i .e.,, they are disjoint sets) . Therefore,

the- iptersection,of the two sets,is the empty set and we write Rn S = 0..

Draw a Venn:diagram illustrating this' ctise.

Another operation on sets is the combiningof two sets in such a way

that each of the members o the new set is in at leasttone of the two given

sets. Recall again the members. of the Sand and the red=haired boys. If all
the boys who were.either in the band or who had red hair were asked to stand, .

we Wouldihave -ttte set:

(Bill, Carl, Jim, Tom, Ser).

This is called the union,of these two sets:

/The union (symbol, ) of two sets Is the set of all

elements that are In at least one of the given sets*

I

8,
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I

A As another example, consider again set G = {1+,5,6,7,8:9} and.,

se-t H-= (2,4,6,8,10). The union of set G and set H (written Gtj H)

would be .(2,4,5,6,7,8,9,10) which we'shall designate as set L. Therbfore,

H = L. k(diagram such as the following may be drawn to it ustrate

this idea:

, . .- . .. .

The shaded region shows the union of the two sets. (Remember, there is only .

one number 4, one 6 and one 8, --trierefore, 4, 6, and 8 are included
011.

only once in the union.)

Recall again set R.= (1,2,3,4,) and set S = (6,7A9). hen

R US = (1,2,3,4,5;6,7,8,91

Can you. illustrate this with a Venn diagram?

.1Ie would like to interject a note here again that muchiof thris chapter is
.

.

being presenteras background information for teachers, and that most textbooks

for students probably integrate these concepts as they are neededto develop

some mathematical,idea. However, some parts of this material may be presented

to a clas6 as a little side trip. Mast youngsters enjoy this 4s something

different and fairly easy to grasp.'

As, these ideas are presented many visual aids may be used`. Sets of

-dblectsicplastiC containers, and the use of overhead projectuals. adapt them--

selves readily to this area. Different colgred sheets of acetate,cut ink

various shaped andAplaced on the stage of the overhead projector depict

clearly the intersection and union operations. The student needs to be led

to discover some mathematics fo himself, and this topic is one in which this

may be-done quite effectively.

1



Class Exercises Alia

. 1 /;
9. Given: A = (b,d,e,f)

/ .Y (a,b,c,d,e,f)
..B=

.-
--- 2'.:,--.- .- ---_ : ....j.7. -,

C= (e.,b,c,e)- . ,......- .._. __ 4r.........41 4. j :

D =(a,c)
,

k

p -
1

0" ,, .: C ..-.'-;:41 --.--- . - .. '--..... -4 't
E = (d,f) .= . i . -, ... , .

,

,--- .

.
\

------' ..--,----- - ...--r-------..-.....:--
-,- , . -_ 4--,e.-....:.-_-_ ... --*--- '4 :

..Which of-the following sentences are true?

(a) A U ..0 = B

-

(b ) BUC=B (h)

.(c) AUB C (i) Dct

(d) BCC (j) tiu E9c (En F)

qd:,.(Dn E)c (DuE)

(1)---DnE = F

11

(e) Bric = C

(r) FC F.

10. Let. W= the set of all whol.e ers

E = the set of all even numb

0 = the set of odd. numbers:

Devpribe each of the following sets:',

En 0

U E . .

(c ) 414W U E
. '

'r

(d) (El 0)u w

're) (0n 14) n E

U (EU 0)

I,

A
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field, limit, term, factor,f!range.',When these words are used as mathematical .

terms, they do not have the meanings commonly ascribed to them.

.0n.the other hand, teachers of junior high school youngsters need'to be
f

careful of what 1.6 expected from their .students in the way of verbal responses.

Certiinly textbooks and teachers need to be precise intheir landiage,' but

`perh4s the mind of a seventh grader has,not sufficiently matured to'enable

him to make statements in as pA-ecise mathematical language as we would wish

This is one of the things we are trying to train him to ,dol We Mdst keep in

mind the followi4 queStion:,'"Are we communicating with. our students., ana are

they communicating'with each other ?"

Mathematicians now Make use of the structure of English sentences to

cmtmuhicate mathematical concepts. For example, the.Ehglish sentence, "He Vas

the first presidents of the United States" is neither true nor false until we

, give a r placement for "He." This sentence is called an open sentence. It

may ue: "George Washington was the first presidentof the United States,"

or false: "Abraham ,Lincoln was the fiisst president of the United States." In

fact, "Ljwas the first president of thg United States" may be a test question

requiring the name.of the man for which it would be a true sentence. Open

'Inumber sentences are the basis of a rpat deal of work 0 mathp4ics. For

example,, cdnsider the following mathematical sentences:

(a)

(b)

(c)

3

.0
9

5

-? 5

- .2 = 6

+= 7
(d) 2n + 6 =, 9

ZeOtence,;(4) is atrue mathematical. entence, (b) is a false sentence, and

and(d) aredpen mathematical seatnces, being, neither true nor false....

-"-reciiiii .verbs. 'Some tcf'the most common ones in mathematics' 6: 1 ,

Example

3 4= 7

5-2/4
7 - 3 > 1

5 < 10

ap or equal to"

an'or eoiaI to"

A

9 > anyone-digli t number

0 < any whole number

t

-

-1

,11'

.31
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None of the examples listed above' is an open sentence. They all take

true statements about specific numbers which are - described or represented by

ti

"

. single ,numeral sue?: as 7 or by a mathematical or number- phrase such as

' 3 +,4. If we want to write an open number sentence, we need..tO use an
4 -

open number phrase such as + 7 or 17 , were the symbol is

-used to help you rethember that the empty space is to be filled:by some numeral

from a giv n set. Because symbols like are awkward. to type or write,

frequently use letters such as 2, a, x, or y for the same purpose. = us, .5, :

sin* ple ope number phrase'may be written as ,n,+4,7- ipstend.of---0+ 7, and

an open,
,

number Sentence as n + 7 = 10. What whole number br numbers will now

make this open sentence,a true statement, In this c&se the answer is easily

**obtained by trial:, 3 + ,7 ;- 10, while, 0 + 7 / 10, 1 + 7 / 10, 2 + 7 /
4 + 7 / 10. We see that 3 ..is the only number which does the trick. It is

the only replacement for n that ;,Tilr-make the sentence true.

,What whole number or numbers will make the open sentence x < 5 a true

statement? Again, by trial ale find. that 0 < 5, 1 < 5, 2 < 5, 3 < 5r and

. 4 < 5 are true statements while; 5 < 5, 6'< 5y '7 <,5, cc so on, are false

statements. Thus, we see that from the:set of whole numbe s, :..)

only the members of the set (0,1,2,3,11-.) make the stateme t true.

" What, aboutthe open sentence n + 7 < 11 We can translate the sentence,

into words by saying "pile sum of a certain number and 7 , is less than 11."

The whole numlfters which make this 3\trtie,statethent. of inequality are the members
'6

of the set (0,1;2,3). Thi4 set of whdle numriers is called. the truth.set or

soltdion- set of the open sentence n + 7 <ill: Sentences with the verb ". "
. .

are called equations, whereas sentences with any of the other verbs listed

above are called
f

inequalities,

Another very useful device in our study of number sentences is to esfab-

lish a one-to-one correspondence between the set of whole numbers,

W = (0,1,2,3,4,... }, atid, a -se?t of certain points on a line. In a later

chapter we will msdociat-e all the paints on a line with the set R of all

real numbers. We siltp1S- draw a picture of a line with arrows on both ends.

Starting at an arbitrary point that we label 0, we mark_off equally-spaced

intervals that are labeled with the set of whole numbers in order:

t

A

0 I 2 3 4 5 6 7

r
22
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4,4

We call the number corresponding to a point the.coordinate of that point.. The

order of the whole numbers shows up clearly by the position of the marks;

-5 > 3 indicates that the coordinate of .5 is to thp right of the ordinate
rm.

of. 3. A

NOW a picture of a solution set using the number line can be drawn.

Consider the open sentence 'x + 3,. 8. This open sentence has only the one
.

solution, 5. (A solution is an element of the soluWn set.). Thus, the

solUtion set iq (5). On the number line this Ilution can be represented as

shown below:

..ct 1 r 1 I

0 - 1 2 3 4 5 6 7 8

The solution, 5, is indicated by a solid dot. ----

In the examples that follow we shall restrict ourtdiscUssion to whole

numbers only. The 'solution set of the inequality n - 4 <1 can then be

represented thus:

Es.

o 1 2 3 4 5 6 7 8- 9 10 11 12 13

n - 4 < 7

Notice that if n represehted the number 3, 2, 1, or 0, then the

open 'number phrase n - 4 would represent 'a. negative integer. Since we have

restricted our discussion to the whole numbers only,.theSe nuMbets are no

'considered as part.of the solution set.

Note that on the numberline we indicate the solution set by heavy solid

dots. The solution bet of n - 4'> 7 cannot be completely represented this
4

wv'because it consists of all,whole numbers greater than 11. However, we

can represent it by heavy dots.up to the arrow and the word "incomplete" to

show that all the whole numbers represented by points still further to the

right arealsomembers of the solution set.

3 -;4-A..,,P5 6 7 8 9 10 11 12 13 14 15 16 a (incomplete)

. n - 4 > 7

Other notations are sometimes used to illustrate this same
I

type of solution
,,,----

_ .

Set on a number line. PictuTes.of solution sets on the number lineare

called, the graphs of the solution sets or truth sets of the Aspective,mathe-9 $

;
.

matical sentences.' - `

...

...

,, i

A

-, .e.",(41.
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Class Exercises

) _ ,
,Give the solution set of, each of the following sentences, using the set

of whole numbers. Then represent each solution set on a number line.

A

t.

1.5 Compound Number Sentences...--,1

15. x + 4 <'6'

16. x + 4 > 6

17. 7z + 5 < 30'

18. 3x - 6 < 411,

I
ti

The graphing of simple inequalities, as illustrated it the last section,
4

is also a convenient way to find and picture the solution set of compound
.

4 number sentences. Such sentences are formed by combinations of two or more

slmfle ,sentences and the connectives "and" and "or." Examples of such com-- ,

pound sentences are given below:

6 aa) X > 1 and x< 5

(b) x < 1 or x > 5,

.

(6)--(Sir 5 and x 7) or x <'3.<'3._
) tH .I ''.Recalling defNtion of intersection and union of sets will help /s

in finding t- solution sets for such compound sentences. Example (a)'will,be .

true' when oth simple sentences are true. This
*
means that the solution set we

are seeking is the intersection of the solution sets of the two.simple se6.....

.-ter des id;7t * bre separate. The solution Sets, again using,only-4 .L1.,...4'
... ,

whole umbers, are readily'found and graphed.

*4 > 1 < -1 4 4 '6 4 4 >o 2 3 4 5 6. 7 81. (incomplete)

< 6 4 4 4 6 I
},

0 I. 2 3 4 5 6 7 8

he solution setof X.P1 is (1,2,3,4,...) while the solution set of

'.<4...ik..,So,1,2,3,4). We may stow the solution set of the compoind sent7nce

y set notation

fi (o,1,2,3,4) = (1,2,3,4)

3 4 l"

ti



or by a, graph:

y ,

.(

g..4.,,

x .> 1 and:Cx < 5 .-' dtc-=1444e-4)-1111-->
0 1 2 3 ,4 :5 6 71.4,..

4

This Method of solUtion by graphing ls yry useful when thiiresent restriction

of whole numbers only is removed. MOrelcomPlicatedinequalities such as
. i .

;
2 1 ' , .

, : x - x7:.= o >:0 1

are easily. Solved by techniques very*.;ch like these.

Compound number sentences involving "or" may be solved'in a ,sti.milar way.'

This time we recall the definition of union of sets and see that the solution

of the,sentence

x < 1 or x-> 5

is the union of the solution sets of x <,1 and x > 5. Thi6 is tie case,44

since the statement, x G 1 or x'> 5, is true when at least one of the two

simple sentences is true.' Using the graphical method gives us the following:
4 I ' ,

. .1 ,
X < 31 .IC 6 ' ' i 1 i t I 1 >.7. _ !

0 1 2 3 4 5 6 7 8

X> 5
,

1

,..,
41c

1

..,,

1 1 i '4 6- Dil.' ,

0 I 2 3 4 5 6 7 6' (incomplete)

e The solution set of x < 1 is A0,1) and the solution se. t of x > 5 is
,

(6,7;8,...). Their union is (0,1,6,7,8...1. Thus, the graph of the solu-

tion set to the compound sentence is
... -. .

...-

> Ai 6 4 0

7 8 9
(,incomadte)

.

Wien confronted with a, compoun d sentenciitormed from three or more simple .
,.,

sentences the technique is much tle same. As an example, the solution set noir
.

the...f /e sentence.
.

,..._
'-'...

-,---,, (x > 5 and x < 7) or- x.< 3
,t . ,

, .

may bei*ound by first finding the solution set fo2'the statement:yi.thin the
,

---.L....._
.

°parentheses
1

and then combining that with the, ution set for x < 3. The

-solution-set for the compound sentence within th6 paren is (6,7r,

' This, when colfibiriebt with the solution set,of x < 3, (0,1,2)1, gives
/ .

(0,1,2,6,7).



Step-1:

x > 5

I.

Step. 2:

Sep

;c <17

x > 5 and x < 7

*

Solution:

,

P

lay I_ 1

2

.4 4' '4
1 2

4 t
(incomplete)

, 4 ' 4 >tI

6 7. .8 ,
1 , t

..

. intersection

I I 1 i r t
0 1 2 .3 4 5 6 7 ' - 8

..47(10

" .

5 and x < 7) or x <

*w,

Class Exercises

union

4 4 k I I I j j 1
7'

0 1 2 3 4 5' & .7 8

Find. the solution for each of -the following

numbers. Show each solCrAon on=a number line.

19. x > 5 and x < 7

20. x > 5 or: ,x < 7

4 5 and x = 7

22. x <,5 or x > 7

sentences using whole

23, x >5 and 7:

24. 4(x < 3 or x ->P5) and x < 6
.25. (x < 3 and x > 5) or x =

4'

. -

)

6
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1.6 ZancluLon

I
As we stated earlier in this chapter, the language and the properties of
f

sets will be'used throughout this book whenever these enable us expedite

bur presentation of mathematiCal ideas about numbers, operatjons, and geometry.
.

!
Let us look again at one of the-counting problems from the introduction

;if ..

d analyze it using set language and.Venn diagrams. _Then we will leave one

/

for you as an exerciv. SOMetimes it is more important thlt we find ten ways

to do'one prOblem than to find one way to do ten problems'. 4

'We will illustrate the first counting problem about tlie class of 35
pupils, all takini a foreign language. Twenty-one are enroll d in Frenchvand

17 in German. Tow many students are enrollea'in both French nd German?

Call the. pupils taking French set F, and the'pupils taki g German A

et G. Thin the number of pupils enrolled in both 'French and German would be

the number i the intersection of these two sets:, F(-1 G.

We may aw a diagram of this, the shaded portion-being the intersection:

:

Now, the number, of members .in. set F is 21, and the num er of members

in set G is 17. Let us denote thirby n(F) 1 and n(G),=.17.
.4

Now, n(F(..) G) = 35

since all 35 pupils Are taking at least one foreign' language. Also,

n(F) ± n(G) - n(FIIG) = 35j
120 you agree?

and.
. ,

4 4

Substitutinrin the above equation we obtain:

21 +,17 - n(kn G) = 35;
r 4

-' n(Ffl G) = 3.
. )

-.-Therefore, the number in the intersectionof the sets, or the.bumber Of

pupils taking both. languages, is 3.

r

1737
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From the,diagram,it is now a'simplematter,to find) the number ofpupils

taking only Frenah and the number of pupils taking or German. How many are

'there in each of these setsi

This is a fairlylsimple problem and the explanation using set notation may

seem longer than the explanation given for the same problem in the
>

introduction. However, with a little experience you will find that more

complicated problems of this nature lend themselves easily to illustrations

with 'Venn diagrams and to solutions with set language.

1.

Class Exercises

26. Illustrate the fo lowing problemwith a Venn diagram and then solve it

using set notation.

0

Ina housing development of 1024 houses, 795 houses

have a tree in the front yard and 844 houses have a

_tree, in the back yard. If it is known that every house

has a.0,1east one tree, how,many houses have a tree in

tiOth the front and back yard?

Chapter Exercises

1. Write dll'possible subsets of the set: (4,5,6).
,

2. Draw a Venn diagram to illustrate the following:

(a) The set whose fements are the Hudson and Ohio Rivers ig contained

in the set of all rivers in the United States.

The set.w whose elements are all tigers, lions, and babbeing isi6cOn-
lak

tained in the set of all animals.

(c) The set numbers 16, 36, and 40, is.contained in the set of

all numbers which are multiples of 4.

' 3 :;-' Given three sets A, B, and C. If BC: A and C C B, is eq A 7

Illustrate,your answer with a Venn diagram.

.8
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4. Given the three sets_; A . (boy2.girl2chair )' B chair2dog)2

and C,= ( chair, dog2 cat ) .

-
.(E3.) Find An B.

(b) ,ShoW that An C= Cr) A.

(c) ShoW that

(d) Show .tilgt

(a) Let 0 represent the null set, and, 1.H any otheit set.

An (BU (A n Cf(A nC).

AO (B nC).*= Cn (An]0,.e, ,

(b)

.

Let A

. numbers;

statement 0 UH = H.0 0 true?' EXplein your anzwpr

Is -0 n,H = H ? Explain your anewers

be the set ),
even counting numbers; Blrthe -set pf odd counting

and C the set of all counting numbers.
.

Is the

O

(a) Is A U B = C, ? Why?

(b) Is ACC ? Why?

(o).*. Is AC B ? Why? _

(d) is-AUB.BUA? Why ?.

(e) Is BC A Why?

(f) traw a V2/ nn Diagram to illustrate

/ (g) Is A-= B ? Why?

7. (a) 'Irqt E be the set of

Describe a set F so

° all counting' numbers.
0

(b).. What is E F ?

(c) Could set F be some

8. Given two sets A and B:

fa) If AZ: B, is it true that

(b) If AC B, is it true that

9. Suppose you buy a carton of A dozen eggs. Is

eggs in order to tell whether or not you have

B C C.

3

even counting numbers: (224;6282...).

that EU E =`C, when C is thk set of

other set- than "what you named in (a)?

. ?

A U B = B Expraici-your'answer.,, s

A n B =,,A ? Explain your answer.

it necessary to count the

a dozen? Why?

10. Draw a Venn -diagram to illustrate the problem from the introduction

about the 225 students taking, foreign languages:
,

. ,

11. Sometirries
:

a many-to-one correspondence.petween-tWo1 sets may be defined.

If 8 = (1,2,3, ....2311 and' "T = (Sun .2Mon . TUe s .2 Sat . )2 Wi.th the

correspOndence given by.the ealldndar for July of any one year, Show.how

a many-to-one correspondence may be establi.6Hed"..

7

19

.39



ind,:the

numbers- Show.each_solutUn.on:44 number line.
.?4

(a) x > 2 "mad x < 8.

(b) x > 9 and` x < 10.

(c) x > 4 or x

x < 9 or x >

and x < 1.2) or,c, x <

splution.set'for each of the ollowing sentences using vhole,_i

t

diien set W of the whole numbers and .set 0 of the odd whole numbers,

show with a diagram how a one-to-one correspondwee may be set up between

these sets. What other observations can you make about the matching of

these two infinite sits?

O

4

; '

2.
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Answers to Class Exercises

1. Yeb

b. No

c. Yes

d.

e. Yes

S

2. Only two examples are given here, but c rtainly therWare others, and

0,i4 answers will vary.

a. (1,3,5,7,9,11), or the Set,

b. The set of counting numbers\

a

less than 101, or the set

12,0. .

(51,52,53,54,), or the s4 of whole numbers beginning

0, or the set-of boys in your class

of odd.whole numbers leSs than 12.

which are multiples of '10 and also

of multiples of 10 between 0 and

over 12 feet tall.,

with

True. 3 is a member of (2,3,4,5).

False. (or has the number heroin it whereas 0 has'no members:

False .o (0),. has E,i\meMtber, namely, 0. 0 has nt.ipmberp.

False. (5,6,7,8,..:\ is an infinite set containing 17.

'e. False. They Loth'include exactly the same members and are t efore

equal. The order in which thp members are listed is immaterial.

False. The set contains all multiples of 4 ,less'than 100 and

thus includes 32.

Infinite.

b'. Finite. It

,Finite.

is the empty set.

d. Finite. It is-the empty set.
ow

e. Finite.

.

The'elements of set 'M ate 3, 5, 7, 11; 13, 17, 19% and p3. jta you

say., the odcl nuMbers from 3. through 23.,9 Set M was e!(eiveslia8Ahel
4

1 7

.40 of the first eight mad prime qunkera, Meirfla:. none must be very

.'*c refUll,when-fts1 this" notation.

O

f'''14;
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6. a. ,

c.

b.

(There are other possibilities)

7` = '(01. Yes. Yes.

M = (0, 2, 4,,5, 6, 7,8, 9, 10).
c. R = (5, 7,, 9): R is a subset of

8. Eight subsets./ Sixteen subsets. ,256

No'. Yes. Yes.

S and M.

su sets. (ilhis takes the form

of 2n where n is the number of members f a set .)

9. a. True

b. True

c. False

d. False

e. True

"true

10. a. 0

12. (0,13

400

)

g. True

Tru
a.

i. True

j. False

k.. True

Falge

d. W

e. 0

f. W

e ,).,e
0 1; 2 3 4

0 I 2 34-1.*5

)I I ;,

3_ 4 5')- 60. 1

I



16. (3,4,5,6,) .., 1 I 4 4 , 4 4_ 4

o 1 2 3 4 5 6 7
(incomplete)

15. 0,1,2) < 4 4 '

o I 2 3 4 5

174 (0,1,2,3)

18. (2,3)

..-,

19. (6) -

20. °(0,1,2,3,.%)

<-4-4---6---6 I

'' ' I >
9 1 2 3 4 5, 6 7

I I 4 4 1 1/ ,,--
O _I 2 3 4; 5 6 7

/
1

1 t I I /t I 15.

o I 2. 3/4 fi- 6 7"

O 1 2/ 3 4 5 6 7 f

c i 1 t . t 1 1 >

(incomplete)

t21. 0
/

ts

0 %1:2 3 4 5 6 7

22. The set of all'whole numbers except 6.
, 6 6 6 6< 4 6 4 'l * >

o I 2 3 4 5 , 6 7 8 (incomplete)
23. (5,6,8,9,10,11,12,13,14,15,.....) -,44-

;

6 *\'- I I i I *1 6 ' 4 >
. o t 2 3 4 5

6
7 8 9 10 (incomplete)

24. The set of all whole numbers less than or ual to 6.

1

r
- <4 4 4 4 4- 4 4 1

).

1 2 3 4 5 6 7 ,
25.._ (5)

p
. 1

t 1 1 I I I 4 d Ili

0 I 2 , 3 4. '5 ,6 7

26. Let H . the set of houses id the development, then n(H) . 1024.
-.7-

27. Let F,=--the set of houses with a tree in the front yard, then n(F) ... 795.

Let = the set of houses with,a tree in the back yard, then n(B) = 844.

n(FUB).= 1024 1
n(F) 1-41.1(B ) - n(irl B)

795 17 844 - n(FI) B ) = 1024

n(F() B ) = 615



Chapter 2

NUMERAIiiON'

Introduction

, ------..

SysteMs of numeration are invented by men to meet their needs to,express

number ideas. As civilization has increased these needs,wolder numeration

systems have either expanded or given way to improved systems. Studying the
,. ,

history of the earlier systems provides background for teachers to.teach the
',-ko

structure of'the decimal system of numeration, d epens pupil's understanding

itof the principles of numeration, and provides a vehicle for revievrthat is
40 _

* ,not repetitious.

Through experignces in reading and writing names forlarge numbers, in

using exponents to:write new names for numbers, and in using the expanded ftrm

for repr4senting numbers, pupils learthat the decimal system may become a
-

.

powerful vehicle for them. Some familiarity with number bases othir than ten

makes possible a. comparison of these systems with the decimal system, thus

,reinforcing the understanding of the decimal system. Teachers and-pupils who

experience "buildiig" a system to a base other than ten no longer take for

granted the decimal system of numeration. One additidnal point should be

emphasized here. While the teacher should fully understand the material of

this chapter, he must guard against-spending too much time in teaching this
. -

material to his junior high school students. The understanding of the concept

of place value and thd'relationship of non-ten bases to the.decibal system are ,

important. But the students should not be required to memorize the Tables of 1, t

operations or '&1edter completely the skills of computing in different bases.
- ,...

The topic is useful but is not essential for a modern mathematics krogram.
. .

"

0

lEarly. Numeration'Systers

In primitive times men were.probably aware 'of simple numbers'in counting,

as in counting "one deer or ;'two arrows." Their language indicates that they

had not learned abStract words for number ideas. Primitive peoples learned to

use numbers to keep records. Sometimes they tied knots in a rope, or used a
Ra

4

pile OF pebbles, or cat marks,in sticks to repreent the number ofgobjects

counted.. A boy counting sheep would have ., .A.pebbles,,or he might

makerinotchet in a stick,'as 4.p. Each pebble or mark in "the stick

would represent a single sheep} in, a one -to one zorrespondence between pebbles,

.and sheep.. The same kind of 'record made when votes in a class election.

aretallied, as //14 1/

'



As centuries passed, early people used sounds, or names, for numbers..

Today standard sets of names for numbets are'used. A rancher counting sheep

compares a single sheep with the name "one," and 2 sheep With the name "two"

ana..8o on. Man now has symbols (1,*2, 3, ...) and words (eins, zwei, arei,...)

which may be used. to represent numbers. Word names for numbers vary with the

language spoken. For example,

Hindu-Arabic Numerals:, 1 2 3

English one .. two .: three
.

German eins zwei 'drei

Spanish P uno dos tres

Latin unus duo tres17

' nUieration system is a waY.of naming numbers. It has-tome basic

numerals, and it has -ways for making other numerals from them. Different

systems of numeration have evolved as their need has arisen.

It is essential that the terms number and numeral be clearly understood.

The words are not synonymous. A number is a concept, an idea, an abstraction.

o
A numeral is a symbol, a name for a number. A,numeration system is a numeral

system, not a number system. It is a system for naming slumbers.

Of the anci4nt systems of numeration, perhaps the Egyptian, Babylonian,

Early Roman, Chinese, and Mayan are the best known. A study of Egyptian

numerals is given here; it Suggested that other early systems may be intro-
.

e

duced by using references, library assignments, class reports, and grqup

projects. Activities of this nature may be correlated with social studies

by using-the historigal period as framework for a system of numeration.

40 ,

Egyptian System of
I

Numeration 111

4 One of the earliest systems of writing numerals for which there is some

recor8. is. the Egyptian system. Their hieroglyphic, or picture,'numerals have

been traced as far back as 3300 B.C. Thus more than '5000 years ago, Egypt-'

cans had developed a system with which they could express numbers up.to the

Imillions.

26
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The basic Egyptian symbols'tre shown below:

s

Our Numeral Egyptian Symbol Object Represented
c.

1

10

100

1000

10,000

100,000

1,000,000

'P

strdke or vertical staff

heel bone

coiled rope or scroll

lotus flower

pointing or bent f4nger

burbot'fish (or polliwog)

'astonished man

These symbols were carved on wood or stone. The Egyptfan system was. an

improvement over earlier primitilie systems because.it.,incorporated the

following ideas:

1. A single symbol could be used to represent the number of objects in
_ .

a collection. For example, the heel bone represented the number ten.

2: The basi symbols could be repeated within a given nuftr.al. For

exscmplv the group of symbolsct(P.meant 100 + 100 + 100 or 300.

3. 'This system was based on groups of ten. Ten strokes are equivalent

to a heelbone, ten heelbones are equivalent to a scroll, and so on.

4

The following table shows how the Egyptians represented pertain numligils.

,.Our Numeral
_ \.

4 11 23, 201200

1.,

1959 ,

Egyptian.
Numeral

i..

wi ni 7,1,,1,-

,

'old?,
.

9.99 an
*99.9 nn

, -ti9, n

HI

Ilf

"If,

Note that each basic Egyptian symbol means the same thing eegardless.of
4 V,

where it is placed. For exampleAll ;Un , and I n I all ,represent he

same" number, Twelve. a significant difference:fromjour numerati

system where position plays an importantirole. In our numeratioin ,

system, the numerals "12w and "21" do not-name the same, number.



Other Ancient Systems of Numeration

It is likely that most students at this level are familiar
wit4011.

h the early

Roman system of numeragOn. If this be the case, then it would be helpful to

?ompare the Roman sya-41 to'bOth the Egyptian and the present deCimal_sgatem

'of numeration. While blsed on grouping byrtens, Roman numeration also incor-

porates a_modifiedgro ing by fives as illustrated lathe table below.

. . r

Our Numeral 1 . 5 10 50 .100 500 1000

Roman Numeral 'I,VXL C D M

In early times the I,pmans repeatedsymbols in their numerals the

same way that the Egyptians had done many years before. Later, the Romans

made use of subtraction to shorten some numerals. Reeall that the values of

the Roman symbols are added *hen a syMbol representing a'larger quantity is..

placed to the left in the numeral; When a symbol representing a mailer value

is written to the left 61 a symbol representing a larger value, the smaller

value is subtracted from the larger. The better student may be interested in

exploring on his on some of the other ancient systems of numeration.

Each of the early numeration systems was an improvement over matching,

objects with notches or pebbles. While it,is fairly'easy to represent a,
.. .

jnumber in any of the early ayStems, ithis difficult to use thenumerals for

ill

computing such as in addition and multipl tion. It is not as important

that students learn to_manipulEitethese n rals as that they learn enough

aboUt the systems to compare them with the decimal system of numeration:

Class Exercises

1. How did the .Egyptians represent the naMbers

(a) 100; 1000; 10 (b) 1035 501 ?

2. ,Write several artangemen`ts of the Egyptian nuMeralPfor the number 1,234.

3. HoW would you add ,#

A

(a) nn Ill gild 1111111111 ?

(b),n(YrintInnAini ti: and- nin nif lilt ?i

4.
-

Can you devi
1
a plan for multiplication using Egyptian numerals? Try

,

it witht:inIII times 11111

28

A

-

,



2.2 Expanded Notation and Exponents
.011*

),

There are many iTistances in mathematics in which we use a certain number

more than one as a factor. Examples are found in the computation,of the area

ofasquara, A=sxs; in the volume of a cube, V = e x e x e; and in the

volume ofasphere,,V= 4.xxxrxrx
r.

Another illustration of the use oa number several times as a factor is

Sfound in ours decimal place value system of numeration. The value represented )

f°by a digit in
c
a decimal nuMergldepends upon the position of the digit in4the

numeral. Note_itheOkifferent values represented by the.two digits "4",in the
,

following examle.

1484 . (1 x 1000) 14(4X 100) +. (8 x 10) + (4.x 1)

= (1 x 10 x 10 x 10) + (4 x 10, x 10) + (8 x 10) +-(4 x 1)

Tachers are already familiar ,with the use of place value in the decimal

system as shown in the table on thknext page. However, some may not be
4

.
familiar with wrjting powers of ten in exponential form. For this reason,-

.an explanation of exponents is giVenL.in thislqtion.

Frequently, place values for the decimal sys'tem are written more briefly ,

'by using the exponential form. In general, the exponent shows how 'Many times

. the base iiused as a factor in a product. Values, of the places are 'read as

, 4 follows:
.,.

a '.

C

. ;° '
1st

r

1,060,000

.

100,000

10,000

1,000

100

10

1

,

,

'

306

10
5

10
4

10
3

,,

102
.*,,,::

1

1
10

0
10

,.

0

t4

oi

1

)----

'4-itt*

"Ten to'. the /sixth power"
a

"Ten to the Fifth power ".'

, ''
.

"Ten to the
.

fourth.powerP
.

"Ten Ito the third power"'

I
-..

"Ten to the second power"

"Ten to the first 'power"

1 I

"One"
1

, f

1' .

N.
1.

k i

i L 4
1

it .r .

4.1

NI ;

4-8

3
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41*
All the nuMberss represented above are called powers of ten. In 10

6

:- . the 6 is the exponent and the 10' is thele. In 101 the 1 is the

exponent. Since 101 equals 10, the exponent 1 is frequently omitted.
0

However, 'all other exponents mu3 be written when expressing powers of ten

4 exponential -form. 4
0

In° 100 the 0 is the 'exponept. Notice that 10. has been defited

here as being equal to one.' ttn general; we agree to define a° for any
s ,

number '`a except 0. The convenience of this definition will become apparent'

later in this section. Atip,

The ;ise of exponents enables us to shorten-the expanded form of dbcimal
4

numerals as illustrated beldw.

26.03 x 1000) +(6 x 100) + (0 x 10). +(3 x,1)

= (2.x 10 x 10 x 10) + (6 x 10 X10).+ (0 x 10) + (3 x

= (2 x 103) (6 102) + (0 x 01) +.(3 x

2603 illustrate the use

ndad,notation explains the

The various forms of'representing trl number
O

of expanded notation. Writing a numeral in'expa

.

, . .
meaning of each digit in the numeral. The form using expohenti is sometimes

simplified, replacing 100 by 1 asdhoWn here.

32,750 . (3\.1'0) + (2 x 103) + (7 x 102) +(5 x101) + (0 x 1),

= 30,000 + 2000 + -'700 i
'+ 50 , 0 '

' ..
.\

. ..
Not ciply are 'exponents useful in simplifying 1he wri.ting prodUcts; they-,

;

.

greatly siMplify certain computatlons. Sometexamp P'dicgITUt4ftion will,. °'
) s ,

- ...
..,

, p

between the exponents of the factors and4lie exponent of. the- result.' Co ,

indicate the lue of using expopents. In' each case npte,the kelati.onsh4,: ..-._
c
.6

a 4:' ..

N .
o
.

e. 4.4- o I , - t '.

- With 10. as the ase:
. ,-. 1 , .ip..tas 4g

....-,
,,

.

.. 5
, le,' , 0 1,

10
1

19 = IO-X,(10 X 10 X lo,x 10 = 100,00o = lo 10 ...

' 0 ° : :t
102 X 10 = (10 x 10YX (10 10) = 10,000 = 10 . . r

0 ;10. l0 - 1 x (10' x 10 x 10) = 1,000 = 103 .

...

..-

L.' t ,

-With 2 ' as the .base: .._.
.

3 2
x2 X 2 = (2 2.X 2) (2 x 2) = 32 =' 2

'-'.e ,
2
2

x 2' = (2''X 2) x 2 =.8'. 23

540-



,setigoN`

With 5 as the base:

2 ,

-5 x 5
3
= (5 x 5) X (5 34C5 x 5) = 3125 = 55

:;51 x 53 = 5 x (5 x 5 x 5)..= 625 = 54 7

Likewise, with a as the base:

.- 2 2
.a X, a = (a x a) x (a x

4" 1
a

. xa4 =ax(axaxaxEi) 5.

a) =,a

3 0
,a x a = (a x a x a) x.1 =

Ach.of these examples illustrates

powers a given,base,can be expressed

S.

the p perty that the prOduct of two

in exponentia,l. form by adding the

originOexponents. In. symbols, this la

Or example, 105

r both of the original

x 100 = 10
3+0

= 103 . Hence, our agreement to define
/

w may be stated as

amX an = a
m+n

.

0
5+6

10
11

. Notice that this ,law hiolda when

xponents is zero. For. example,

makes this lawmore general,

a
0 = I when a / 0,

When it is necessary to use large numbers, working with exponents is

especially convenient. For example, the number 7,000 may be expressed as

7 x 1,000 ='7 x 103 ; the number 800,000 = 8 x 100,000 ='8 )< 105 ; and the

number 63,000 63 x 1000:= 63 x 103 Tile product 7,000 x 800,000 may be

written as: (7 x,103) x.(8 x 05) = (7 x; 8)X (103 x 105).

The earth's weight is approximately 13,000,000,000,000,000,000,000;000

pounds. Now this is a large'nuMber to read, to write, or to use in cOmPuta%

tion. It may be written as 13 x 1021.1. Astronomers use ninety-three million

miles as the mean distance from the ear to the .sun. This lumber may be

expressed by the numer 93,000,000 , by theihrodiuct expression .

93 x 10 x 10 x 10 x 10 x 10 x 10, ,pr by the dxponential form 93 x 10
6

.

The exponential form of this number is .convenient for most purposes.



Class Exercises

,
/ A

Writ.. the following numbers in expanded notation using the exponential
4

11, o,

(a four hundred til' -six

(b) f v hotiiand, /our hundred nine
....-7.

(c) .thirty-three thousand, ine hurled eighty-seven
,.

.

(d) five million, two hundred fifty -six thousand,
,
eight hundred ninety-

/''_ eight. . .
6 16 '

form:

6. Supplythe missing, parts in the tabled

Decimal Numeral

'

Product Expression with
Repeated_FaCtora

'.---set':--:--.,

Exponential
Form

D.

--Towars

.
of Ten ---

(a) , 100
.

110 x 10 10
2

(b) . .10,000
s

1
/ ' Fourth

(c) 10 X 10 x 10 X, 10 x 10

(d) Sixth

(e) 100,000,000
.

J .
...

Write in standard form tie meral indicated by:

(a) (4 x loa)

, , .
(b) (3 X 106) + (2,x 10 ) + e5 X 10

2
p,

(c) x 1051+,(4 104) t 13 xja.
.

(a) (6 x 10?) +. (0 x.10
16

) x
1-

x 1)

I

8. The earthjs weight was given as about 3,000,000,000,000,d00,000,000,000

pounds. Express the weight of the earn in exponential forim. A pOund
_

e".
C.

is approximately ,equ to 2.2 kilograms). What is t14 weight of the earth

in kilograms?
$

5
'

',

t

9., Dict,zou ever hear the name "googol" use for a numbe0 Googol is the

name given to a nurODer writtermas"i" 446;0 by on .hundAd zeros.

Express this numbe4 as a:power of 10. 1

}

J

e
7 .



2.3' Numeration in Other Bases
,

There are many familiar activities that utilize the concept of grouping

of numbersaher than by tens. Questions such as these, cliven from activities

of daily Iiving-rat4p1.6ianTroM the context of a mathematics book, may act as

a springboard for this section.

How many eggs are 2 doten eggs?

How many nickels in 2 quarters?

How many persons sing'in a double octet?

How.many days are in 2 weeks?, A:

How many persons compose '2 'tables of bridge?'

How many wheels are, pn 2 tricycles?

How many shoes are in 2 pairs?

How many trousers'in 1 pair?

By investigating other. number bases, we become more aware of how our

decimal system works.

Base Five

3

o In studying the decimal system of numeration, we grouped sets of objects

by tens, and chose names for the place values that were based on powers of ten.

The decimal system of numeration s:a "base 10" sistem using ten ols for .

building the system.

Let us-look-at a 'basg 7" system which groups sets of objeCts by fi'Ves.

In this sy tem, pewers of 5 determine the place-values, and five symbols4

such as- 0,,1, 2, 3, 4 a used,for building numerals in the system. Suppose

the set of 14 objects represented by x's in the figure below are grouped

into sets of fives and ones as shown.

ipeG
014

4111111:110 X X 2 sets of fives and er

-1
x x,

4 sets of one
.. 4111111110 %.; i

:

et. : e
;

.

This grouping may be recOred as ,2 (fives and 4. ones, or more simply ky, the
. c

numeral' 24
five

This numeral-is 'reaC4two four,,base give:" ft-is necessary .._

, ,-,---=--
_

tq use the written,subscript "five" to_ designate the base_fivp4groaping.
s

'-"" If one more 'x is added tohe set shown. above, we would havelhe

following whed groqping by fives: .. _
, . . .:

$

C

3 -sets- of:fives and
0 sets Of ones



..,-- ,
'1 6R

. . . Or" *
,

We 'can represent the number of ' x's in this set. as 30
five.

"three zero, base five," and represents tile number fifteen.'

All s
grouping in the base five systemis by powers of five. Thus, if an../"-

x is added to the set Shawn at 'the left,. we/Could group by fives to get the.

Ibis is read an

figure at the right:

41111:1111)

anDle13110
44

five -

X x XX

'(4 groups of fives
and 4 ones)

0
five

(1 group of five x fiveand
0 fives and 0 ones)

Aikt=

In'hase five, we rewrite 5 ones as 1 tivem 5 fives as-. 1 twenty-five,

and so on. In the figo.re at the right above, rf five is considered a,group,

:then -5 gives may be associated with a group ,Oi" groups.

*'Place values'in babe
0

five numeration are powers of five. Notice, how the

powers -of five are used in expressing 1231five in expanded forme'
-

1231five
= (1 x 125)+ (2 x 25) + (3 x 5) +.0. x 1)

...(1.x 54x 5 x 5) +(2.x 5 x 5) + ><5)'+ (1'x"1)

(1 x 53)"+ (2 x 52) +'(3 x 51) + (1 x 59)

Note that in this example theapanded notations use.baZe ten symbols. One

might write's 1231five as

1
five

x 0.0
fi
'ye )3 + 2-

five
x (lo )2 + 3

five five , five:,
X (lo )1 + 1 x (/ y,

b ... 0

in the 'expanded notation. For psychological reasons we use the notation ..4
F----.:--,1

involving base ten numerals; most of us think quiCkly and with more feeling. o 6
.

1
;4, ''.

4 in base ten.

But what does the numeral 11231 mean w 9n expressed in other baser/

(1 X7103) + (2.x102) + (3 x 101 + (1 x1 -10°)1231ten =

1231sev-ten ;._(1-x 73) + (2 x 72)+ (3 ;71) "+ cl x 70)

Normally,' when a numeral is .written in base, ten the .&ubacript word "ten" is

omitted. In the remainder of this chapter, if nO base .is indicated with ,a

- numeral; it sari be in base ten.
.

&spurned to be:'in
- a ),
Teachers are ettottraged to limit the time devoted to the study' -of of nuMber

-bases other than 'ten. It Is important for: pupils to 'strengthen, their back;
, 1

gro4nd,by comparing the structure of4lach systems with, that of.the decimal' sys-

tem. Place value 'edetther concepts of structure are., learned from tie studs.

4 '. Al , '
.1 .

1... ,

, (

, , .1
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Quarters, nickels,, and pennies may be used to illustrate examples in base
.

,five using nomore than three places (digits). Since 5 pennies equal

1 nickel? and 5 nickels eq41 1 quarter, grouping of these coins lends

itself to grouping in base five.

Class Exercises
A

10. %Iook-Oejhe example inthe diagram.'
.

(a) How many sets'of five xis are shdwn?

Howmany single xis remain?

(b) Express the number of xis> as abase five

numeral. Then readathe base five numeal.

11.. Com ete' the chart:

XXXXX
xxxx

X ,X X X X

X XXXX
X X X- X X

Base Five Numeration`

Sets

x.xxxxxxx
xxxxx

xxxlxx
xx

XXXXX
. .

fives ones

4

fives ones

_ ones

. -

Base Twelve

',

(xxxx

X X

,

Base Five
Numeral

In tie base ten system of numeration the place values are powers of ten

and ten digits are needed. In the base five systemic the place/values are

powers of five andfive digits are needed. I

Consider next a base twelve system of numeration. ollows that the

place values in this system would be;Sowtrs of twe ands hat twelve different"'

digits would be needed., This'means that i edition to he digits 0, 1, 2,

4, 5, 6; 7, 8, and 9 we.must assign -6w6 extra digits say T and E, to
4 0

represent ten'and eleven. To represent twenty-three, the number of 106 in

3P D
-



k,

the4lagram below, as a base twelve numeral, we would need to group by twelvev.
,.., ,.

i.. -..,x_....xxxxxxxxxx)L.....

ci xx'xxxxxxx'xx
0

.

7.

Since..we get one group of twelve andeleven ones, we would write
4twelve'

Some,other bade twelve numerals are listed kere. See if you can verify the

7-value of each.

sixty -two = 52
twelve

= (5 x /2
1
) + (2 x 1)

one hundred forty = E8
twelve

= (E. X 12
1
) + (8 x 1)

Itwo hundred sixty-six = 1T2
twelve

= (1 x 1 ) + (T 2) + 1&)
. ....n\-

i'

Although this addition` of symbols to the system forimiting numerals
I

s ect--

inconvenient, base twelve has commercial Asess. Grouping by twelves lends
.

itself to.the business world in activities such as buying eggs by the dozen

and pencils '6y the gross (twelve x twelve).

Base Two

eft
r

Another familiar system of numeration'uses two as a base. ,0 Commonly called

the binary system it uses only two digits,-0 and 1. . --1

I

See if youcan-Nerify the value of.,the following binary numerals. Remember,

/
i

grouping is by tpts irr the binary s stem. A.

;-?"_---

-
fifteen = x ?? ,)(2 ) + (1'x 2y), (1 X 2

0
)

twenty -two = '10110 = (1'X 2 ).0t(:)X23)-1),(1 x,2 )+ (1X2 ) (0 X2 )

one hundred forty = 10001100two
6

_Because the bihary-system uses ortijr. ;two 'symbols it is particularly adapted4to

the "oh" and 'off" "switch requirements ,of modern computers. However, becau
1

of the limited number of`digitS:4n_the system, it is bArd to' draw a good com-
40e. ) , -

parison to tWdedimal syst

.

C'



Sura Mary 7

.7--H-'-.-.. 1
. . .

ii sequence for '131ace value mun8ration systems with different' bases.

o

The following chart, is helpful in understanding better the numeral

1 )
ITwelve Ten Eight Seven

: 1 1 .. 1 1
.0-

'2 2 2

'3 3

4 44- 4 4

5 5 5 5

6 6 6 614116

1 I
a 7 7 7 10

.
8 8 10'. 11 .

-

, . 9 ? 11 12
.

T 10 12 .13.
. .

E .' 11 . 13 - 14 , ,

10 12 14 k 157 1.
11 15 ., 15 16

12. lif . 16 *" 20

Five '

"....

our . finree Two

.r.

.
t.

- .

1

..2

3

4

10

11

12

113.

14

20

21

22

23

A

,

4'

1

2

10

1.4

12

.
13_i

20
i

21

22.

23

-30.
___.,

31

32

1

2.

io

11

12

-

20

. 21

22
v

100

.

v.

. 1

10

11

. ioo

101

.

110

111

1000

1001,

'1010.

1011

'1100.
'1 /01r

1110.

-.1

101

102

110

111

11.2
. r

4.-

!.., ).. .. .a3 . e .+ 15 * I. 474 . . 4, 21 ; .;..30' t, _33 :1204 ! _.. all)._ , i_ ...,,', ).,::,

14 t 4 . 2b :. 22 31 . . 100., 121 10000

1 -15,' 17 21 : *23 a, 32 ' ;101 122 10001'
1: , f , . ,, , .7 k, -f-s .< 7i -","1. 4-fr 7-M7`-.1* ",`'"-

4

i 16 18 22"\, 24 33 ,16-2 ".2.oci 10010 . -
. !---- - -

17 23 25 34 103 -, . 201; 10011.

18 *24 . ?6ft, 11.0 202 4 10100

0 . sjQtr'

4%4

1

ti

, - ,
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NOtethat the base numeral always appears'as 16 when written in:that

particular *base system: Similarly, the second power of the base (base x base)

'is indicated by 100 in that base.'

4 It is important that teachers and their students gain an understgildiw

of the structure of numeration systems with different bases, and.that they make

omperisons among the systems. Memory work is not,peeessary in this particular

study.
oso

Class Exerdises

12. Complete the following table.

S.
Base

.

1,1ace.Values

Twelve
.

t
.

Ten thousands hundreds tens ones

Eight
.

Seven
. .

Five
_--.

Four.. sixty-fours
. .

Three .
.

.

T/o ,e
.

. 13. Draw a 'diagram, using x's, to illustrate each of the numerals given..

Cirole groups of x's as indicated by the base,of each numeral.

" j " ) 4211
three

(b) 10;
I

(c) .113
four

,

14. Eor each part of Exercise 13yritethe numeral in expanded notation, ,

-711 irrtg- het
o A,

Mg diagram represents a set of seventeen objects. In eaA case

plete the sentence given and theft represent the`hamber in the certes-

'pondingdpase.

(al Separate the.set into groups o$* twelve .

There are twelves, and* Qnes.

(b) 'Separate the_s0into groups of ten!.

There are Ntensgp, ones.

.

(6) lieparate the set into, groups of eight.

There tre eight6 and 4 ones.

-rl
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(d) Separate the set'intoigroups of seven.

. There are sevens and ones.

(e) Separate -the get-into groups of five..

There are fives and ones.

(f) Se

4
arate theget into groups of four.

T re are four x fours, ' fours and ones.

(g) Separate the set into groups of three.. °

There are three x threes, ' threes and ones.

(h) Separate the set into groupl of two.
y

There are two x two x two x twos, two x two x twos,
. . .

two x twos, , twos, ones;--- ____,

k
a

2.4 Changing from One Number Base to Another

Section 2.3 wi learned that a particular-set of objects may begrouped by
4

tens, by sevens, or by other numbered groups greater than one. This means that

we can represent the same number by different numerals when using different bases.

7 72

Cdnve rt 3E
twelve

to bpse ten. . 6

,

=,(3 x 121) +.(E x 1)3E
twelve

=

= 4 1

.o base . ;Conve rt 23T
twelve^

t ten.
*

. 23T x_..12 4--4...413,1,<-.121)-+-14--X- 1

.

(24X 144)34 (3 x 12) + (1' x.1) ''

= ; 288, + . 36 +' 10 \'
. -

= 334

Class Exercises
..... .............

16. By means of expanded notation, convert each numeral to

(a) 231f6ur (c)
two .

(e) 66eight

(b) 35' (d ." (4)seven 1 212three
341five

ten numeral:'

3T1twelVe:

TO
tweIye

Chaniin
Ae

'g f rom Base Tep to Other Bases
. .

,..-.----- ---

You. h ave learned how to change jil numeral written in base seven to the
- 1

corresponding base ten numerals. -It .is,alqo possible to change from a base
. .

.... ten to a base seven numeral. tet us see how this 16'done. ,

'. 1 ,

4

4o

5 9



In basa seven, the values of the places are powers of seven.

t,,y,

lY

0
7

7
1

727

,73

7

;--

= 7

= x 7

= "7 a< 7 x 7

=,7 x 7 x 7%

=

=

=

7=

7,

49,,

343,

2401,

.

IN

)

1

1-
Suppose that

and to on

we wish to change from the base ten deciinal. numeral 12 tc
.,-

a corresponding base `Seven numeral. Instead of actually grouping parks, wes

first think of grOups or 'powers of s yen. What the largest polaer of seven
whir.th is contained in 12 1 Is 71 (7)' largest? How about: 72 (49)
or 73 (343) ? Only 7

1
and 1_ are small enough to be- contained in 12.

Hence, 71. is the largest power of del3en included in .12. To '-fifid tiow many -....
sevens are contained in 12, we divide: 44

The quotient' 1 me

5 means that there a
tpn numeral 12 as st b

, _a:.

i;re'"
'

;.i."1!,

ovkr4.',<No

.

ofonteined in the/
we are able to write

N

. 15
"it; Seven

---Con sip_iaext ilIi'd*ealits4.:-,numeral. 64'. To write this in base seven, we, first
,t,1111,n.k..o.4;th4j.,li(rgest power_of seven contained :in 64. This.. is 72 or 49.

----4

_

e,

;4f..;

emainder

he base
.

us, we can write; , 1 ,..., .
i., i ,I0 i 1

15'1.. .".

,-....

64 = (9 x 49) + (7 x 7A ,:
, ' ..,-,' ;. --:..,.. .' .,,...?

- .ThW,firet division sown engbles us to replace the first
- ...t

, .space with.,:1.*-However,% h',e..r. jemInder 15 .still contains
-,,c:''4 .

? x 1)
blank

." - ,the first`Noiter bf .sev641. A -second division, this time by
'.:-. . :

". t.....-. 7, . &ties ,i''t.,emairiaer tf, 1. Wpmay now complete the
. . - el .seRiehce as.: ' . , .

.= .,t, ,. . .

*.- '" l, '' 64 .. (1 x 49) + (2 x".7) +,(1 x 1):
..

'..` '1--. - A ,.4

. ,e- = (i x172)..i. (2 x,71) 1)
. e, .

. # 121 'vense
,. 60

1,
49 PT

149

15
a_

.7-115
'14

1
4

f

'

t
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Let us change the decimal numeral 524 to a base seven ,numeral.

Recalling again the powers of seven, we select 343 as th; largest power

contained 1.n 524. Dividing by this-power gives
1

a quotient of,,1 and a remainder of 181. 33
Next, we divide this remainder by the largest 343-(1 x 343)

TUT
remaining power of seven, 49. We continue

to divide each new remainder by decreasing

'powers of seven. Now we are able to write,

A.Qexpanded form, the sentence:

' 3
49 1 181

147-.(3 x 49)
3T

4

7
28 -.(4x 7)

-(6 x 1)

524 = (1 x 343) + (3 x 49) + (4 x 7) + (6 x 1)

=.(1 x 73) + (3 x 72) + (4 x71) + (6 x

= 1346 '
seven

In changing base ten numerals to base seven, first select the largest

place value of base seven (power o4,seven) contained in the number. Divide

the number by thi.s,power of seven add find the quotient and remainder. The

quotient is the first digit in the base seven numeral. Divide the.remainder

by the next smaller power of seven and this quotient is the second digit.

-Continue-'to divide eachnew remailfdr by eath tuCceedingy smallei-,power

sevenqaltil ail th7eremaining digits 4the base seven numeraly.,a14-Ibizia...

In cionve-rt' g bass ten numerals to base tour numerals, the same procedure

is.used this e with di4ision being powers of four. As an example,

change the decimal numeral 53 to a base four numeral. The powers of four

40.= 41 42
= 16, 43 = 64, and so on.

These, of course, become the place valmesof base four numerals. Successive
.

of,-- 3-division by decreasing powers of
. \ 16 F53 .

;..,

* four give the results shown/ Thus, _A 48-.(3 x...16), 1 ,&
5 4 1-57-..(1 x 4)swe may,write:

. .

r (l x 1) -,;t-

53 = (3:x 16) + (1 x 4) + (1 x 1)

. (3 x 42) + (1 x 41) + (l'x 1)

=311
fou r

4,

42.

1u.

:



As another example,.

I

/

113 = (1.x 64) +

= (1 x43) +

, 1
= 1301

four
.

I'\ '1

.(3 x 16) 4 (0x 4) +

(j X 42) + (0 X 41) + (l : X 1)

1, "'S
, ,

Ah".

To convert base ten numerals to base five numerals, study these examples:

105 = (4 x 25) +. (1.x 5) + (0 x 1)

. ,= (4 x 52) + (1 x 5l) + (0 x,1)

°five
.t..V

780 =
t
(1 x 625) + (1 X 125) + (1 x 25) + (1 X 5 + (0 x 1)

= (1 x54) (1 x 53;;;(1 x52) + (1 ''')-4(0x 1)

= 11110
five

By divisions such as we have performed in egrlier examples, you may rrify

. these conver.s4ns. '; - ,
:,..

..t Thus, byiEfie use of the-expanded notation, we are able to do conversions

from base ten numerals to numerals in other bases and vice versa.

D a .

0,

. L I

411IP

Class EurCised I

AI -

17. Change these base ten nwnerals"to base sever! numerals: ,

. ,
..

(a). 509. (e) 2500

,..-.K

(b) 31:.
-(f) .686

..,

.....-4-::-1-,:-(01,1, 28i71.---r- (g ) - '''- ) -P. -0' .9 , -, ' , --'-.1-k -'-:

OA 350i . Ath ) 2400 l''".

.1

-30.

18 Change these base ten numerals to the base indicated,i4
T'AA

(a) 85 = ? () , 250 = ?-----lour rfour

(b)' 21 = ? (d) 250 = ° ?
four five

, ..

;

(e). 124 = ?
1 f_ive Y

,),.,.o ,
1 ..

I.,
.

4111'
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t
2.5 'Just For Fun

1., People who work with lgh speed computlrs sometimep,find it 'easier to

express numbers in the octal, or eight, system rather than-the binary

systek. Conversions from one system to the other can be done very

quickly. Can you discover the method used?
7 c A

2. An inspectorta weights and measures carries a set of weights which he

uses to check the accuracy of scales. Variode weights are placed on a

scale to check accuracy in weighing, any amount from 1 'to l.6 ounces.

Several checks have toi4 made, because a scale which accurately measures

'5 ounces may, for various reasons, be inaccurate for weighings of 11.

ounces and more.

What is the smallest number of weights the inspector may have in

his set, and what must their weights be, to chec1 the accuracy of scales

from 1 ounce to 15 ounces? From 1 ounceto 31 ounces?

This problem is related tofthe weighing problem posed in the intro-
.-

duction of this book. It is also related to the binary numeration

system!' Do you see the relationship? .

3. (a) Convert the bake five numeral 31.42ri 27v
e

to a base ten humeral.
/ .

(b) Convert the base,ten decimal numeral 22,.76 to a base five numeral.
...

. .
:...!,4

1,

i
Students will enjoy the following Bard trick which depends upon the

. ,t'

use of base two'thinking.

-

0
f 2

1 9 2, 10 4 12 8 12
110

3 ' 11 3 11. 5 '13 9 13
1 5 13 6 14 6 14 4 10 14

. ..` 7.7

7' 1'5- 7, 13' 7 15 `11' 15

St

J

Directions: Make a set of cards as shown. Tell'a_person to think of a

number between 1 and 15 and then to tell you on wh and (or cards)

it appears.

Youcan tell him the number by getting the um of the first number

on every card named.

Example: The number 13 is shown "on carda' A, C, and D. Add 1, 4,

and 8 to find the number.

t

74



Numbei'

of
Marbles

A fuller discussion and extension Of this card device may be found

on page 41 of the Teacher's Commentary for Jun/ar_High School, Volume 1,
0

PalTil. ,

An interesting discussion and activities- on card punching appear in w,
a free booklet, Mathematics in AAon, which is obtainable from the

Institute of Life Insurance, '277 Park Avenue, New York, N.Y.

In the marbleproblem posed in the inthductionof. this book, the amber

of weighings required to locate the heavy marble among ainumber of

marnes was determined. Complete the following table.

Number
of

Weighingp

2 3 4 5 0 7 8 9 10 11 12 13 14 15 16 17 1.3'19 20 2i 22 23 24 25'26 27 4

A

0 1 1 2 2 2

"

,

;;., ;;-.

Now write the base three numerals for thb numbers from 1 to 28.

Do you ;see a pattern between the number of weighings required as listed
.

in the tableAand the :..orresponding base three numeralsrepresenting-the

nuMbe46of marbles aeighed? "using this pattern, find how maqy weighings

, it would take to doa corresponding problem with a7 marbles.

Chapter Exercises

1: Witte the failOWing base ten numbers using

(1) Egyp Ian numerals

,nume4,1s_ _

Base evennumerals

(a) 19 (b) 53

FA

*3:-

(c)' 666 (d) 196

2. Write each. numeral below ip,expanded notation, using the exponential

form.

t (a) 100r;ve

(b) 1110two?:

(C). 201
three

,;(d) 110fat;r:

i

I

(e) 11e.ight.

(;) Ttwelve

(g) 1Q0
ten

(h) 100se,em

45.



3. In the base given, /epresent one less than each number represented in

Exetz4ze 2.

4. Suppose you are paying each amount of money1634sted in the left 'Column.

Rules of the game are (1) that you use only quarters, nickels, and

pennies for payment, and (11) that you use the smallest number of coins.

Complete the table.

Amount pf
'4140''Money 0

Example:

29 cents

Number of
.Quarters

1

Number of--1

Nickels '

. 0

Number of
Pennies

.

4

Basefive
Nuieral
. - .

104
five

ea. 37 cents
.

f

.

t
b. 24 cents

.

c. 99. cents ,,,:ft

.
. . 1-r

.

d. 15 cents
.

.

e. 63 cents ,

-,,
. /

f. $1.24(124 cents)
. -

5. Make up a base five system using 0, /, L_,/_\, and , for symbols,
*representing the numbers 0, 1, 2, 3, 4. Represent the base ten numbers

in`Your-OsteiiC.

Represent each of the given numerals as a base ten decimal numeral.
N.

-_,
) 2134

five (c)
.

T5E
twelve

.

(b) 364
. (d) 20031

,,_ ,,,seven _ b z
,

7. Represent each decimal numeral in'the base indicated..

(a) 713 = ?
sa.

. (C) 155 . ?
twelve;i '

(b) 44 = ?
two (d) O333 = ? XOur

. ,

g. Represent 214
five

as a base eight numeral...

'L

4

65.

"le



Answers to ClitAs 'Exercises 4

1. (a) #'1, -0 1:);) III, G? 4p9P-.1

9 9 onn etc.

3. 'First, arrange the symbols in the same order:

(a) nn
I 1,

nnrinn mutt

It becomes aApries of additions..
Add nn w, 5 times.

0.

a

I.

nfmnnnn mu
. nnnn-11,11111 .

.1 o_nifyininnfin
k.-_-(11(111//////,y/+, _,,(,-J

Change to .9 Change to n.. c--

Answer: Inn lit

5.- (a) (L x 102) + (3 x 10101I.,46;x1)

(b) (5 x 103) + (4 x 42) + 4) + 101) + (9 x 1)

(a) (3 >i 104. ) (3 x 103) + (9 x 102) + (8 x 101) + (7 x 1) '"

(d) x lO6)+ ( 2 x 105 )+(.5 x 104)4-(6 x103)4(8x102)+(9x101)+(8 x 1)

6.
_

Number

Decimal Numeral /
(a) 100,.

(b) 10,000

(c) 100,000

(d) kl,000,poo

(e) 100,000,000

l'.

Product Ecpression with
Repeated;Facto" rs I

. 10 x10
,

10x10x10x10
o

4 10X1040x.10x10,
iwoxioxioxl.oxio

,-,.- f'
10x10x10X10x10x10x16X10

Exponential
Form

102

10 1i. .

105

6
io _, ___

ap
8

Powers
of Ten

Second

Fourth

Fifth
e

-, Sixth

Eighth

-y

7. ( ) 40o,000,000 La.5$:)',003

(b) 3,020,500 (d) 6,ob6

8. 13 x 1024, 2.2 x 13 x

gr 10
160

10: (a)

(b) 2 -

;\ -(0. 42
five

(d) ;:foldr, two, beAe five
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I

)

4 4 44
fiv e'.

12.

13.

3 2 32five'

3" 0 30 .

Base Place Value

Twelve

Ten

Eight
..

Seven

Five

Flour

Three

Two

One tholvand seven
htindred twehty-eight

Thousands

F
w

i

e

v

1

evehsundred,i
t

Three hundred
forty - threes
One hundred

Sixty-fours

Twenty sevens '

Eights. .

One ,liundred

forty' fours
0

0Hundreds.

Si xty fours

Fox y nines

Twenty fives

Sixteens

Nines
,

Fours

(
,TwelVe6

Tens

:Eights.

;---"

/Sevens

Fives

Fours% 0

, Threes I

Twos .
..

:Ones:-

Ones

-Ohei.

Ones

.Ones

,Ones

Ones

One
.

,

(a) - 211three
(2 x 32) + (1 x 3 )--f- 31 x-3

0
;

(b)- 1010
two

= (1 x 23) + (0 x 22) + X

.

(c) 113
four

= (1 x -I (1 x 4 ) .4-- (3 X 4

15. (a) '15
twelve

(b) 17.
t en

(c) 21
eight

(d)
seven

,

(e) 32
five-

() 101
foqr

(g) 122
thred

(h) 10001
two

(0 x 20)

14-
0

0

1

Y.
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)

.`4%. I

16 (a)
..?31four = (2 x 42) +: (3 x 4) + (1 x 1)

1 -

= 32 +. 12 + 1

45ten
P °

=(b) 35seven x 7) + (5 X 1)
:= 21 + 5

26ten-.

( c ) 101011two = (1225) + (o ><- 24) -+ (1 x..0) + (o x 22)+(1 x 2)+(1 x 1.)
....

= 32, + o + 8' . + ...f 0 + 2 + 1
_r,../(-

4 "3.ten ..
.

(d
.
) 212three +=(2 x 32) (1 x 3) 24- (. XI).

t.,..4

= 18, + 3 + 2
e

-
= 23tet....

Are

66-. ' =(6 x..8) + (6 x 1)e .--

48- * 6 \ I.

5tten ....

(f) afive = (3 x 52) + X'5) (1x.1)
= 75 + 20 -le 1

96ten

,(g) 3T1twe- (3 x 12'0 ) x 12) 1- x 1)
= +..,10 -1- 1

553tet
. .

4) TO;weLv; = (T x 12) + 0 .x 1)
f

= 1200 -0
= 120. .'".seven

17.
(ca) 509ten--;" 13 5seyen

'

-44

7

e=..........6-

.

1 .S , 2 ..,

343177- 41 166 711g
343 14,7

68
1



(b) 31ten . 43seven

(e)

(f)

.. ..
28 4 0'.-

.ten .-e- seven

.a. .

350ten = 1010 -.1.seven

.501:)ten

A

0 0
686ten . 2000seven 343 re-6 49 ro ra

686 , 0 , 0

= 104201seven

r.fr

0 . 1
343 F-3-53 I-7

343 0 7

7 7 5

1 0 2
2401 1755-0 343 7 49 49

2401 0 98

..) -99 70.

(g) 6. 6ten - seven

(h)

0 1 '-
,7_f 1 Fr

0 1
-5

, 0
F6

0 ,

0 'T5 v. Usi. 0

AIP

6 o
6666sevenseven . 343 rn170 ,49 FT2-

2058 294 42

18: (a) 5 11118-ten-=

1 1

64 16 PI 4 ir5
64 16 4

1 5-

j

1

1/2
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Chapter 3

COMPUTATION IN BASES OTHiR.THAN-TEN

-

q e- -
, Introduction

,.. 4 ' ' -- -'f:;

One purpose of Chapter 2 was to reveal the strACture
..

of the decimal system

by...examining similar structures in other systems;',.fOr instance, base five. In '

this chapter,'intended'as a sequel to Chapter 2, oPerationS are pexfo ed in

. some of the bases.,, Such cOmputation.lhas tw1,values fox seventh grade EstudeAs:

(1) It piovi,desgaractice in the fundamental operations free from repetition of

the base ten wbri in elementary school mathematics; and, (2) it strengthens

both 'heir skills in and understandings of operations with decimal numerals
.

'rather than Sust supplying more computation. ,

- Emphaks here is placed on base five computation, with suggestions and

.
4

/,probl"emb foriother bases. The teacher may wish to refer to he base seven

study presented n,Chapter 2 of the Studefiqs Text, Mathematicsffor Junior

High-School; Volume\l Part 1; and in Sttxdus in Mathematics, Volume VI.

Additioh al,mnit1014WIton facts should'h4. _. . , .. ,.....,

, r
memorized but the process and

- ; ,

.
.4-*, understanding

i

should be'stresstd. 'T his;en
,
once the audition and multipli-

:.4 I7v ,..., _

cation tables,haye been developed, -UR ".g could be,ma..tnvailable to the students -

..-- ,. .

for reference when doing computation., TeaChers
'should,again

be cautioned
..W- ,

against, spdndihg too much time on work with other numbjer, baseb . We would hope
? ^ ::- ..::

.

that.poorer students may gain some understanding of the algorithmsrilrid'good

students become proficient in. computations. We do net.want teachers>io drill

all students to the point of boredom for better studenis,'and frustration for
4,-,

poorer students.
4,-,. .',

poorer .

I-,

.1 Addition
t'

. ,, .?...,

,
.

.

We are going to exilCg,addition in several bases other than ten, with
r

-

,.%.

emphasis on-birse'fiver Suppose for the moment that we are "moon people" and
.. . ',,. -T,

,
hat w,e.count bYfives because there are five fingers on one/hand, .Students

.

begin addition in base five by findingsUms of siVple7problemz such s:
,,.,..., , -

.

flye fiVe,,
(17 )five , 4

3 1 '+ I

wive -'(2five)°five

(1(five),

+ (11

five 2flye
2
five five . five

)
.

,5170
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efore we can gofarther into addition in.base five, we 'shall consider
t

,what he additi algorithm reb 3r mewls in se ten. An lglthmvis a way
../1 .

of recording the thought PrOces es. In base ten addition' 14, us talk about:
.

., '

4

'
r,

A

35 = 3 tens + .5 ones

+ 56 = 5 tens + 6, ones

8 tens + it ones = 8 tens + 1 ten + 1 one =

49 tens + 1.one, ='91.Ai i,
t .t. #

, 4
, 4?"1A . . ;1 Atv. ,

To add 35_ and 56- -it is impractical- to draw 35' xlp , and ,6. , x 1 s , group
.

them 'in tens and ones, and 'then count the number' of tens ,atd" 4he 'number of

ones, even though this is what we really mean by additiodbf-.4%le numbers.
,e

To avoid his cumbersome method, we break the problem dcriV.yhto several small

problems as indicated in this figure.-

.;
MIMMININIM

'0 0 0 0 0

0 0

44

Let,us combine the small boxes representing ones: 6 = 11. CoMbining the

larger boxes representing tens, we have: 3 + 5 = 8. Now 11' small boxes it.

the .same as 1 large 'low and 1 small box. The total, then, is 9 large

'115Oxes +.1 small box. This sum is recorded...as a vri,:tten numeral in the
*J'1

addition -problem, given 'above .

'We mayi think of any addition problem/in this way. In base ten it involves

small boxes (1' s ), large 'boxes (10 ' s ) , giant -si ze-boxes , (100's ) , ecOno4 size

boxes (1,000's), family size boxes (10,060's), 'and so on.- Thinking this way

,iii the last problem; we did not need to'know the t'.:omb4.nation 35 + 56; we only
/

needed to know ,5 + 6 and 3.+ 5.. If this line of thought is pursued, one is ,

soon.- convinoed that arOaddition problem, base ten, may be dode if one knowg

the entries. in the :table of addition coAinations. Likewis6, addition in any

base can be performed given the, table of addition combinations in thatlase.

' Our algorithm s exist to eliminate :this physical approach to pibblems. When.-

we perforn14 mechanically, the addition 35+ 56,,= 91, we are indicating this
.4

procedure without- thinking every step through each timeas .we did earlier,
'4 , s

Let, us now make a base five' table -0-addltion. ;,,Tie study of subsequent.

Abhapters will reveal several properties which 'allow us' to extend the- f.)asic
. s

. \

I ''.

52
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combinations to any number in'the systerb Making an addition table for base

five identifies the t4 wenty-five_basic addition combination's tO be used in

-computation.

In teaching a seventh grade class,

the:addition table for base five can be
,

developed in class. This could ke
.

accomplished by preparing thdrarray

and inserting only a poitionof the

44trt6s; students can assist in deter-

mining theappropriate.entries for the

remaining 'ffpaces.

, Now let us return to addition in

Addition Table,Base Five
.

+ 0 1 . 2 3 4
.

i

00. 1 0 r l 2 3 't4 4.

1 I 1 .2 . 3 1+ 1.0

1 ,2
'

3 4 10 11

.4 - 10
4

11 l.2

4 10 11 12 13

,base filte: A technique teachprs may

use with their classes is to demonstrate, with objects

Iolloudng additions in base

such as stars, the

I* * ** + * *,* = * *** '+ **
'. = 10

'five
+

-five five
+

2five
= 12five

The concept of griping by fives is, to be emphasized..

If the expanded notation developed earlier is followed9 thinking through

base five addition,-then we have: (usi'ng the addition table)

22fi.ve = 2 fives + 2 ones

+ 14
five

= 1 five + ones

3 fives +1 ones''/ .
.

= 3 fives +.(1 five + 1 one)

=.(3 fives 4- r five) + 1 onex

= 4 fives +1 one . '

= lfive .i
,111

0

'"' ' i
0eN.ve that the notation " nes is bate five 'notation being used ina base

.

'five problem. Here are several more examples expressed in sOmewhat'siiplified'. "

Q

't

rs s



w.
N

21
five

= '2 fives t+ 1 one

+ 24
five

=.
,

a fives 1144. fines

223five'-= 2

-
+ 243

five
. 2

4 fives + 10ioti0
A

( 4 .fives ,+ 1 Vive) + des

=.:10 fives + 0 ones

1 five x five +.0 fives + 0 ones.: ei . . . .

five X fives + 2 fives + 3 -ones'.

five x fives + 4 fives 4,1 3 Rnes

,

4 five ;;.fives + 11 fives + 11 ones'

= 1 five x five x five + 0 fi&e x fives + fiVes + 1 one

= 1021
five

In each of these cases it has been necessary to "regroup". Regi'ouping

base five *ens renaming

40#,,

-10
five ones as 1 five

10
five

fives as x five

10
five

five x fives as .1 five x five x five.

This corresponds to the base ten regrouping which means renaming',

10 ones as 1 ten .,

. ,10 tens as 1, ten acs ten
,

. soy.,
$ : 10 ten x tens. as 1 ten x; ten x-ten.

,., ,.

i In any base regrouping involves an exchange between place value positions

as shown; groUps correspond to thC,Powers of the base being used. Thus,
. k ii

i .

.,.
X .

/ 10
five

means 1, group of fives, while O.
10 means 1 group ofSevens, andseven . .

10
three

means- 1 group of threes.

in

The term regrouping used here is the same process often referred to in$

base tenas "carrying." When teaching addition in these and otlier bases it is,

helpful to have students construct addition tables for eav reference,

.4

.



Addition Table, Base Seven

0 I -2 3
44

4 5 *. 6

0 0 1 2 3 .4 5 6

1 1 2. . '3 4 5 6 104

2 2. 3 4 5 6 10 11

3 .3 4 5 6 10 11 12

4 4 .., 5 6 10 11 12 13

5 5

_

6 10 11 12 13 14 .

9- ,

6 6 10 11 12 13 14 15

'Addition Table, Base Three

'+ 0 1 `-- 2

0 0 1 2

1 1 2
, .

10,
....

2 2 10- 11

A special addition-with regrouping occurs 14th denomin.ziwazvy,s,.,. Tables 'of
-71*.Measure determine the grouping. Several 'examples, show 'that regroaping i "n'2k

with addition of denominate numbers.

3421 feet

+ 4890 feet

8311 feet . 1 mile + '3031 teet

grams 2 decigrams 8 centigrams4

+2
6

ire= 7 "decigrams 7

grams. 9 decigrams 15

7 grams 0 decigrams 5

Addition in base five or

numerals

1 m. 8 dm. 3 cm. 5 mm..

+ 5 m. 5 dm. 8 ern. 3mm.

6 m. 13 dm. 11 cm. 8 mm.
= 7 m. 4 dm. 1 cm. 8 mm.

centigrams

centigrams
401.!.

centigrams

.

in, any other

in decimal notation and adding.

Base Five

, 21
. five

:
24
five

1010
filve

3 weeks

.+ 2 weeks

5 weeks

.= 6 weeks

4 day 18 hours

8 days 6 hours

2 days 24 hours

6 days 0 hours

base may be checked by' renaming 'the

For .example:

Base Ten

11

+ 14

25
ten

.

.

. . . .

The addition.of two numbers .is represented below itfour different ,bases.

.-Werifxthat each is the same problem simply expressed in a different base

from.therostiTe155-7-----7*'
-t

r 55 74 O
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Base Ted Base Twelve Base Eight ,Base'Three' -

. .

299 : 20E 1 +53
453eight

.1---1.4.
3092three,

+ 27 1 -, + 23
twelve

....--1.- c..0---,,- -

:22...g2AL
+ 1000

three

326
ten 232twelve

566eight 33002three.
/,.t.....,.4. _

Addition in bases other than ten is included in a seventh grade mathe-

matics progtam because it helps
.

to clarify addition in decimal notation while

at thesame time illustrating certain number properties. The Words "regroup"

or "rename" are found in many commercial textbooks; theyarelpreferred by most

elementary school teachers over the term "carry," which they replace. An,

.
application of regrouping occurs in'Addition with denominate numbers, as seen

in the examples given in this section,,

' a

ClasS Exercises

.1. complete the following table showing the basi,c addition binations

base eight.

1

t

4
Addition ,Table, Base Eight

+ , 0 1 2 5
....

b. q

.

1 . - ..

2
,

..,

3

4' .

r

.5 .
' ..----..---,

S

.

7

.

.
. .

0

2. Add the following,,rioting the base in which each is Ilrittten.

'
DIV

13five

43five
+ 14

five

(c) 1 77eight

201eiiiht

(d) 3al'ei'ght

27ight



,*-

er

Check each
J
addition in Exercise 2 first chariiing the numerals. o

-,-)
-,..base ten.

4.

t

5..

Adb.as

c
.(E6

Add:

(a)

indicated.

751

+ 318ten

and check using

'.,',

(b) 32
five

32
five

32
five

32five
+ 2

base five num rals.

(b) 35ten
+ 104, ten

's)

' ' -

t.

(e) 26seven

26

i6 seven .

26
seven

6
seven

26
seven

+ ,26
,, seven ---',

lltwo

+ 11
t'wo

'(c)
43f.ive

43five
43five

five
+ 43

'five

(d) 24

24
. 24

24 4

?.

24

24
24
24

+21c

Explain the connection be4en.the addends and tile sum fu each dart.

- 3..2 Subtraction

Most people leEirn to subtract in base ten by Practicing certain sub-

traction combinations long enough tobecome thoroughly familiar with4t4em.

Suppege we pretend for the moment that you a® not know:the answer the sub-
AP

-traction ,9 4 5. The Answer can be found in the base ten addition table. The

questfon you really need to answer is "What number, when added to 5, yields 9?"

0, 1 2 3_ 0
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Wefooi

4

O

The table shows that addition may bce used to solve subtraction problems.

Since 4 t 5 ='9, It is implied that 9 - 5= 4 Subtraction is thp inverse

operation of addition. In a later chapter the concept of 'nverse operations
c's490'

will be discussed in more detail.

Using only'the base five addition table verify that ch of these sub-
1p

traction problems is correct;

10 = 2 = 3
five' five five

11 - 4 = 2
five, five five'

13
five

4
five

= 4
five

A simple subtraction problem in base five,.where no regrouping is

necessary, is shown below.

34five = 3 fives + 4 ones

- 21
five

. 2 fiyes +'1 one

ve + 3 ones
five

,......mi

hlOre difficult subtraction problems involve regrouping: Jytst as we reviewed
o . <,
regrouping in addition, let us look at an example of regrouping in base.ten,

(N.\
subtraction:: * 4

55 = 5 tens + 5 ones =.4 tens + 15 ones

- 27 = 2 tens + 7 ones = 2 tens + 7 ones

2 tens + 8 ones = 28

Let us consider a similar subtractiOn prob, sing base five numerals.
277"

Notice how`the logic of the base ten'subtraction process using regroupinghae

been followed.

)

4 a
41

five
=.4 fiveso,t.. one = 3 fives + 11 ones

= 2 - 2 fives + 3 ones = 2 fives + 3 ones .
five c"

4.

.

'1 + 3sone- ='

t'f

77
58

five
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,

/

, .

The diagram below illustrates/how the, same problem can be represented by .
'.. .

showing regrouping, as the partitioning of a sett. This method is frequently

helpful in explaining the operation pf subtraction to students.

Base Five

41
five

23five

13five

kxxxx,x4xxxxxx
ft - -e--,---
Nt k,,x x x k x

`Vx x--7x x x

Another example of subtraction using base five

Again note the use of regrouping.
".4

100
five

= 1 five X five + 0 fivesr+ 0 ones.. 4 fives + 10 ones

23fi4 2 fives + 3 ones = 2 fives + 3 ones

numerals is shown here.

2 fives + 2 ones ..22
five

Following a siLlEir Procedure, teadhers,m9y guide students through sub-
.

traction problems in'other-bases. Forexdmple:

)

21
-Chree

2 threes + 1 one = 1 three + 11 ones

- 12tiaree = 1 three + 2 ones .-1 three + 2 ones

2 ones = 2
three.

Note here that the 2 threes and 1 one were regr9tiped as 1 three and,

'11 ones in base three not ion.

Subtraction in any bas maybe checked by cpanging,the numerals-to;deciMal

notation, and then performing the corresponding-Subtraction with base ten

numerals, As an alternative procedure, teachers may prefer the addition

method of checking subtraction proiems# This procedure gives more practice

' in using notation in bases other than ten. Each of the subtraction problems

is checked here using the corresponding addition.of this section

Problem: 1"-*
'10

55'

-27
41five-

23fi'.;7e

five

23five
28 13-

five
22'
five

,4 1 three

' - 2three
2
three,'

Check:

28 22 1/4

e five 2three

-F. '2:1 23five
+423fame +12

-three

,55 41 7;
100

five
21
three

- 4 .4"

i '
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Just as with addition, the subtraction of denominate numbers provides

opportunities for students to'develop skill'in regrouping numbers used in

expressing measurements. This functional_aspeclof 'regrouping is ilelated to

the study of measurement in Chapter 12. Here is an example of'subtraction

with denominate numbers:

6 m. 3 an. 5 m,103 cm. In. 102 cm. 10 mm.

2 m. 15 cm. 3 mm..= - 2 m. 15 cm. 3 mm. = - 2 m. 15gcm.. 3 mm.

,3 'In. 87 cm. 7 mm.

Class Exercises

6. lerform the indicated subtractions, noting the base in which each is

w-r;r1Aten.
,

.twelve
ic) 42

seven eight
(a), 37 (e) 4..4

- 11
twelve

- 13
seven 35eight

(b)
122three

- 21
three

(d) 42five

- 23±,474014

(f) -foltwo

- 10
two

7. Check the subtraction in Exercise 6(c), both

(a) by verifying the subtraction in base ten, and

(b) by using addition in the original base.

8. For each pair of numerals, use =, >, or< to make a true statement.

(a) 30five 2 (c) 61
eight,seven 50

ten
'

(b) 11. 20 (a) 1111
t

112seven four .three

Pi

66

4
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3.3 Multiplication

Multiplication is included in a study of bases gher than ten because it

,reinforces multiplicatiOri,IonceptS in base ten, it serves to .illusthte cer-
,.

tain'nUmber properties, anlyt is a vehiule for multiplicationof denomiriate

numbers.

The number of,basic multiplication i.ombinatIons is determined by 'Vie base.

'While in base five there are only -25 basic combinations, base twelve has 144,
1

and bale two has 4. Developing the multiplication table for.base five iden-

tifies the basic multiplication combiria-

tions to be used in computation.

Teaters may wish to develop the table

as a class activity. This ray be

accomplished by preparing the array

And inserting only part of the entries.

-.Students can t'hea obtain appropriate

entries fOr'blank...spaces. The teacher

can offer guidance as indicated in the

following discussion. Once'completedc,

the table should be left on the board

Multiplication Table, Base Five

X 0 1 2 3 4,

0 0 0 0 0, 0

1 0 1 2 3 4

2 .4 11 13

3 0 3 11, 14 22

4 0 4 13 22 31

for easy reference by the students when doing 61tiplication and division.

467llrittional technique that teachers may use to help students develop

these basic multiplication facts for the table relaes multiplication to
4

repeated addition. Multiplication °Mounting numbers is a shortened form

of addition in the special case where the addends are equal. For-example,

3five x 4ftve
e' ,

_ ,

-.- :

may be written.as 4fiVe + 4 + 4 . The - multiplication can thus be
five five'

.' ecl
illustrated by objects in an array composed of three rows of 4 objects- eachz

.)f ---;, '',.4-.,.:

xxxx X x x'x,
X X X X x x ic x

'c )C:1 }' X .-X X X. X 4 c'
,

t:

v.

022tive , \
.0.: :,..-.- ---'
-II '.

-=,.

...,--

The objects arc aped by fives ,as shown $t' the right. Both tie sum of

the addends and the pAoduct of the fagtorsis 22five. Notice that the,pro-
./

duct 22
five

places in the multiplication table; for 4_ ,x ,_ _

five i 0 ilye 3rive
f

-and for 3 This illustrates the Commutative property for the
-five x IVivee

multiplication of,whole numbers.

4' "44+ 4 -+ 4-
fivea-five-- five

61
8 0
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A

Before we consider,the use of the table in multiplying with base five
4

'A

numerals, we.should loo{ again at multiplication in base ten. In multiplica-,

tion we not only use the basic'mUltiplication facts, but also a knowledge of
4

the powers of ten. Although you are familiar with the multiplication algorithm

-we review it here.

72ten

x 7ten .

7 x 73? 7 x (7so + 30/ 2):

,

(7 x 700) + (7 x 30)"T"T7 x

(4900 + (210) + (14) .

' 2)111 ---

210 ---

49100 ---

(7 x 2)

X 30)

(7 x 700)

.

=

=

5124,_n
-1.,e

5124

moro.

In vertical form the multiplication shows partial products and how they 0

are obtained. The mpAj4,14.eation shown in horizontal form uses the distribu-

tive property. Because 732
ten is a three - .place numeral, we recognize that

we have three partial products (7 x 700),. (7*x 30), and (7 x 2). .Taking

the sum of the partial products in each Tas-es renaming. 1r,

Now let irt, VYA.mine a similar multiplication using base five numerals.N

Consider the product:

2 x 2427
five five.

The vertical form of multiplication again shows, the partial products and hOw

they are.obtained .. J

+24
2five,---

O x 2
five

7-4= (2
five

x 2
flve

)
\,

. /

130
(2five.x 401five)

400 (2
five

x 200
five

)

103 7f

4 ti
Sometimes it in helpful to the stdaept to. express such a problem using.

expandednotation,so that the partial products are listed in horizontal form. _

This clearly shows how the basic.multiplicationfacts from the table are used.

242
five

`five

= x five2) + (4 x five) .+ (2vge x 0 oner-

x (2 x one)

(4 x five
2
) +.413 x five) -I- (4 x

4

one)

= (1 X five3) + (0 x five2) +.(3 x five) + (4 x one)

1.034
five

52 81
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Multiplication in lease five may be chpc4ed by ,,:hanging the numerals to

'r' a

base.ten numerals, performing the multiplication, and comparing; the two products,
1

as in the following: M*

` 4five
72-

'2

X 2
five

X 2

10314.fi,ve
1
44
ten.

or"

p

A base sy tem of numeration makes the computation of centain,,proclu.cts
,.,

-routine? In any base,,the numeral 10 names the base. For example, 10
ten, _ .

. ,

-names ten, 10five names five, and 10
twelve

names twelve. 3hus, using bade

'ten numerals, 10 10 is the.square of the base and is written 100. Usin&

base five nume ls, 10 x 10 is also the square of the base and is written

100.
.
N, ,ice that in any base 100 denotes the square of the base. Similarly

10 x 100 in any base denotes the base times the square of the base ancris
. dit A

written 1000:
_

.-..1* 9 ! . I.

We show a use of this property in the rollowing problem:
. 4 .

. ',.
.

'
.

324
,five

= (3 x five
2
) + (2 x five) +"(4 x one)

x 10
five

-4 (1 x five) + (0 x one)

lbw

Using base 4Ve.notation throughout this problem can be re 'itten as:

`
;five = (3 x 100

fiVe
) + (2 x 10

five
) + (4 x 1

five
)

X 10
f e

10
five

r ,(100fivex 10five..)j+ ( 2 X (10fivex 10five)) +( 4x (lfivex 10five)]

= (3 x 1000five] * (2 x 100five] + -(4 x 10
f ive

]

3000 + 200 + 40
five five , five

3240 fiVe
.

The. geed' prat lem written in torten

4,

243
-. five

'x 16-
fiv'e

'orm appears simply as:,

40' (10 x 4 )

Jive five-

% 200 .(10
five

.x 2 . )

-

'3000 (10 x 300 )

fivp NI five
3240 liar4"

five °
44 82

a
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-Por multiplication sill other bases it ie des rable first' to develop the

tables showing the basic multiplication combinat ns. Base seven and base
4,

/three tables are given here. ,
? 2k ",ro. 4.,

r
C . . ,

Multiplication Table, Base Seven ° Multip ication Table; Base Three oioirt:,

x :, 0'. -1 2t.zr, p3. 4 5
6c

a',

1

2

3

"s14-',

5

6'

0

0

. 0

0

0'

0

a .

0

1

2

3

4

5

6

o

2,

4

6

_11

13

15

i0 o '
3..

6

12

15

21

'24

a ,

k

11

15

22 .

26
..,

33 \

o

5 -,

13

21

26

34
;.

42,,

'0'
:6

°1-5

24

. 33

/42
,1

5n

Some examples of multiplicati

x 5seven

)0 1 2,

9 0 o

i1 . o. 1 .s2

2 '0 2 11
. .

in these bases are shown here.- --

342seven .

X -63seven
3( X 342

(?seven 3seven) 1356 - seven ,seven
420 -- (5 x 6o- ) - 30450 (6:o x 342

seven seven seven seven
3400 (5seven 5T 32136seve

seven seven)
4141k . seven:

.,

212f three.
.x 2three ;

three three. 1 10 2 (2 - x 1 three21 ).,* 11'

'4k -121three.
x 12three

s %. 29 (2 x 10 three
three thre or, ,.1210; X10 x 121 ) "three three

,r ,11 (2,, x '200f
,* three . -err e)

;three.'-

,

,The multiStliication t. the. riy

dgvelopment:

o

0

2 'three -4j
,

2222,thee...
',14

,..,
- .

"V

eV,

V4,;. V. [ ' ' .... :, !
;.[ . ,.. IlriA. .4 .L.maLatgtPt4ev`fttcpressect.,usilig the forloying

51 ,
5 .4 ...- " ' - _ -

' ..t?< 3,O, 1.1.r
..,r, . ,

'. -i,.
ehree-e

x
;

201three
X 20three,s
1020three.,;.:

ree 4.

rc )0.-- 44' -
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A special, aspect of *trouping ,in Multiplication is found in obtaining

piOducts where denominate numbers are concerned. For example, "How' many weeks

an4 days are in three, groups of 3, weeks and 4 days?!.'

'`
3 .weeks + 41.kdiys .

x '3
9 weeks + 12 days

.
= 10weeks + 5 days

'In this example days are grouped by sevens to make weeks.

Many items are weighed by pounds and ounces. ;.For example, .John is

mailing 4 . ilackages, each of which weigh6 2 pounds and 5' ounces. He

needs to-- now thg total weight of the packages.

AIM

O

41.

2 pounds. + 5 ounces

X 4

8 'pounds +
;
20 ounces

9 pounds + 4 ounces-3.

11,7:
J, I/

surements We 'find problems "sueh 'as these:

g' ft. 7iri. 2 in. , 35 cm:',

x 4 x 5
16 .51s. e ft: 28 in. 10 in. 175 .cm.

19 yds. 1 'ft. 4 in. = 11 M. 75 era

.Class Ex15rdises., ...: ,

iply as indicated:

31five
(b) 42five

4ex 2five x 4fi

1
.

/

r

r

i . , '''-

10. Phi 415 as *ifiaiscated:

' (a) 00 ., (b) 200 'CC) , 212
seven t . three Varee

X 21
tnree

, .

31f

0 (7-

_
X ' ,X 2

:.seven thrpe

Vil
'9'., '''

.

'e,
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1

-

11. Check'Exercises 9(0 and 10(a) using base
.

ten numerals..

!

:

12. (a) What is -i6 - x 10
five

? .1 0
five

X 100 '?
fivefi

. ,

'

five

.,
.

. (b) ghat is 10
seven

X 10
se en

? 1.0
seven

X 100
seven

?

(c) What is 10
two

X 10
two

? 10
two

X 100
two

?
. .

(4) :What is the patternyou observe in (a), (b), and(a)?

'13; Compute the follow4ng, regrouping as necessary:

r--
( a ) IP yds. 2 ft. 5 in. (b) 2 m. ?7 pm. 4

x x 5

..

Divisibn
.

..'

.
. .

Teachers mayalyish to reg r3. the,tOpic of 'division as. optional for,some
. -

classes, or a ong with the study of muliiplicatlion. Both Ais-
.

cussion dn exercises are inguded here for those who wish to pursue the '',,

Section. -Once again, teachers are urged not to spend an excessive amount of.

time on this work with other numbet bases in their seventh grade-classes.
1

. For,eouating numbers we may think of multiplication as
f

rePeated addition. As division is to undo multipl4cation,
.

we may think of diiiiiiOn as repetited subtraction. ThA
.

. . following'examplesbows continuedsubt.raction of 5' from

ibi0. We may inaicate this pr4cesa,by writing 20' ÷ 5 = 4,
I. 1

where 4 represents the number.of s btractions possible
.e,

,

*before reabhingla.remeinder.lesst an '5. . ,.

..
,

This approsch to division may be shown with a set of 0 ' bjects PAir-,
. .. f

titioned into subsets of'ives. The model shows' 4 subsets, each,eontainng

5 -members,-thus illustrating 20 + 5.= 4.

I

0

Y'
a

.. ,,,,

x.
x

x ...)
,x

x
x

x

,....

x

\
x

'x'

.......s

x.
x x

4--?c 4.



Perhaps the most useful technique for teaching division relates division

to multiplication. As examples) in finding the missing factors in multiplies-
,

tion problems such as 4 si

e/

/
'

t.

4' x ? = 20 and .5 x ? . 20,
;

C

we are actuallyoefralr;g the missing quotients-In the correspondingt.vision

. __
I

; 4.

. A06 a

probl

20 ÷ = ? and fb 4- 5 F ?

41
Studehts should be well drilled in the relationship between these two

;0

peraeions.

Not only swill this help them to tee how the multiplication tables in various

bases cant be used to do division problems, but it will also give them good

background for their work in:algebra.

Corisider the following division problems using base five numerals;

11 + 2 = 9
five five 'five

0
the corresppnding mutOliplication problem

can be written as: 1

e v iv

five 'five
llfive. 9 .=2 X

x_ 0 1 2 G.

.- -a
five

times what number gives 11
five

?

. ,

The massing factor, 3
g ve' .

can be found in the base five multiplication

table as shown.' Thus, we hive the quotient: ,

3

4

11 4- 2 . 3
five, five ,five.

. .N.Cther simple divisions using bdeeTlinerals can be perfdrmed in a,
o.

,

,

similar way usin the ase five Alatiplication Is le.

\;.verify eachiOf t e.fo owing:
. ,

1 ÷41'
,five 3five

,_

r.
22five

kfive 3fiv
-.4

Use this method to,

r

.
.

13five "'' 2five 9 4five. .

r-

While the use of physical'models is a good learning device, we cannot

depend upon drawing models It o'represent,d_ivikons where larger numbers are

concerned. Nor can we always kind quotients by rect inspection of the mul-*
. .

tiplication table. ConcequentlY, sing analgoia , which is, a, way of record-
,

,. .' 7
ingor of processing one's oink g, (is helpful%

- .1

, i i

1



41.

Think of computing 760 i 20 with decimal numerals using two forms of the.

algorithm shown.
.40

/38

30
'20 1 760 , 20

600
7145
160
---6 0 -3

L. Either f the di4igion -records the thinking requireq'to answer the
division

76 i- 20 = ? which is suggested by the sentence 20 x ? = 760.

In terms of partitioning a set, we may consider that:

. (1D a set of 740 objects has been partitioned into 20

.eq iivalett subSets, each containing 38 Membek; or

(2) a set of 76"0 object& has been partitioned into subsets
/ nthin _,loifig 20 members each, with a total of 38 such subsets.

To tls sitdh an algorithm,with base fide numerals we need to recall the

role that the various grouping such as 10 .100 '
'

and 1060
! , - five' five _five

'play as 'factors ih multlplicat For exa,mPle:

23five, °five 1 230f ve

23Tive.x 100fiv'e ='2300ftive -

3five 3pt)°*fve1"

We'-can use these facts tb do tertIO.n divisionssuch,as:

230five ÷ 10
fi4e 1. 23 five

. 2300five.410 = 2
, I A- .

0
inn

3five
.

I.,32006 -:- 2 10oo

A! -

five -five fiVe.,

V'' -'1

". , 33..fiVe -!-)4five? Let,us use the'How,do-we-aporo ch a division.such as 233
2---- - .. . :

'..

divisiorLalgorithm a d certain basefive multiplicatipn combinations.

'1') '''.

' '4fiv... 1233fIve
.3

. '.7,6
, .

,
.

t.. 2204 -4-'-,- °five
(IC x 30ave . 2

five
, t _

five

.A

1
=

,

2
fj:ve

(4 x
five 4

2 i3
five five

),

.32
five

768



Note that the piOducts lfsted at the right in the illustration show the

correspondingmultiplicationa needed. Each, of course, comes erom'a basic

multiplication found in the table..

We can apply a similar ,procedure for divisions with two-digit divisors.

23 five 1

'-

32141
five

. 23000 1560

4141

.2300 100

1341

'1240

3 02 .2five
3five

32000 ,1000

3

100

t

30 . 0 . 32 1

101

. 101

0

11
five

1101-
five

.,-..

2 1

(remainder)
1132fi.ve

These two divisions may be expressed simply as:

.
.and

32141
five

4- 23 fivee.1132five

,
. .

, .t., , .7
-

...

4d243 4- 32 = 1101 with remainder
...

11 .
.., five, five : five five

.

' --- --- --

These divisions can be checked using base ten numerals. Tea.thers may-

prefer-t6 check division'problems by using multiplication in the indicated
.

_ .

base. The tub diNision exempFes in base five are checked by this method.

",-

1132five

X 23
five

4

44fiVe
x 32,ive

1 4001:';' . . 22 2

-311;
.

1330 0

fiVe
: 1 0232five , sl32141 '

. ..-

, "4- 11,
,--

,. , ; . . (remainder)
'7:'-.' 'five, .

- I*"
7- -r---

,

_° .".t
--,---

. e-
It i suggeste fhat.divigion in a

ng the to e of lasU mgtiplication co
,p,,,:.. -;:i.,:,

Sdch an, pproad's repgthenshecon.Copp fthat-
. . .

tWieatlon. To.h.ve meanini:,:divire
, -

.-!1.-:

construe

.- .

se athe'r than ten be -approached by 4,

.* '
Lnat:IonS for that base. ' , .

I,
A

I

.
v.ision,Wthe inverse of mul-

e
40

...
...

.a.s..! mustrelate to,Multiplica-

"7,4
..---.



Clais Exercises
w ,

14. ,Perfom the indicated divisionh.

(a) 112
five

4, 4
five AV) 302fiv-e + 12five:,,

C9- 1031f.ve
1 + 3five (d), I040f.ve

i + ?hive
.

,
.

,

.. ;15. Set up a table of multiplication combinations far base three. Perform.

the indicated divisions and check by multiplicationt

-

(a) 121
three

+ 2
three (c), 10010t

hre ÷2°three

(b) 1012 -&ree ÷ 22
three (d) 1220

three
+ 12

three

0

Chapter Exercises

, ,
.

f 1. Use the array you made in Class Exercise 1 and add each of the following.
d

_ Check your answers'using base ten.
. -

.

07
.

. eight
(e) 44

eight
(a) 235eight N .2

+ 1.75eig4 + 175 eight
+ 237eigilt

(b) -1064
eig t

t'253eighi 567eight.

2. :Subtract in base.eigh-C, Using the numerals in parts (p), CO, and (c) of

EXercise 1. Check your subtract using base ten numerals.
/

MUltiply.using base

(a) 52%i
5 23 eight

X *5.eight

, .

eight numerals:

Divide using base eight numeraii:

(a) 4 .--1,34
eight eight,

0.

(b) 741
eight

x 36
eight

(b) 13. 1.5146
eight, eight



4

5. Write a division 'sentence suggestedby each of the following productS:

(a) Bale ten:

, 9 x 8 = 72
x 4O'= BO

5xn-=25
4 x n 24

n x = 100.N!

(b) Baee.five:

2 .x 3 11five fiye five
4five x nfive 31five

= (c) Base seven::
. ,

4 = 26seven x 5seven
. seven-'

-seven 33seVen
x nseven

100nseven X nseven =
seven

k

6. Find the value of each n (noting thebase indicated) in Exercise 3(c).

7. Some completed problems are' given below; name the base in which each
problem is stated. I'

-(a) 32 (c) 24 . .(e)-, 13
+114 x 4

132
..

-
2_3

'TOT

e
-(b). 63 (d) 33 .-(f.) "?4

63 . x 14 + 24
-4.` .+ 63 ,,, 48242-

2.52 :
11;2 i .

- a

Iribase ten the final digit' of an even number i,s 0, 4, 6, 81,,a
(a) For base two e tion, what i the Pitl symbol of Ian gven. numb ?

..,
1 ..-(b) Answer the. s stion for.7.-ba e three. ,1

_
'..., ; , ./

In base ten nuniera' he final di it of he square bt a number is 0,, 1 ,- .1, 4,!,,,- 6, or 9,, --..

(a) In base ttl.)
,o not tiori what, may be sa about the final; symbol of the,

.
, :,.Square of. a crumb' r? o .-

:i. - ..(b) Answer-the sameq e8tionfor base three..,, \ O. 441,
40. .Is it possible to substitute.baseten digits. for the letters is,

1I

SEVEN
* EIGHT

, //ELEVEN

so thatafFdrrect. addition results A letter ,aiwialys represents, the?same
digit a o/di-git represeqted by more than one left,Ver-..,,t



k

11. m Lete the following addition end multiplication problems in base
,

seven:

-(a) 264s-even

352
sevenT--;

???sven

1116seven

514seven
,

?'
seven

2145seven

4

(c) ???seven

54
e?-. seven-

36201



4

40five

f .

Answers to Class Exe ci

3- 13, '5 7"1

0 *0 1 2 3 4" 5 6 . 7
1 1

!

/4! 5 6 7 10

2
- I

3 sh-, 5 6 <7 10 11

3 : 3 4 . 5 6 70 11 12

4 5 6 7 10 11 1.? 13

5 5
.

6
_

10 -11
4-

12 13
-*

14

.6 H -7 10. 11 .- 12.'13 14 ,15

7;-1 7 10 11 '-'1.12,
.
13 14 15 16r

,(b) 112,L.
ive

r

- (c) 1400

{a), 22five = (2 x 5). + (2 X 1) 12
f

13five

=,

= (1 x 5), + (3 x 1) = 8

°tive = (4 x 5) (0. x 1) ,=
-)4,

13five .° 5( 5) + (3 x 1)(b) 23

14rive (1 x 5) -1- (4w 1). = 9
112

five
4k (1 x 52) + (1 5)- +.(2 x 1)= 32

177e-ight-
(1 x8-2) + (7 x 8) f (7- )1 I)

-Pi 201eig
t

= (2 x 82) (0 x 8) fl ix = 129

00 , = (1; TX. 82) (0-x 8) t0,.X 1) = 256.

(c)

C

ass

(d) 616
eight

r

eig t

(d) P21ei.ht

(a)

75 i ht

eight

= (3 x8.2) 4- (2 x 8)4. (14 X 1) = 209

t-- (2 x 82)5 +.(7 x 8) + (5 `x.1) = 189

. (6 x (1 x8) (6',x1) = 398,

75tIn..= ;3P°five.'

+-318ten.. 2233five -

704en 120five

* 1.44 ten ir°4Sive .

139teh 1024five

.
(a) 110 r.:.) 43Cfiv , (d)two: 0?) 320

, f ve
(

'9?
4

e
a

0

0.

(6 260selanii



6- "Cd7 26
. twelve

%Iel'hree

(c)26'seven

t _

(a) 112ii-ve

4.0°' 10. (a) -21005even

-

(d) :
. Aive

(e) 7.eight.
(f) 11two

fit

(h) = : 0) < > < ..`"

I', (b)' 323
.-, . five ,

(c) 13)SO4fiVe

%_
-:.

(br 110.0eh i 4,'' ) '12222three

12. 100 1000 fivefive'

1)` 1000seven

13 (a);:*1.4 yd, 1 ft. 3 in:

1*. (a) 13five

"(b.) 142f
v

S

15. x
WO0 1 .2

P

1 0 '.'1 - .42-
r .4

2 0 2 '-7..4.11

(c). 109two,
i000--two , 4

(d) ;Regard1eh of the base. used,, -, .

10 x1;0 , loo and 10 x.100 = 100d,

(TY) 37.om. -:

k, ic 21J'
.

.1.
21five + remainder

(a} 22three,
(b)

(0) 112'three .

( j(rentaindeN'f:thre - ttiree
V . 7

Wm

'AP

"A: t

`;

: 4

r



Chapter 'I+'.

MATHEMATICAL SYSTEMS (

utroduotion

Tbroughdut the work of,grades 7, 8, and 9 i.re are concerned with. the
,

devaixpment Of v ous sets of numbers together with operations on.these

/numbers. 'It,is st as Important that junior high school youngsters see the

Structure'of these ;ystems as that they be )ble to maniptilate the elements.

any specific system under some given operation. 0

In chaptersto fofiow we shall carefully explore various number systems

andLtheir properties as they, may be devel6Ded in the junior high school.

However, in this chapter we shall explore several abstract systems in order

like a good mystery novel, we are developing the essential uales of the

plot at this time, but mast wait until a later date to unravel the reatof

the story.
. .

to illustrate and name some important prop- erties of numbers. This isknot the

manner in which we recommendthat thete properties be
!

developed for all
.

seventh grade youngsters: , For them we suggest an introduction via a more

concrete and familiar situation such as will be explored in the ensuing

chapters. The abstract development .described here could then well follow

late'r in the-year.

Youngsters enjoy working with abstiactions, sp ially after they have
.

completed.the mathematics program of grades K-6. Often this helps titam_to
.

1 .
,

see.mmthematics in a new light and to seethe structure in what may have pre-

viously been a jumble of unrelated mechhnical procedures. .

c It is also true, hoWelier, that seventh graders may develop the habit of
.

"'" asking why this material need'be studied. "Why do I havJ to know the commu-
,.,

tative property?" they will ask. As then various properties are developed

in this chapter, examples of their applicationaare also ccasional4 given.

Such a 'procedure may 'well b followed as you present this material to yff

tudents. 'However, you 'ay also have to admit periodical y that the "phy off"

"for'these properties will not come until a later date., T e 'distrAutiVe,prop-
_,, . _

eryy, for example, is very useful in the study of elementaryAgebra. Much

l'

'- ''' $ 9
d' 13inark Operation , J

. r

.1v' .

i

I"'Given a let of elements, la bina*loperation,.
r , i

- .

is a rule wheiey to each pairof elemlnts of.the set the e
4,..

.. ; *
14?

corre2, exactly
,

sponds exactly,' one element.
.

W

1
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a.

°

Severithgraders will be familiar with thevoncept of-a binary operatiori

from their work in arithmetic, although perhaps not with the language. ,Each.

of the.rundamental operations of arithmetic-- addition, subtraction,

.cation, and divisfohLis a binary operation. For example, addition is a

binary operation in that this operation a.ssig,ns exactly one number to two

numberS': Thus, given 7 and, 8, we Ave 7 8 = 15. Similarly,

multiplcaion is a binary operation; given the numbers 7 and 8; we have

7 x.8.= 56. t '

The term binary is used to emphasize -10te-fact that such operations are

only done with t4t elements at a.time._ Even in 901110.tion we do not add three

numbers at once; we add two of theta and then to.that sum we add the third.

'/Is-subtractionbinary operation? Although 7 3 = 4, we should'note

4
. that the student who has had no experience with negative numbersjs not able

to find a number to corre4pond to 3 - 7. However, th.A..e is a definite number

that cori-espolds to 3 - '7-'end we do, therefore,,, consider subtraction to be 40fr
._.

a binary operation. Some students will recognize that 3 - 7 = -4, whereas
.,

others Iill learn this fact in a later course. 0v,

.,
(It is interesting to note that not all mathematicians will agree on thie

i ..

'point. Some will argue that the opera ion is not a-binary one unless(=.1t-p.

duces a result whith is itself a member of the original set of elements.)
..

An interesting way to introduce youngsters to this cenzeptof an opera-

tion is to have them "discover" the meaning of certain abstract operations.
. ,

.
,-

Cohsider, for example,'a binary op6ration symbolized by * . The symbol *
. , ., - -

...°°' is a sign of the operation. Thus,. 2 * 3 tells you to. operate on '2 and 3

in a certain way.- Following are. several illusteations of the use of this

operation. See if you can discover the meaning of *.

,

, 21* 3 = 6 4 * 8 = 13 ,

1

I 31. 5 = 9 5 *.

.

2 =

In this Case
4

the binary operation * tells you to add one to th sum of

the two ,given numbers. \That is, for y numbers a and b: r\:
b --, (a +I15) + 1:

1

Note, that you also obtain the same result by defin).ng, e operation * in,

-either o2 the' following ways:

a * b 1) +b .

alb 'a (b ,+1)

fr

I
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I ,

° An, interesting classroom activity is to have, youngsters invent their own
binary operation, present examples of its use, and allow othtr lembers of the,

,
cla'si to discover 1-is meaning. Yolp will need to set up some sort of guide- . ,.

.lines hereor this activity can soon t out ofTh 1../And. For exampfe, it will ..s
. ,

'b almost impossible for a :.lass to .discover the meaning of abinary operation ..
hat means you are to increase- the first riumtePby 5, decrease ;the second.

.
number by 3,' and then find their productA )37e sure ,to keep°,the meaning of 4

the operation within tredson. The class exercises - ow are examples of this!di.
,,, ...

,
type of activity.

Class Exercises'

.4

4s.

Use' the examples given to dis-cover the meaning of the operations
,o, -,U.

5

',30'3
14 Q =T "_ '10

{

0,

6 ,.4. 3 - 4 = 1.0

- =5
3 - a

'5 - 1 =

. 4 r 5. 3U /t.
61 8;=, .7 1.11:42i = 9 '

-2- 1:-15 2 Li 8= 2
1-1t = 8 , 7 U5- = 0

.

3; 3 0.5 = 5
7 CA 1 = 7

6 6. 9 = 9
8 6 8 = 8 Q

44.

4.4

, , s or ,, :,
4.2 A Mathematical System - ' Eh:

e ''''
PS. 0

5\ .

A Mathematical system is a seof elements with on dr. more linlfry ,Opera- '..<:
. '.. ).

tiOns defined' on the set. The .elements do not hal}e to be numbers: although '.

1 1

they most often, are as they are "nc&un-ered in a sevehth .grade mathematics.,
class. It may be interesting first to explore the ,properties of an abstract

- sy tem whcire the elements axe not numbers. -. ,' , ....... . 4.

1 L'et ,us consider a 4,1-'0.' 7
, , ,

4.1,

.,-:14 = CA, 1:3 , ®46:. \ ) .'

\

af
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M

C

4

/

Also consider a binary operation, -, that coln&ine6 any
t
two members of set ,M.

We can define this or,eration by Leans- 61'the following table:

e \

A
This tel le. is read by-locatint the first of two, given elements li,n1the

.
row headinti to the left of the table. Ti -e se:ond element is tnen located in

the callar:Ti.ea-crl:n-c.:,-- at tTe top of one found withn the
table -.there tr., row and 201.,,u41;i1- inter se ct . , For example, o find D- \ we

first look

-

. 1 f p.
.-- '4 1r

in the row ileadincs at the
..

left 'ot the table until we find the first symbor,. ..0, and then move to the right to,the coluinn headed by the second- elenient, !,4
i

j.nd the 'lt, 4. Thus, 0 A .to f - \ = L1.1 In a similar manner, verify th§lt

. ,-

eaoh of the follo,wing, is correct:'

78 9 7
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We now have a-mathematical system consisting of the set' M

operation -. Note that it really does not matter what th

means; the operation defined ,the table and we le ar

paring the table-ta discover the properties. Here

-students examine the table and attempt to discover

own. V at can they discover? What can you disco

For one thing, all of the entries in the t

no new symbol appears. We describe this prop

is .closed with respect t4 the operation Thi

a ; the bAnary

9peration 44"'

aboq by com-
l.

it wortHwhile to let

4 properties on,the'ir
.

membeA of set M;

-rty b saying, that the set M''J

is the cloSUre property.

In general:

Thushe se

any two Nhol

number s is ac,

7-Let us se

of sect

following

l

A set "iS is sai

a binary opera

e em his 'x

is an elem

o whole

n .bars a

c osedun

what e se

'Co's are

ampler

(a)

(0)

O

er

umbe

t

on

nd

S.

4

s is closed uader addition_beslause.the- sun

le number. Po.you see that the set of whole

o...

b closed'Under

if for any

of S, x y

\
ti

traction?

can discover from the table given El.tne beginning

our answers to parts (a) and (b) of each of the

c'
r

? (a) \ (a) Z\,- 0. 1,
(b) 7 ?" (,:bp ?

at th,panswers,are the same in-each pair ?` Indeed this will

pair of elements selected from this table, as you can verify'
-5

We say that thg operation - is commutative.. By this we

result is independent of the Orderi,:nihich the yeration is

Not all o erations are

you see t

rue for any

ex inati or./,

dap t4

r

at

d.

t'

There

tive if o

An operation

is said to be

commutative. In general;

* defined on a set, S

commutative if for any

elements x and y of .S:

x * y = yA,A.
.1. . ,/ -

an easy way to aisco'ver W6ether or ne-e'anoperation i comulut-

e,,has a.tabla that defines the,operations. If tNere is symmlry
,

from the upperJeft to the lower right
-

with re t to a diagonal line drawn

corner then we have commutatiVity.

OP

Iv

/
79
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L.. El

_t

Note tnat each element oti one side of tne dotted
_

line is symmetric to and

corresponds to a like element. Of- tne other side of :brie Line. Results that
.. .

,

'come from corMoining two elemAts' in different order always o ',eta- in these/t e elementscorresponding- position,s' in the table. Hence, reerderi

opei-at.ed on does not change tHe restilt, these corresp ding. entries must

always agree.
-

Of course, it is not alwaysi'fea6ible'nor iDossible to construct a table

gthat defines' an operQ; ion. For e:{ample, if our original set of elements were
0 .0

to consist of the spit of, real mutters, we would have an, infinite collection
, .

that could not be accommodated ir,,,,,a 'table. In such a. case the ,diagonal line
. . ..

.''
,, 'test for commutativity could not be used.,/ . .. .,

4 LeVc consider onem.ore priiperty in this sectictri ,this time involving is .v
. )

.o

three elements. Since -a binary,pperation. relates only two memb s of a set,

we heed.to make use of 'parentheses in, order to determine whi.c pair of lenient s'

. "
to combine fi,r'st . Without pai-en.Q-lesee.,, the operat fon migh be ambiguous'.

Poi' exam e, consider the 'problem

','
_ r

12 -:-.6--: if-7.

'.

f one divideS from left to right- the I-esult

d .

'c
is '(X2 6) = 2\ and 2 2 1.

On the other "'it if one divides 6 by 2 . f

= 1! + 3 ±-. 4. .Zistis, the problem, as original
, . .

parentheses are' used or sOrae agreement

the eleme4;te ,areerouged f6r the binary

std ement'suc.hats 12 + 6 4:2'iit."20
. .

1

als0' 12 + (6 + 21 .. 12 +13 . 20. ere, the grotJE1_2,1 eloes--nbt, -affect the.
/ ' .

. ` -
1.-esult: Of course, addition sti' 'remains st-tlinary opeNatiOn; only two ele-

:.
.

,me/itg. x-Er=-05-7i7Ik-..U'''..e tee' -a-:-.1tIme-,-- ....:7136--4.nt,-ii,s )ha-t. ip addition, the way' the. .
te

t, the

y Staked,

result is 12 + (6. + 2)

is ambiguous unless.

2

'0

is ma concerning tree order in whiciT Yom._......__.

.0eratio On the other hand.a:
.----- , .-

bid gince (12 + 6_+) 2=18+ 2 . 20 and
'

are groupbd does not affect he result whereas' in division it does.

.
10 '0

[ ,..-, 80
,_------: ..
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Now letf-us evaluate an expressi6i inxolvini three elements of IINt M

keeping ,in mind that operations thin parentheses are to be done first.

. t,`

,,-...Xpre st`lig'Sarhe,t'hilee7elemente are O'ouped in a digerehmway:
..,, ' '.

a

41
.

( : ) (Os' A) =® 0. ,

/ = \ r
1 , ,

theNote that the resu3k.is v same in each case. That is,

c® p = L)
2

Will tnis be true for all arrangements, of three elements from pet M ?

Evaluate the following;
11.7.

(a) ( \ ?-
(E-J-\) -C>,;*? 9

(b) (O .:1) = = ?

Ydu shout d' find. 'that 'thj answers for ea'4h pair of examples are the same

d this will be twue for any similar artingement of three element . from set M.

%.1

4/ '

say)tht the oT)oratiOn associative. In general:P / .

An operatipn * defined on a set S

is Said to be associative if for any

elements x, and ,z of S

,

-----
You should )2o,that 'it is not possible 'to tell whether an operation is

. .

associative :by" looking at a table. Nor may one asweassociativ4ty.o2,the

.bas'h of several examples only. /Virtually every, combination of three element
,_-----

x.
Would have to be 'tried in order to prove asgioc istivity. On the other hands

justone ,example 2an'be founil When.the property' does nbt hold, then the opera-
i- r .tion is not associative-. Likewise, if the matAmatical system is not,...,aos!ed,

,,-.

then the associative property cannot hold.
.&,4-

: .

\."..i

)( , 4 ,.)-4
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Class EXeraises

Use the f011owing information fpr Exercises 6-13:

A ;-1",.b, D 7--'(1, 3, 5, 7) 1.
CV

a b- c ® 1 3 5 7

a,b c a 1 7 1 5

b c b a 3 5 7 1 3
.

\ c a c b 5 3 1. 5 7

7 .,-.74---5.----3--A-7-1. f.

6. a C)c = -?

.7. 3e7 = ?'

°=.? a(p(bOcl\ ?

9 (71@3)-01. ?S)

DD Ig the set A ylosed with respect to. C)?
.

11. Is the set L closed with respett".:to. C)-? >

,

12. Does 305 = 5e3 ?' Is th; operatior; a'a commutative one? (Try

s.-

7e3 and '37.)

13. IS the operation C) a commutative operation?

4 ./ .

FOI each of the following described sits and operations determine whether
-
the set is closed. Find which operations are commutative and wiiicha

associative

I -

O
,Ail-countingcnumbers between -25 and 75.

Operation: CI-Pose smallef.number.

Example: 28 CoMertibd with 36 produces 28.

" .

Set: All even numbers betWaen 39 and 61.

Operati : Choose the .first number.,

Exampl ! 52 *combinedwith -46 produces

46: combiners with 52 .produces 46..
4 .

. .

,

-82



1.3 Mathematical Systems - Additional Profp'erties
-

Let as retlaill to set M of the previous° section and diSe4Ver several

additional properties of the'mathematidal system developed there F r con-

venience, here ,again is the table kdefining, the operation. _

r

A 0 -0 \

... .. 6 . . .

., -Now note the following: 2".,>

.

0-Az-- Q, '0 -0= Ll
0-A=

o

t

$4

c.

' I

, ..

...Do you gee "that the coMbinatj41,of- any element OT M with L\ produdes the --' -% re6. ,.t

original Aember of M ?' In other Iprds, the element.4. play4 the same
/
role -1

here as .0 .$ 'plays Widdition. Recalr that.the sum Of Any number add; wro is

'thiit'hanibe-2' t: Thu -for lany bumb-erc-% lj. ., ,.., :

4 -.... ° i....':.: n + 6 = CI +.fi = n. .,/

. ,
-t . ft. .`. ..,

,

'The 'nutliber:'1, plays a cOrrespohding role with re8pect to-muIeipp.cation,_--
4

No. . .4
:....----'For- any number l' a,

-....,-;. , .
, c

.

.
. n .. A =,1 n . n.

'. :
.. - i .%

, .or
Likewis , the glement' A plays the same

,

role with%the opeplion -
,f.

, , t.' , .

q ',. t .ri - ,Ll- n= ?.. t

. .

.''''i l. , , I .; 1 ' \ ..) i I + ,, .. ..:
, 1 . I . i 1-': -k. :-.1 .. 4 44

We call such elpments,iderititjrelements.; An identity. elekent does not,ctiange
..c f "- . I

..5e Identit any element with which' it is .combined throughthe opei.ation.
. . t'

.- .. ,
. .

17 , .
% ' . 4 .' '

04;. 4 j )3.;-.54I+ i rt ',,i) 1 \ f H1
,44

plA i 60% 4. ' , /.. 1'. ' A

.. ...
*

0. *

0 2
P

. ,



1.
In general':

,

f

4

1

1 . IAn element g is said, to -bArn idept...ty., element
for the 'operation *, defined on a, s t S, if

sx*I=I xg= 'x, for each element of S. S.,

ddition, and that 1 is the
identity elemen for multipWaion. Is there e n identity lementt for sub-
traction orfor division? EXplain your answer.

As another example consider- the followin6
"ight, ,ra1.1 W. First qonrirm thatthe'speratior

,

Note that 0 the ideQtity element for

A B -C

C

C D A B

4
C

A B /C D-
d - A/ k.

/able for an operation which we
* is a commutative orie.

Is ri7Mre an identity element for ik-L?...tiould it be r4 ?
.

must tbie element A behave wit,h=respect to-the operation * ?
. ,* B ? We...442.-Trom. the table, that '-te answer to 'Ahe

If' so, ilien7hQw.

Is B *.A
cius rf.4-4.1

"no" and thus., , A ca;ificzIt elAient. Neither (rani B 'an.
.,

identity element since * is not Pr However, D is an ,identitY fA *,
since

slt

-st

.A 1 ID D

'= *
D D.

A.. A,
D * = B,

the

at

I

N.*

e cbStsa tie- column under D wiietbe column uncle the *. Corn-
.

pare the row to ,., .e tight of D) with the row to the ri6ht of the.,*..What
'CIO ijou ngtice? Does this sugeett a: W y to look foi,,..arr 1.Aentity. element When

-..7. .--..
you are given a table for the operatic ? . .
. WneneVer we have an identity eleme for an operation, it may be that we

, .
6 ;r . . ,

als.o hay.e ghat are called'inverse elemen-hs: When the 'opel-atiop is multiplica-
-tion fe)is real 'numbers, the identityelemeisft is 1... If, ,ite product of two
Ii tubers, it and b,,,,,is the mtiltiPlicati:v identity, 1, the-n, we gll: each. -

. . . ,
inverseof the 'numbers the multiplic-atiVe Inverse of the other. Thus,.themultiplica-

, 1- -'* --T-- \. , tiveiknvers,e of 3 )..s - since 3 X -,,-. 1. . You m
i;

ay recognize the mtatipina-A 'I, , ,D I ,. . .
t We inverse' of a number as its 'recip2dc'al.

103'
.
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0,4

.

Suppose ,the operation. is Addition. Here 0

f
4

is the identity element
.

Call two numbers additive inyersp if their sum is 0; that is, combining

the two numbeAs by addition gives 9:. For example, the additive inverseof j

is -3 since q,)+ ( 3,) 'O.> We say the additive inverse of a number.

opposite. i

, Let us eturn *5-*the se.t. M described earlier .;n.ehis

I
and

we

. that we found that the set
..,.

,..

us see if each element has
.....---- .

example, to determine he

contained an ,identity element,

an inverse with respect -to the

inverse of

is its

section. Recall

namely L. Now let

operation. . For

e must find some element to

with El that will produce the identity A . we find this to be \

Similarly, the 1,nverse of \ is Ei since \ p.A*
inverse of L./.\ is

f
and the 4.nverse, of 0 is Q:

Two elemed,s x and y of set S
. %.

are -saitt-to--Ve

. other, under a binary operatiol; *. if
'

x .y =,yam x = I

where I is the identity element -for

. the Piv qn set S.
;

I
It posSible"eha within} a given set only certain elements have

inverses HoweVr., it is ,impossiblqrfor any elements to have inverses if

there is no iantity element. ,

TLe con :epts of identity'and inverse elementsare important ones in ethe

leiteloptent of Mathematics. -'Lett patise° t,6 ,ons.1..der several 'illustrations of

their Use in elementary mathematics. 'AdditkonaI iinetraeions will be given

in latel" chapters.

Ale identity element for multiplication,, 1, .ia Useful in explainingthe

'principle .involved in simplifying fractions. For example:

9 3 x 3
12 .3

3

1,

combine

since

The

h

,

85 IOT
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"

4 4

k-similar procedure is used in simplifyin

001 2x - 4' 2(x-

3x 3

x12
x-2

2 %,7'

Oke se -of both ofcthe concepts aeveloped in this sectio n itr solving
No

1.
simple e uatibns. Below is a detailed exploration of the solution forthe

1

algebraic fradtion

t
Vy.factoring

(x.i 2)

4

eauatio 2x + 3 = 7. (.0f course, we normally do not go through each of these
...

.
....

4

ft steps' this formal -a manner.) Note the use of identity elements and inverses
I, . s .

of elements in this development.

2x + 3 = 7

(2x + 3) + (3) = 7 + (-3)

... '2x-+ (3 + 3) = 7 + ( 3)i

2x + 0 = 4

r

(The'a:dditive Myers f' 3 is 3)

(By the associat.ite property for addition

lr

..., , .

(Here 2_,is the additive iden'tity)

' 2x . 4
t .

(2x) = 2(4) (The multiplicative inverse of 2 is ..1
* 1

1, \ , & -
d! .1 1

k2) x.= -f4) (By the associatiVe proparty'for multiplication)

1 x = 2 (Here 1-- is the multi:plicativeidptitY)
t :.7.

Thus: Yx = 2

rcises'

Use the accompanying table to

answer the following, questions

relativrto,st K = (a,h,c,d,e):

and'Operation,* given int 'table.

*

a

b

d

16. b c = i ,,

.:. , . ,

17. (a * a) * d = ? .

18. e * (d -3-'e) ---='?

19. Is the set K cpsed with respect

. , . _=)f). Is * a commutativeNOperation?

V,. ' 0 .- ,
I

f.%.6- 1;

0
f.,

e

.a ,b

e - a ,b c d

a, b 'd

b c a.

c d b

to the operation * ?

86
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.
i. .

, 21. Does the-set- K contain an identity element, with respect to ?

Ic'sOpwhat'is it?

22:-*Nlale)-he inverse of each of the elements of set K.

1

4.4 Clock Arithmetic

.

The numerous properties'that we hav,e explored thus fa are :11 important

ones.with which seventh graders must become familiar. Of co rse they should

become acquhinted.wAh the concepts, if not the actual lngua e, long before
r

a.

they ever entertheseventh grade.

It is frequently difficult to convince junior high school youngsters of
.

ti-ie "importance of these concepts if theysaresexplainedP`nly in t rms of4

. ordinary arithmetic. They sei.,little to ;get excIited about.-in 1h fact that
. % ,

.
,,2-+ 3 . 3 + 2, or. that 5 + 0 . 5. It is for this reason that it is often I

$
f

..,..

advisable to present these ideas in unique settings where possible. Ofvourse,
I

this depends upon the background 4nd ability of the group in)que tion.
t '

'One interesting mathematical sysieM that junior high school, youngsters .

enjoy exploring is clock arithmetic. On.our twelve-hour cloc'k i ilg perfectly
- *

reasonable to say that' 8 + 7 = 3. (That is, seven` hours after otclOck
t

* - ..

it'will be 3 otclock.): Now we.can set up an entire mathematical tem based
1

on addition on the twelve-hour crock. Youngsters can be encoura edtOcom-

.," plete an addition table for thissYstemand to' explore its prope ti s. i

_Similar activities can be devdloped'arodnd the'twenty-four ou'l clock
.

__ ,
,

. used in the navy where-, 9 + 11 = 20 and 23 + 5 = 4. . - N ,r,

Class Exercises ,

Consider the elements involved in a ,twelve-hoUrfcldck together withthe.

operation, of addition:

'23. 91 10 = ?

24. 11 +11 = ? (
25. Does this system have an ideritity.element? If so, what is it?

26e. What is the inverse.of 5 with respect toyition? Explain your answer.

87.
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,

Let us finall turn ou nt ion o arittuetic On a clock;., with _fewer
4\p s.1ions. Consi r one wi

.
h a set_of ive symbols: : (0,1,2,3,4).

.-

r. ..
We n- a binary opei-ation on ese symbols by considering

,
"'clockwise rut tions,/ his definition will be in terms of adding or combining

one ;:locl w-is rotation/ with anotner clockwise otation. For this reason we ,
call tth ope ation addition and, use the symbol. -I-.

. 1 . 4We sha 1 consider the starting point to be the position labeled 0.
i (This s s andad practice, although we could have used 5 or any other
synth() as 14/e11.) For example, 3 + 4 means that we start at.- 0 and move
tp po itiO n 3. ,,From th,i's position we move 1. more steA to arrive at

*' / 1")ppsi ion 2. Thus, "3' + 4 produces 2. We might simply write this as
!

3 .171 However, this type of arithmetic. 1.s an example of modular arith-
J met.c where such an addition is usually writ-en.

3 + 2(mod 5)
4

and is read: e -

"Three plus four is equivalent-tp two, modulo 5.1;

The ord "mod" stands for modulus or modulo. ' .
A

1* is customary in tae theory-of numbers to treat two numbers as equiva-
lent in a given modulus if they have the same remainders when iliyided by the
modulus. For example, s7 E 2(MOd 5) since eoth ' 7 and 2 give,a remainder
of when divided by 5. However, ini the application of this idea to our.
clir4k at7ithmetic, we restrict ourselves only to the elements in the finite
set (0 1,2,3, 4). samples and dis&Issions of this application .may bet found
ir4 471any junior high books. This approach through clock arithmetic is,
simple' Way to start such discussions, and, of.course,. provides opportunities

" to examine again, some of the basic prol3erties Wekare developing.
o

. . .

In this example the ,modulus is 51 which means ant there, are five,
407

positions on the face of the clock. The symbol it- dinates.14hat 3 + 4 and',7:..

2 are equivalent on the clock. Ir_eri.fprthde. each of the following iS correct:
. -

- 2 + '3 s 0 (mod 5) .

/4. :5 3 (nsuld 5.) '

3 + 3 .71 (mod 5)
14.

' 8).07

e

'

.
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1

A second operation may also, 1.e introduced on the s mbols Q4,1, ?, 3; 4.

Since, is operation is related in a famili:or way tp th ope ation that we u
-e 1 .,.

.

have called a 'tion, this new binary operation is calle mil tiplication and
\

the familiar X s 1 is used. .

i
\

:. ;Sy multiplication on s clock.we shall mean,repeated
t

,ThV'sk x 4 means 4 + 4%, and 3 means 3 + 3 + 3 + 3,
, , , .-.

,

of the followi is correct:

' ''.? x 4 E.3 (mod 5)

4 x 3 :-: ,1 ,(mod 5)

/ I '---lx 3 ,t: 4.(mod 5).
t

Here are -te completed tables for addition and multiplication in this
.

Ottem. Sevehth graders should be encouraged-to complete aqd use--but not
1 . . .

memorize/-such tables. Ina seventigrade slags you would normally develop

completed form as is, done here..
.

lockwise rotations.

Verify that -each

these 'tables rather

+ 0 1

than present them in

3

, 0

1

2

3

o 1 2 .3

1 3 4

2 3 4' 0

0 1

4 0 1 2

3 /i

)4 x

4 '0

0 1

1

2

3 4

0 1 2 .3 4

0 0 0 0 0

0 t1 2 3

.0 2 14 1 j

9 I .3 1114 2

0 14 3 2 1

We can once'again explore each of these systems'for th

discussed earlier. There is one additional proeerty that 1,r
1 7

. that includes 1,,,,C operations. Consider these problqms:
.

(a) 3 4 (4 + 2) E I ,(b) (3 x 4) + (

3 6 x 1 / , z- .... c 2 + 1
0

3

'' o F
.

1
3

Hemember, w operate- within the tarp9thesep first. Note that obtdin
1

the sad eithereCher way. Is t4s,a ern or an accident? Do
, 1

'get th'e same answei-a we. add before we mAii,ay as we do wh n we multiply.
. .

,

First and then add? I
'-. `T\

11.%

various properties

need to explore

we

we always,

O

Try each of the fallowing lairs of. problems:,

(0. x (3 + 4)

(b) 4 X)(3 + 2)

. -

a
.

and X 3),+ (2'x 4)

and, (I; x + (4 ";e2)

1 , ..

)tt

.*89 .1 0 g
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4.
v.

. .

, The answers area the same for each pair and will-be forall possible
.

similar c-OMbinati,ons'of three elements. We say that multiplication distributes

ove:x. addition. In short we call thisthe distributive property, a 'property

that relates the two operations of addition and multiplication.

,< "
Given a set M and two binary '

.

____PXUationa_t_and o_defiOd

-. on -The-operation * distri=

buteS over the operation o if
. .

4 * (y o z) = (x * y) o (x * z)

41".- for all elements x, y, and 'z

of set M.

1
----17ft-ir7athat the definition here is ite general and is not limited to a

- -

'set of nuMbers and the operatiOns of addition and multiplication. It is true

that most of the applications to be encountered by `students involve numbers.

Howeyer; the definition is more general: In fact, when working with "sets, the

operations, of intersection and union are each distributive Over the other. .

4

A

You can verify ,by means of Venn dfagrailis that intersection distributeav'er.;,
AA

, ", .2 ,.., ,

union and also that union distributes over intersection. This is cp.4,01diP- , , .,
'.'A -,.."'.'-,0 p'.1

ferent from the case with numbers where multiplioatiol. is disttibutive»44% , -- ''

_,

respect to addition but addition is not distributive Ilth,Lespect to multi.,,_ "7".

plication.

The distributive property is a very important one for junior high school_
..

youngsters.to unde9stand. It fOrMs the basis for the work that,Igey do later ,

in algebra in bot4 multiplying and factoring: For example, the diqqi..butive

'°p .gperty is the justificationfor, such statements'as:_.
fr. . . .

,' ,: ,J -3-.A ,' . I
.

: .
3alib' + c) = 3ab -. 3ac,

x2.y +--xy2 = xi( x + ye..., ' . .

i\. (x + 4) (x + 3) - = x2 + 7x;+1 12 : f'
.

IS° ' ..
The distributive, property also formathe basis for ex laidingmany4f the

usual arithmet=ic algorithms. For example, consider the prOduct 9 x 37:

9-xe37 = 900 + 7) = (9 x 30) .+ (9-X 7)'

/
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In affother form:
. 37 1 ..

I. x9
A -67 " (9 x 7).

27o (9 x 30)
. 9 ..., ...333 ,

. . 4
. . .

Of course, we abbreviate the work, laut 'it is nevtrthei.e8s ebaSed: upon: this most. .
important property,

4''Although this cpapt11- his Included several examples that indicate. the.,..
impOrtance of the various operi§kies developed, moSf youngsterg will have to

$kaccept this importance th at first. Later (In tlIsiwroperties are used
more extensively to justify what otherwise would appear as mechan)-..eal opera-

.tions., r".
An interesting item...that can be described to seventh graders is a hypo-.

thetical computing machine that has room for only one ddcimal place. Thus,
,

"ihe machine would 'compute .8 x as .56 sand round this off to -6; and
it would compute .8.x .4 as .3 . This is an exatple 'of a non-associative

u B ,

operation. For example, suppose the machine had to compute .8 x .7 x .6:
., (.8 x .7) X .6 )< .6 ..4;

whereas ° .8 x (.7 x .3.
This helps sUden-Es see that not all operations obey`the various propert,i.e_s_-- .ip.. -

',------ flisted in this . halDt-er.. .

_----- e,

. .- .-- ..
v,

Class Exercises
O e

J

.--
The two tabriaes belowd_eseribe a mathematical,gyitem composecii.of the set

(A,B;C,D) and tii rationse-tveO;e !* Ein'v o.,.. 1+ . I 4,, I
)

27.
28%

?.9

.. .

D

C .D A'

a . D A B/
D t' D .Is B, C

hr ''-

41111-1e

:-.

..

0, ,ii." D

4

A

B'
0',
D

A
.

A
.

A

A A

B C .
C A. .

D!-,,, C4/

A .
D

C

B

-:, . atr] -.. .14.'..'Do you.. think * distributes over 0 g several examples.
Do u think .o' 'distributes over * ? Try several examples.

,i-rFind the,identity elements for 4* and o.
, .

. ,., .-

4



4.5 Conclusion
,....... .......

*. , \..

it. The major objective of the work developed this chapter has been to
rr

achivesome appreciation of the nature of a thematical system. Each of the

pro erties develOp71)'is of importance and l'be further explore-4 in the

fo Lcominb, chapters oaf this text. Junior school young vs need to see

t,he e properties a8 they relate to familiar sets.ot numbers as well as to
--

,atsrraet syStems. In general, they enjoy and have many opportunities fox

creativity as they explore these abstract systems.

Sum.

Abinary operation isQa rule whereby to -each pair of elements of a -set

the e corresponds exactly one element.

4.

A mathematic41 system is a set:of elements one or more, binary opera-,

depined in the set.
' . '. , r,,b ..

A set is closed under , a -Vinery operation f every -4/o element of the set

combined by, the operation give a result ,which is an element of,the,set.
i

.
A binary operatiOn is commutative ;,f, for every two elements, the result

Of combining them by the operation ,is -independent of th*order. If * is tlie
, I AO?

operation and x and y are the elements, then x * sr,. y * x.

A binary operation is associative if, for any three elements the-result

of, Combining the first with the combination bf the second and third is the
JN .

same as the result, ref combining the combinailowof the "'list and second with'- o I , .,

, .
/ the third, r ,,- is the operation-apd x, Y, and z -are'the three elements,

r .
then- ,

.. /

i .
.... . `

42. .-
. ". ' . / .

: !S_*' (-Jr *:Z) -= bc * JO .* z . .

e- --- ,. -- . \
An identity , element' for Oa binary operation defined on a sei is an element

'-''iv . of set' Which doff not change arly,..eleinent with whicint is combined

i.,' _ ..., /
Two e3ements are inverse's of each other under a bina1-?"aKkation ,if.the

,,

-- --result "ofthits operation On the two elements is the identity element for
/

. / , , .. ...-V -t- ' that operation. , If
. .. 2,- ,-,:, 7- iT ' , e ". 7 -N.. ....

%
,r-'.- --.£ ."-- z ^- .

erati distributes over the binary operation o provid.ed.
''' , .,. ' ,

b) o (a -* G). .
a

l'fot all elements b
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Chapter Exercises-

1. Complete an addition and a multiplication table for a mod 4 arithmetic

using-the set of elements M = (0,1,2,3). (Compare the entries of
.

yolr table with thasV in the ;tables given fpr Class Exercies 27-29.
Let A .= 0, B u 1, C = 2, and D= 3.).1

- 2. Use the tables from Exercise 1 to complete each of the following:_ 1

t (a) 2 + N' - (d.) 3 x 3 ;\ 1/4. , ;
(b) 3 + 3 /

(e- 3 x (2.+3), f I.-,...
(c) 2 x 3 0 , ' N

3. Answer each ofthe following about the mathematical system of multip-lica-

tion (mod 4).

(a) rs the set closed,-under the operation?

(b) is the operation commutative?

(c) -Do 'you think that the operation is.ass'ociative?

.'(d) Wifich elements have inverses; and what are -the,,*pai of inverse,

elements?

(e) IA it t'rue t/,Eit if a product is 0 then at least one of the factors

0 12.10,/

Consider the, set of elements ,1E, 0) and the insEry operatioW4-, x,
/

Idefined as /follows : .. _ 1/ ..
-i-. t

( b )

,

o

E 0

O ,E

Is ,either'.7op.eration commutat. I
Is there an identity eleme

Is x 'distribut

\

for x- in

over + '? Thateis,

E or(a x c) for all replacements...of

d Is, + disIributiye or >k?

E .E

. 0

this

does a x (b +..c) . (a x b)

fog' a; b, and- c ?0

t
For each of the following described sets and operations determine whether

the set is closedand firid which operations are commutative or associative.
,

5. Set: `All Cod ing numbers less than N,, - .: .
.

Operation;,' Mca iply the first l'y 2 and then achr the second.
A

gxampi4 : 3 combined with 5 produces 11 since 2 3 t 5 =al... ,

W.f... r
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Set: All counting numbers.

Ope tioh: Raise the first number to a POwer whose exponent is.the

-second number.

Ex ple: 5 combined with, 3, produces 5
3

.

-

7., Opnsider

the diagram, in "standard position":

- A

-1-;+

t

,..SA,.....:-.10. 4 4 I
1+1

a system formed ,as folloWs. Place an index card,_ marked as in-.7.

Let us use I to

card over using a

V:
.

A

D

Mean leave the card in place.;

vertical axisi

H means to flip the

H:

I .

card over abing:a horizontal

A.

:/..maahs to flip the

B
C D

D C

R mean.: to rotate the

R:

Our set:ofeleMegts is (I,V,H,R). The operation will.be "ANTH" which

do we t114:ng "and th4n"do another)! Thus, "H ANTH V" means toylip

and then flip the card over,hgain using

axis. A.

D C

A

card halfway, astind in the;direction indicated.'

B

D

A

the,card over using a horizontal axis,
= ;

eVertical axip.
Lit;Try it witn an actual card. You should find that H

-, i

(a) _Compkstelow;ng-tablefor the operation ANTH. Some ent--. t.

are:- already given Zpr.l.

ANTH

4r Ar.4, c04-

V H R

V7R.

ies
x,

1

V

---t7m-r

--s



3

0.00.7.

; Examine the table far4e operat4pn AVM.

(b)\ Is the set closed under the operation?-
. ( c ) Is 4he operation commutative?

. ' . ;0 /

(4), Do you think: the operation tis associatiypl e the operation tabl'71
) ' T ' 1. ' ' . 4,

to check several examples.
) i

-4 -,. ,v., - ..rI, "' .. , - r IA ) ). ,,--, ,:. '1, :... ) );. . ,,,,- , ,,,'

(e) Is there arr identity-elem. eirt for the ope anion MTH ?

(f)
.
Does each element;qf the .set have an verse under ,the operation. .

Vet.3.4.cicC
4".

.1

ANTH ?

81. L6t sets A, B, and C; be defined. follows:

A = (1,2,3,4,5); B = (3,14 ,7,8)'; C ,d
r'

(a) Show that the operation U/uniori.) dtstribgtes over -the.opera,tion

n -0ntersactiori) . That , ,(B n = ,(A n (Au 0.
(b) Show that A Li (BU,d) = (4) Y.3 U (A n c).

1

1

de"



Answers to-Exercises

06.00'0'0,1Cataa,crooorso

...

1., One e s,than the sum of the two numbers a o a + b) - 1.4 ',',/,- '.

Note: This,can also be written Els (a -, 1) + b or a + (b. - 1).

i

2. Theav rage, of the two ntim rs. a I: b 1 _
I a + b -

,/

f
' f

C'3. The lager of the two numbers if the nuMbers ar different; tha number

if the are the same.

A-1
ji-.1,,,Thp g__ off twice the first number and he seco 4 number. a - b = 2a + .

.

5. Twelye nus the sum of\the'ttb numbe s.' all 4r12 - (a +-b).

6. a.. 7. 3 8., b 9.. I
I..

10 Yes 11. Yes.

= 5 whereas 3 e 7. = 3. Y u need find' only' one counte

es not old.

12. Yes. N.; 7 e 3

example to show that commutativity

13'. No; c e b= c where:is b c=

14. Closed, commutative, and associati . (It; s Understood,herelthat,
).

:choose the smaller number" means o eeleCt'that number if botki are the

same. Zjhat ,is, 32 combihed with 32 pr. duces, 32.)

d' associative; not commutative. ,

,

2.-

16. ,b e 18. c 19. Yes 20. Yes 21. Yea; C.

15, Closed _a

22. Element a b[cl
Invers - d c b a.

23. 7 /24. 10'

26. The inVer e of 5 is 7 since 5

.'27. 'No. For ample., B * (C o

(B * C) 6 B',* D) = D o Al A.

28: Yes. For xampIe o (C * D). = Bp A = A,

0 * A.

29. TIAt identi ,eleMent for is A.

Ta identi element for o is B.

25. Yes; 12

+ 7 .(12, the identity element

* C = D, Wherea61,,

4

96
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: -Chapter

,-INdli(MUCIM NEW NUMBERS
IY

/

." :"
.01

systems that are encountered in the seventh grade.' In some respects the
.

treatment 19..lie that as giVen in a seventh grade course and .in other respeCts

the treatment, will be a brtmore advanced. Though seventh grade mathematics

does not.normally include a study of negative numbers we shall introduce them

in this chapter. There are three reasons for doing so. (a) The introduction

of negative numbers is in many'respects similar tohe introduction of rational
°

numbers and thus strengthens,our understanding of this process. (b) Negative

numbers are Ncommonly intro441Lyie eighth grade and junior high school
.

teachers either tegoh.eighth'gradeOr wish to be Lowledgeable in the subject'

mater their students will learn'in-the following year's. (0) some youngsters

will have met the negative numbers earlier gfades,and may expect to
.. .f

have more such youngsters in the fut

The ddelopment ofthereal n that we are aboUt to trace in

this and the next four chapters i remarkable achitvemeit.ef the human mind.

These chapters will present ther suit of over four thou'sand year of human

thought. In our modern age ther r many ways in which this development may

- be carried out. We shall begin wi the counting numbers.

5':1 The Counting Numbers and the Whol' N btrs

*ft.

Although the counting numbers are exceedingly abstract, theAdo not :14 "., ...a,0..", ..
. o '1,::::.,.,-.

frighten us, for-We arexery familiar with'them. At this particular time let ..,,,'\--. q A
'1 61*

I

us accept the countingxnumbers and some of their propdrties aid build on them.accept

Th ,properties of the counting numbers wev-ishto build on in the beginning.
, ,.

are ptopertiesary dllEnFlon. ,The binary operations, additiOn and ,

.1`,- ,o, '''''

tiplidation, of the-coUnting numbers were introduced by, man,tp'enableJam
,_,,+_,,,....,,..,...

4:011a1XE;tr use of the coLinitrrigilabers: ihese binaryoper0Sone,t,urt_
e, ,___,,-;-,,,v,

. to have some-very uoeful-propertles. Bdth &ddition and multiplication .are
_..... . _.,.. _ _ ............g ....,... , 1 , , r F - r

binary operations which,gre closed, commutative, and associative. That there
t i

3

are two binary_operations hayeAlgege,.tIlree...propertieth is itself uKef4

and interesting, b the_utilkty and- interest is much increased by the fact

that these opera Ons-Are inter-rivIated: POr thepcounting numbers we have the
. . j

gstributi7e-ir pel*: alf4

,r...1" 914 r.je 0 4;

cf-



f
\What do Ie mean when we say a property holds? Eor example,,et,us.Iook

at multiplication. What ao We mean wheri wesay Multilplication'is commutative?

Certainly no one has verified all the, possible products; -it is mos unlikely

that the e
product' ' *

-

987685948329573 X 89786969785W463957362

,

has ever been computed end eqUally as unliikelf that the troduct

89786969785746,3957362 X987685948329573

has been computed. nevertheless, we assert with complete confidence that the.
.

products are the satMe. ,We fearlessly make tbi's'assertion because we may derive '

it from our definition of multiplicaticln. Inthe abstract systems'of Chapter 4

we decided that an operation is cdMMutative by'examining a table. The table.

serves as-the definition (DP the operation; it tells you how to operate on two.

of'the elements of e system to produce a resulting element. From the tttble,

Whi'ch Isthe def'niion of the operation, we Aerilie.the properties of the

operation. Thus, in &4;erY-OayStera'was-shOWri to be coMMUCEitiVe'byeXaMin:."
1:,r)

ing a table. ,
. . .

,"

For the counting numbers there are too many elements to exhibit e.tvltil:Ir:
, -...

plicationtable. To investigate the properties of multipITcatroa'wemust go
. . 0

back to a, definition. Multiplication of counting numbers is.best defined in,'
,..t,; , . " .

terms of sets, though
//
sometimes, it is done as repeated addition. To show thatl? 4multiplicatioh"bf to),Inting numbers 13 commutative we go back to the definition

. .

and deTive, logically, that the property holds. SUcha develOpment of the

C counting umbers may be found in many sources. .

-- --,------,..-'-v-,-,,;....._-____,i_---....-.,-

The countinOtumber 1 has a property shared by no3other counting number.
. i .4 .

:With respect to multiplication we have ,/

.')
1 a. a 1 = a '.

. .

'

_
i

.
.._

where a represents any counting number. Iii Chapter we ;learned to call..an.
.a?,

.

.

ilement with this property 4n identity element. Since 1 Lls enidentity
; /

eleMent with respect to multiplication, it is c4.11ed a multiplicative identity.
,: ,'"'

s ,-,F

.<
.

Class Exercised-
-

know that 2 is:another name for 1 +

of the.operationd on the ,counting numbers to show that
1 e 1

44,

f.
a 2 = 2 2

saes,'

perfk

98 1 1 t
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0

*0

2. The distributIve lawrtells us 3(5 +.6) = 3 5 4s..

3(5.+ 6 + .8)-=,3 5 + 3' 3 8 ?

What,properties of tie counting numbers are used to show that 5. (64%9)
).'e t--

4.

9 ( 6 5 ) ?

Using the prOpertie of .the counting nuMbers,-tishow that

(3'4. 4) + (5 + 6) ((6 + 4) + 5) + 3. +111*

t
5. Among the counting nuthaers an additive identity would be a counting

number' x with the,propertythat .

.

.112.

x + = a + x a

for any counti'bg numbet a. Do the younting numbers have an additive

/

, , _),,'

identity? : ,

,'The, propertieaswe'haVe referned7AO above'areqpropertfes of two very

.zpecifal rinary.operations, addition and multiplication., The counting numbers

hAwe other'properties that are equally interesting and'at least at basic:
.t.

AmOkpbese'is th6 property of order. Given two counting number, we say

that ey are equal or that one is greater than another (or smaller). We -may.
.

...:.

use thC;pumberline to represeritpe order that exists among the counting s..
, -

number*. :',.

.
,...'

It;
.,,,.,

*: .
.,

-e
1 '''' 3 4

t.

Of Course, the idea of order for counting numbers exi eperidently

of their number line. repres ntation. For example, if set oper sub-

set,or the finite set. B ( C:B yhere A / B), then the number Of elzwients

1
5

P

in set A is less than th number of elements in pet B.
\

0

P.

".

,

\ . .
41

' \
' \ 4

'I'mallAildren learn this elaiionshipIong-tieforether-ieaKto use- either
1

numerals 'or the number 'line. -A thild knoiad that five 'pieces of candy are

long
,

.

', , ..bettei. than two before lif'knOws the meaning oi-the symbolain.the
. .-

:sentence " = 2 + 3."

F.

, ,

99. 118
t
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When we adjoin to t} set of counting numbers the number, 0, we call the

collection thus obtained the set of whole numbers, The Whole numbers share_

1- .,with the counting numbers,many arithmetical properties. For the wh6ie numbers

Y0 )K M' tEeMYre-t06'binry'operations ad dition and multipli.ation,-thd arelosed

commutative and associative. The distri,butive law holds, connecting.the two
_ _.

operations.. The adjunction of the number 0 provides an additive identity

to the set. Thus, with'respect to addition we have

I

0

4 ,4'

where a represents any-counting number.

41
Ota=a+ 0 - a

a ,, 4
5.2 Positive Rational Numbers

;

While the counting numbers have'many desirable features, they also suffer

from nume-rous serious deficiencies.. There are, many elementaryreltionm that

We would like to answer, questions that may be aske#with counting'nambers,

'tut that cannotbe ansmered with counting_ numbers. 'Two boys wish to share

bandy;
9

equally five pieces of, bny; how many pieCes, should each boy,reeeive? .

Gasoline is 30 ,cents a gallon; how much gasoline may be purchased for $200 ?
.

A man is 6151e to, walk tet miles in hours; how far cah-1 he walk in one hour?4k

. .

These_questions and many. others are reasonable ones that we wish to answer. . a

However, weiGive learned to go outside the system of counting numbers to find
.. _

. .

theanswets., Most of us hale learned to do this in a piecemeal fashion. We
...- ..-

. learn about two equal: pa"rts of a cake, two equal parts'of-an apple,-and so
' - 1

on,
2

eventuatly coming to the concept of the number we name - . The same
1 1

process lads us to concepts, for 7an - and other unit' fractions.
(+1

. 1

In this chapter we wish to give a s iematic introduction lo'rational

numbers. To this eal we abstract From the problems which lend to.ratibnal
.

numbers their-common feature. Though rational numbers seem to have evplved

in many diverse ways, there.is_.a2common feature'. Indeed all Positi e rational

OnuMbersare solutions f equationa stated in term of counting nUtbe . The

quations
..'"

.

2x =-5

30x = 2001 .

4x 10- I.
4

are stata with numbers. However, the solutionp to the eqAations
, .

' .

given above are not co nting number

vide the answers to the questi,94as of

questions seem diverse,the equation

4.

.

The solutfons o'':these equations pro-
'the preceding paragraph. Thus, while the

approach pointp out their Similarity.

iod. 119
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If we ..'!'strict ourselves to counting numbers, we would haye,to say 'that....,,--

the solution set of each.df the equation 2x = 5, 30x = 266; and 4x = 10

is the empty set. Of course, we may write ecuations that have nonempty solu-
,

ion sets in terms, of po1r1,:t i ng.l.lumbers.

, 3x ='6

9x 54

19x = 513

6
.

, Our sta e of mind at this point may belco4ared to a carpenter who hat a
,

t .

rule marked in inches without further.subdrVisions. He is able to work ts long

as the measul'ements he ne'4S are full inches% Since most lumber doers not . ,

measure whole number of inches he is sSon apt.to run into trouble.' Our

mythical carpenter.may well de,;, at ny small children and some adults do;

,, i.vent mankIngs., ...To,transfer , tr ments, a child will ignore the mmkineS
r- P -- '

between the inch markings on his.rulq,:and make a pencil mark. ,Real carpenters

with real-rdles will also invent markings. Listen carefully to good carpen-
. ,.

t tal4ing4idyouwillhearSuchthin fat seven and three Siateenths." , 1
,

. a.
Their rules are not adequate for their reeds, hand they invent new quanNies,

perhaps not very precisePut suffiC,ient fortheir needs. !

- There 'are many ways and levels tiTr6,UgtviAlich rational-numbers may belintro-
. ,. . 1

duc., through expgrience, as children learlietheM, or through ordered pairs, as
, t

, .

1ome texts and most,mdthemati.ians do them. We will take a middle* course that
A s,'

ties,in with seventh' rade SMS texts. - r , ,-,, .
,,, ' ,i

We Will.°invent" nutters to '.014ve us better in certain real, life situa-

tions. V 1 3e concepts of , ,, yg , and so on,, are introduced physi.cally..

,usinjWcandy.bars, cakes, pies, lass4 of milk, and the like. A candY'bar

1
1split into two ehualapieces 'co vet's ,the idea of - to a child. T6 up the ,
21

',equation 2 ..,:-. 1 will parry t e same concept of .f . -
. ,

.
,

A pie is ut into four equaljpi:eces, one of which is then eaten. Howmuch .

.
remains? Again to us,, the Concept is probably lear through.the equation

14-x = 3.' However, the child needs the physical e amples to strengthen the eon- , \

53cept. of . As the ch d develops,' we pcant ou to him that .E,.,is the;name

of a number with the p operty that 4f .ilie 3.' I other words, it\is tpe..

= isoiAnht6'theeqUat On 4x . 3..,
, ,

'

,8 8Likewise, is
°
a propertyname for the number with he pperty that 12--

1212
It is the solutio to thgNequation 12x'= 8.c ,,

, !,/
, c.,Actually,` we invent mentally dbclass,Of numbers that are solutions of

I 1

equations in the fOrm
.

,,,,,or

7. bx = a .(a, b counting numbe

.
101 12.0
. .
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1 "Vfik

.
Once_this is assimqatedilractions

) rational nuMbert,,and their rela-

tiOnship to each other lose theirivsterr.

We have mentally inventednumLers.that are solutions of equations of this

. special form. To continue our discussion it will' certainly be convenient tot

have hames-for these /numbers. Collectilkly-lre call them the positive rAtional_
- --.

daffinrs. The individual numbers are solutions of eqvationi and can be named
.-

- .
-

. 1from the eqUations. The number that is a solutio0 of 2x = 1 is named --

. 38
! _

. _
The number that is the solution of 34x'= 38°_ is named -A , and in general,

, ,,

the pumber that is a golation of bx = a, a and. b counting nuMbers, is

1.1

, named each case we introduce a symbolic name, a.fractiqn, for the
. a

b,

)oncept of a, rak'onal nuMber.1

a

Class Exercises

It.

\ oG

. 44k.,
.... A.,

. a #
with a

.'

6. For each equation, give the solution in the form .17 , andawb
\ , . At , , ' r, r

wbole numbers."...

.7

(a) 3)e= 11
-,

=
,

j.(b) 64, 15

.

,_Write an equation for which

(a)
7 $1.

.(b) ,01

t

each of the

(c)"

(d)

1px 93

8x = 9 .

following, is the solUtion.

5

'90
100,

0 - -

Let us. pause toureflect on this introduction to positive rational, numbers.
4.

The child learns about rational numbers through physicli experiences. Most

tuts build upon these experiences to show that,g rational number i. the solu-

tion of an equation. Thus, a child will agree that ,t has the firopekty.that
3 9 \k

4 = 3. We have adopted's. dif erent view. , We" started with the equati6n
...,

d introduced the solution. Th end result. of the two methods will be the
-. , .

:

-
......,

',. I ' / .

We ye invented some numbe s and given them names. So far they have
, f c

only one at bute; they may be sedwith counting numbers to make true §ep-
...

. ,

tences. We wish take the positive rational nUmberssand use.them to form an
. ,

algebraic system. T w411 be:done in Chapter 6 where two binary operations: u
,4

1 2 1
102,
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will be introduced on the set of positiverational numbers.

to ti.Ve gn abstract development of rational numbers,
. ,

previous, less flormal, knoxledge. Rather we shall, use this knowledge to
suggest the direction of odr abstract:afiprOaCh.

.44

Though we wish

we shall not ignore our

5.3,E Equivalent FraCtions

4 lib

)e- Sortie of%the problems that concern us here should defi,ditely not be made

thb concern of junior high school students) Statements that ,hose studehts
P

accept wit4ut hesitatiOn..will be examinid in.detauhere.,.' The. development is-

giVen for the teacher, to help shed light on the structure Of the rational'
e.

1 .
hgmlidtr system.. !" , _, -

, ..
, ,.

From previous experience. with rational numbers, everyone accePts the
lc " 2

statement that .-2 c and - name the same rational number. ,et us see, how
.. - .

this conclusion .may'be 'reached without ,cu..tt-ing. a cake- into four harts. Fr9.1.11

our nptation,
0 1

- napes' a solution of the/equation

. g. - E); . 1
2

while 17 names a solution of the equation
.0

4y . 2* 1 Ye

-

To avoid prejudging the matter, we have used x In one' cqqation and y in

the other, 'thug' in nd,74. implying the,,two Coiutioris are'necessarily the same.;

, The equation 2x
1,

1 has a solution whirh we have named ; that is, 2 1

and 1 are two names for the sama.Aumber and_we-write

I
Apr , A

Sifiee .2 4J -and9 1

2 k- lwi/V-also name the same number:

. 2. - = 1. 4
r 13 -

name the.same number, the products 2 (2

s

1
2. '(.2

2
-) 0. 2 a

''

= 2. :'
- -- .

,1 '
?- .... -_S 4

Vtilaen;_ will ileaCli,ly.;Ccept that this implilg',.:rs'

) '
2(2 21

2
.

t 4P14t ,o
,

,

i. 1
= 2.

But the last equation above ib `irthe form of 4if = 2.

103 1 22

.3,

,

2

1;
and

et.
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Thus,,it is concluded that-the solution of

la-also the solution of

2X2

. 4y . 2 ;
.

. 1

2

2
or that - and . ,name the same rational number.

.
.

If, we carefully look:at this reasoning, we see a serious pp.1 We, have

i

fallen 'into the error of stating,

(2 2) t-).

.1,

O : .

We have inadvertentyly used the asbociative.law in a situation-where tEpre
,

.
.

.

is no justif ntion.for its validity.

Let us. pause once again tor some reflection. We aft attempting to adopt

a state of mind in which we invent for ourselves the positive rational numbe'h

and some Properties of these new numbers. To do this we must be careful that

- we do not use a property that is not of oLlr making. We'do'notbregard ourselves,

as completely free in our invention TorAexperience, has taught us thatliertlan

properties of binary operations are most useful. Thus, we shall aim for a
, t

"system with two binary operations that'are associative and commutative.,

Parthermore, we shall want these operatitns, if possible, to be connected by /-

a distributive law.°
.
,

,
..- ' ..'-'- -. `-7, ', -:^404.,

1. . ,
Thus, we want to construct a system in which 2- (2,---

2
) = (2 2)

1-.

2
There is.no guarantee that such can be done. However, from bur previous argue-

.

.
ment we db know 4 will be impossible to have an associative binary operation

2 0

unless lie agree that' t- .Eand name the, same. number .
f

-

. 1

,,A

While the teacher sho4dAbe aware of the de/eiblihients of the preceding
s.: .. .

paragraphs, their content is not appropriatetor junior high school students.
,

By'the Same reasoning we, are led to the conclusion that
2 IP 18

32 , ,,,,, ' 12' 27 ',
vsand shotild name tile same number: That is, the solutions Of.each of the

following equations are equal:

S S.

a

40"
'S 3x = 2 ,'27z = 18

',12y = 8 tOx,... 32.,

Before ating a formal-definition of equality let up look at. another
4

, exmmple. nue?ers ,55 and,
3

are solutions.of the equations 36x = 4
' 3,and 7Y* . 3, respectively; 36 = 4 and 27 = 3. To compare these

two statements,let..A3s multiply the first equation by.,,Or and the second

equation by 36: /.

11 2%3
'1 -,140`



27

36
.

(36

.1-27
-

-4

7)

.-2-7

. 36

4

3.' 4

,

Q

''The numbers 21 and 3fo were chosen to giye uniformity to the left-handesides

of the-two statements:- -Both now contain the product df the two factors 27
4 - 3

-,,and,;36 times the respect4ve numbers 'and'and' 7.1- I. The right-hand sides, .

;-27;-::4 and 36 6, both name 108% Thus, we see'that -5-67,, and must
.

,:bOth:be,splutions'of the same equatiori, (27 36) x . 108, and hence should ..._.. -..

be called names for the same number. How may.we decide when two symbols name
,

ithe)same rational number? ,/

. --. - ,'-'

.,
:-.
, 0...r

b
; a c

d
Definition: The symbols` and name the samerational number if it is

true' that e

'bdx = ad

and:

bdx1=tbc

are the same equation.

+5 )1 ,,1

This definition is applied iff'several examples that follow: -.

..,,
.

.,9 18 ',1 27 vfit-
Ex ample: Do thellsymbols TE afta T6 name the same rational number? By

direct application of the definition we get

(64 96) -18 96 or 614,4x%. 17281''

and

(64 96:)x"-= 27 Dr 6144x = 1728.

Sincehe equations are identical, we conclude theftwo named rational

numbers are

Example Dc)
112 602

and --- name the tame rational' nuthbeAf'
64 300

- 'We examine the equations

and

0)x = 112 1 0 tr4 19,200x = 33;600
1 .

(64 300
. r,

(64.- 300)x = 64 4- or 19,200x = 38,528.

As these equations are not identical, we conclude the two named'

" rational -numbers are .npt -e ual

4 f

4
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t.

0 ,

Noticethat inA'ch case the actual test di' equality i$ made by co paring

equations. The teacher should understand that this development iq given here----....,. T i , , , 1 /
Y

to emphasize the importance of the equation approach to defining rational

numbers. On the other hand, it is apparent from the abovbk,exampie that the
a . catest of equality for the rational numbers
,b

and can be made simply by

comparing the productss'ad and bc for eqqarkty since these are the,products
t 4,

that appear on the rrat'afde of the equations. Hencv iti.s more common fat

the junior high school student to compare ratidn61 numbers using t allowing
/ . v

definition: . ,

' The symbols 'and name the rat c4d4,,.x..,,,c,

number if, and only if ad = bc.

"-^

The teacher should see clearly the corrtgrison between this definition and

the previous one as it will help to give background and understanding to the

teaching of rational numbers and proportions in the junior high School.

Symbols such as
12
9

and 11 'naMe rational numbers since each is
17

2

the solution to an equatiOn in they form'bx ..a where a 'and b are counting

numbers. Symbols in the form, thai represent the indicated quotient of two

quantities are called fractions. When convenient we use the wellzknowa_term17_
I

pology "numerator, denominator" with fractions. If 4n the fi'actiOn .both

a andidelOare counting numbers, then the fraction names a positive rational

number..,

We nam 'rational numbers wittiic7e actions; each rational number has many
.0 0

fractional names. Fractions that name the safe rational number are called

equivalent fractions. Now tbat the languWge of fractiol;eand rationa1 number6

has been developed we will not hesitate_tosay:- The number.-
1

in place of the
1

number, which is named by .

' From Class Exercise'll we see that every countiing number is a positive

rational number. (The set of coupting numbers-is a subset of the set ,9f
.

positive rational numbers Counting numbers have many names; some of the

names are fractions. ;

106 .

'125

9
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Note: Exercises 9 througb,12 are an,essettiai part of the development of

t1;is,,,section.

8.: (al Ilo
3 9

,17 end'-.7,7 name the same rational number?
1- , .- 1 W' , ; k 12 1

,
v . ,

1 0
31,' 85

(b) Do .. and ..7--
5.4

name
,,

the same rational number?
1 , '

.."!49. We know '2 100 = 5 40. MAY'we conclude from this statement that -.,
40

atld
100

name the same number?

10. If ad = be (a, b, c, d counting numbers), may we conclude that
c.

and -a name the same number?

11. Do the symbols 4 'and
2i-

- name the same number?

. ..

11
'12. -Use the definition tp show that -

1
- 4

.t
nd name the same rational i

:: 1
'number. The equation for may be Written as 11' 3x = 11 1.

1

33

11
Does this.equatioL show that

3
and represent the same number? :

. ,

a -

5.1k -Order

A valuable representatxon ofthe,coutting numbgrs is the number line
, ,

Can every positive rational number be reptesented'as a point of a number '4:

line? The counting numbers are usually represented as follows:
.

'41

4,

There are other ways to

this figure:

represent the counting numbers on.a line.as in

4 1 6 8

107 213

,

5 9 7

r



-.1' 1 s
...-- -.

:kW
'NIt is clear that every counting number,may be/rtpresented as apointofhe

line in this pattern. NeverthaUETtrnOrinaify 'reject this relres ntation.
. .

It is rejected as it does not contain the infoimation on order
1

Indic ted'by ,

,., .

,the-dormal representation. Theeol_icezt.,,,,c1fordaralso exists for the a4donal
, .

numbers ,and we-would Tike-tp-1i dleatethig,mitkd

.of rational numbers. Order"'is another aspect of

-ire intuitive ideas. Let us make the intuitive
. .

precise.

The numbers

4x = 3;'

are not

'
.munber,fine representation

rational numbers of which we

ideas; gained from xperience,

r

2

r
anti gre solutions of the equations 2x = 1

3respectively.' We see that
2
- and T are not equal (meani

names for the same number) since the equations

(2 4)x = 1 tn. 8x. 4

8x = 6 (x4)x = 2 ..3 or

are-not identical.,
1

Sinc e5, - is a solution of 2x = 1

solution of -4x . 3 and of 8xe= 6w we

4

Reasoning informally, we'.4ght say eight

and of 8x =-4,

have 8
1

=
2

times three-

eight times one-half, and hence th4Aree4owths is

Letus loOk at another exampie. The numb

of the,eqUations- 23x'= 13 and = 9, respectively. Do the

'179and -- name the same number? We examine the equations

..r
and ,

g try

while, 4. s a

and 8 3 = 6

ls more

reate

and 42:7 are solutions

fractioni

and
.,

(23'' 17)x = 17' or

Ar.41or
*.

17).' 23 '

391x =.221

e,
391x 2p7.pt

The equations are not equal since 221 does nOt equal 2

we conclude that 11 i
17 23

.. Further, since 391 t-dineses
3

9 13
391 times, y7 , weFason).ntuitively that' z. is greater

We dee from thejse last two exanples that the national n

cane oxpered,bY comparing the products. ad and bc.

This reasoning guides us to a formal definition..

Definition:

N'-
N

Let E. and a.be rational numbers with a

counting numbers. If. ad > bc, we say -

a

greate-r than
ca

127
. 108

1.

13
23

Therefore,

eater than

-9

17a
ers

b
and

c, and d

read 'It is
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The reader may complain that the definition is difficult to remember.

Some practice with it will help and one may'always return to the test for

'equality and reasonas we did above.

Class,. 'Exercises

Note; Exercises 15 and 16 are, a,ri essential pp.rt of the development of

this section.

13. Insert in the box the

\ 271-118
,`)/ WIL-135 '

proper sign <,

(c)

(d)

>, or = to make true statements.

101

12,!---J

n 67

-/3-

lOOG1 63

59 u-iT

124, Insert in the box the proper sign <, >, or . to make true statements.

18 r-rt 9
(a)

25 I-2'11

18 27
(b)

25 13

\ 18 f--1 90

di; g.010,82,

4'

11-r,

(e)
11 33

'ci "T51-J110
9 ri 108

(g'

1

1.1 1'132

-"''' ttt ...,.,.. , ca" ak
25...!......--T4-1-..a ), and- k' 'be counting numbers. Show that =

b ibk
... ,

r.. . --...,,

. ,..

,. Let 2- d ctions
d f

and be'ira such that 2 2 .h < Let k be a counting
f

number and show that, Cit.<

*

...

Exercise 15 and 16 partially show that the order relation of, the
!

rational,nunitre s does not depend on the parti.eular fractional repseritation.

.-Now that a d.ef nition of ordein has been introduced we may systematically make
1

rational aunibe correspondtto points on a number line. As an example let

9us search for a point correSponding tip 1.7 . It is readily shown that
' 4*

2 . 2 < 9 9 3 1.
T. while ., < y = 3. That is, we would like the point `representingj. ifr.

'4
to be between the points Whose coordinateare 2 and, ',3. ,Which coint

between 2 and `'should we choose? Here we fall back upon our idea of

ineasurori a line! (See:Chapter '12 . )

128 .
.N.. 109 '

V. "4

.

J
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A, ''TOep (LI

'1 5 3 ' 4 5 . i2 119 H'
4 2, 8 4 3 54

4

Here the visual representation of the positive rational numbers on the number

line indicates the relative magnitude of the rational numbers. Each unit

aorresponds'o the same distance.
r

customary approach to the ordering of the 'rational numiLer_s_amd_ta____

the number line begi s u 'th er line'itself,' For example, the line

between 0 and 1 i divided into tour parts of equal length. The end,points
1 3 /

u of the parts Are labelled
1

, and 1. Aldo, the same)segment is ,

1 2 3
diykded intq five parts of,equal length with end points labelled 7 , 7 ,, .5

4 4 '
3

- , and r; By inspedtion, we' determine that is greater,than 7. This
5 5 131 654'
procedure becomes unmanageable for such fractions_as --- and . Thus,

725 312
we are forced to use the more so histicated approath,of our definition. For

children, the geometric or physi al introduction is recommended, quickly

followed by the algebraic approac

Cl(s: Exercises

-

17. Here
r
is a possible correspondence o rational numbers and points on a

line. Criticize this correspondence

I.

.1

4

5.5 'Wholekumbers and Rational NuMbers.

I 1

2
I ill>

2

1 ' ' 3 715
3

We have confined selves to equations of t e form-ftbx = a, (a, b

counting numberS) l Let us extend our horizons and examine equations of the

form bx .-a where we now let a' and b be whole numbers. Though we now

have changed the setting of Our discussiqn to inclusle zero, much remains

familiar. All the equations involving counting 'Timbers are still with us.
.

There are, however, some newequationp..Some exampleSof thdee e

4(4.2 9

14



= 0 Ow = 0
,oy = 17 0x,

.
5 %i;

%.3z' = 0 5x = 0 ,'
i,

S

1
%L

i
Let us 19Ok at ioine:sYM,....4e,se. lexaMpleS, recalling,that..the,Prodtct -of 0

and. a.ny "numberis -di gickWa.tt9r;i'fit4'makes us rule out equations 4f the
form Oy = 17; Ox= 5; OX = a where a / 0. ',The reader should bec4i;lie ,

indignant we the suggestion that, we rule out the equation. Ox -:45 and..should ...._
d.e.;and that more new numbers be invented so as tv solve equations of this form*.

' Indeed, it woU'id
4

be possible to make up suck nev'eltents; however, :' ?hat"..;, . 7, -are the consequences? We.mould, of course, have to' give up the resat,t..194-.''''
Vs. -. 9, 4the product of"(:jii.unheir is 0. We would have to give up Vle,,;4,is-A..-.

,-. tributive law which could no longer hold. The whole structure of arithmAtiA
's, ,

`"z
would collapse. The' is of worth what would be lost and so we do nott,"-.. .r.4?

tit eallow such invention. Since now exLuyle,.the posSibility of solutions to '0,..:?...,

Ox = a where a / 0, we are in essence saying that the corresponding,symboli,i

\*
Equations of the form Ox = 0 do have solutions. Since the product of

504
0, and any number is 0 we may substitute any number for x to obtain a $'
true statement. But the equation Ox = 0' does not define any, uniquetnumber

.4. 0
0also has no meaning. Indeed, theSe last two results lead us to the statement',

and 'so these, equations ,are also ruled out. Thus, the corresponding symbol ,c-

We cannot divide by ze .... .,. .

Final*, there the equations of the form 2x ,-- 0, 3z = 0, 5x = 0,.
bx = 0, (b a cou ing number). These equations have 0 as a solution..

iWith our original otation for fractions, we denote the soMtion of 2x = 0
with ,-, - an, the oldtion- of' ax =' 6, le / 0,ilatii =n .1:,,, L. ) .,.-', 0

a

)

a
0 has no .meaning

4

I
4

Class Exercises

18. '...Use the definition to show that the fractions and name the same
rational number and that this number must be identified with 0.

If' the product of two numbers 'is p id multiplication mod 5, mutt one
the factors be zero? Aiii3'wer the same question fop multiplication

4.

I I



5.6. The Integers

In Section 2 of this_chapt4 we observed that the counting numbers do not
..

- /
provide a system rich enough to contain solutions to equations such as 3x = 4.

... . - .

This provred the4onportunity to introduce home new n6bers,t*positive
rii _

. 19. ''

,

: . rational numbers. If we return main to the,counting numbers, we find another,

class of questions stated in terms ofhe counting nuMberS that cannot'be

answered with tountingnumbers (or with positive rational numbers). The ques-

.
4.

bonstions ox%equations which were used to introduce the rational numbers Were mul-g
.. , .

tiplicative-ih nature; now we look at those which are additive..

t

0

, Hete are some questions: . 1

(a) John is now 12 years old. How old 14111 he be 16 years from now?

(b) Mary had 5 Beetle records, She received 4', more. for her birthday'.

How many Beatle records doeslid now have?

(c) Mrs. Smith hi 2 books of trading stamps. She wishes to obtain

three-piece towel-setwhich requires 91 'books,Of stamps. H'w many

4
more books does MisShith need?

a

(d) The constitution req4res that the President of
1

theUhited Stat

35 year'S old. John "is now 27. how many will he be_

eligible to be president?

The answers to (a) and (b)r ardrobtained
by using the birraty operation! of

addition on the counting 1ithibers. Problems (c) and ('d) may also be phrased,

as addition problems: ' '11

Put in terms

open sentences)

. \

What nuMber'when added to 2 -1.eld.q the sum. 97 ?
.._,..

' -"I':
, ,

What nuMber'wheri dded.to 27 yields the Sum' 351,-
. k. ,

of open sentences, want tee solutfion sets of,tfie equations

1

ai'
x 97 and 27 + x = 35.

These are the eq4ations we want sol4ed. However, we have learned a systematic

attack On such problems ih;vaghsubtraqtion and we immediately fall back Upon

it by solving

97 - 2 = x' '
cA"

There are other.quesions that Ay be asked in the framework of counting

numberS.

, , =

-r

15 = x. t

,t

131



(e) What is,thesolution set of -9 + x = 4 y

(f) ,What is-the solution set, of 5 + x = 5 ?

If we confine ourselves to:the counting numbers, we would have to answer that

''the EOlutiqn sets of.(e) and (f) are the e4ty set,, That is, there is no

counting numbei- thaemay be ,added to 9 to produce the sum 4, nor is tg're

any counting number that may be added to ,5 to produce the,sum 5. (Recall

'that 0 is not 6 'counting number.)
- ," ,This presents a most unsatisfactory situation; some equations like

4 +, x = 9 have, noneipty solution sets while "others lie 9 + x = 4 have

emity solution sets within the framework of the counting numbers. Yet we

frequently want solutions to problemS that take t4e form of Question (e)'.

'.For example:

(0) Mary has 9 Beetle records. Her father can tolerate only 4 of -

them. What can the father do.to mak the ituation tolerable?

A drastic solution would'have ather destroy 5 records.
*...

(e") Marvin4asked fOr directions. He as told to make a right turn at 4

the fourth light. Through an oversight Marvin went to the ninth,

light. Is there any way for,Marvin to return to the fourth light?-+,

(U -turns are allowable.) . r; -, `

..----- ,
\ . e

Again we .wish'to develbp numbers to ans the questions we can,ask.

However, there is a difference this.time. The student generally has had some .
(

experience with the solution of the equation 2x ..1, while rarely. dots the
,

student have any experience with a solution of the equation x + 2 i 1. Thus,
.

.- ,,,i eN before a study of:equaiions -can be successfully started, some informal back;
,..-t----

rt
. ,gerund experience-is Useful: This is commonly done by returning to the number* - ,.r7

,
.line for counting numbers. Recall that certain Uniformly spaced points-,on,the".

--"" line-corresponding tzthe4eunting numbers are singled eiZt and named 1, 2, .4..

3, ... . One other pointl,has been marked and named O.
,

.4
.

14- 1 1 1 1 i

4,,

'

1 ' r", 3 4 5 6 4
)

4

We will ow extend the number line to the left. Many devices re,used
.

to justify
i
n ng points to theleft of 0; thermometers -.e.tbank acco nts, . -

,

aItin;ude above and'below sea level, and.distance. Mtkus simply s that

points on one portion of the line have been named and that we wish tonne

points on the
(

other.por6ion. We could use I,,II, III, IV, V, VI, ... . 4:'"



the symbol ." +" to emphasize, the distinction between these and the ones on
.. .,

the left of O. For-example, 1 names a point one'unit to he left,pft 0
. -

/ t cc--
while +1_,namesa point one unit to the right

-
.- ese symbols re read.negA

- tiveone" and "p sitive one", respectivay: Of CQU e, 1 and arr, jiisti

\
two different of naming the ,number ;1 while 1, and 1 ,lio:\,,.,

4
i different numbers. ,

., \t....,-'''''
- - ,

a Note that on the number
)

line we hart now locate). a point opposi e h
r--.

counting number: -1 is the opposite of 1, '2 is the opposite of/2, and

4
so on. For every counting :Amber bAthere is a corresponding n ative

1

??.--

:A
-

i

plumber, b .fr The opposite of 0, is 0 itself. k
.

. ,.....

if

I

It is more convenient and much more useful to Take use. of the Hindu-Arabic
;4

numerals. In order to be able to differentiate between those naming points

to the right of 0 ando.those to the left of 0 we use the symbol "
ti to

. , .
. .

dente numerals corresponding to points op the left.' ,

:.

.

4
,

Frequently points to the right of 0 on the ,number line are named With

'

411

-4 -3 -2

,
? .

Recall that the Dumber line, is achirablisui d for describing a

of counting numbers. To, add ,counting uumb4rs w- corresponding se ents.

2 3 - 6

;

3..+ 2 = -5

3 -2 0 ? .6
Now if we-interpAt " " ;s me: fng we go that amount'to the left, wemay

perform "additions" of other Jegments segments.begin at -0).

5 + -3'-= 2
0-

-2 .71 0
a.'

110

-4 -3 2 -1 o 1 O2 3 4 '6

The figur9, above iriaicates the addition using the segment betWeen and

5 and the synent between V and -3.

114

133'
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Class Exercise;

20. Use line segmentsto perform the following addition:

(a) 3 +

(b) 44 +.

(c) 5+

4 = /
kd)

(e),

(f)

-6

2

3

+ 5

+ -4

3

=

-1 . =

6,= =

.1 1

With till's interpretation of combining stgments we now have a physical

\m't"thOd to solve equations of the form_ a'+ x b, a and b counting numbers.

his is comparable to the aids user to learn about fractions.
,

-,,Example: Solve the equation 2 + x = 7.

In other words, we must move

reach 7. \

* :'
Example: 'Solve the equatiqn 5 + x

1 2 3 4 CD

3

2 + 5 =

x = 5.

units to the zight from 2 in order to

a 2 -1 0
4-, 4-, - 4- - -

1 2 3

-4, 5 +; -3 = 2

x 3

In thia7g8, we must mqve 3 units to the left from

reach 2..;*

100

10

115 , ,

5

,

-

in order to

zs.

:

4.

r

4



ClaSs Exercises

.
21. Use the method of the above eXamplei to solve the equations:,

(a) 2 x 11 "(d) 5 + = 5

(b) 5 +.x =6 (e) 4-'x= 8
-444.4.44,

(c) 2 x =1 4,
(..f) 8 + x = 2

We see from the class exercises that solutioris to equations of the.form

e + x = f, e and f counting numbers, can be posi -e,.'zero, and negative.

The., collection of all solutions"to equations of this form is called the set

integers. Each, member of the set is called an integer.

The set of integers is sometimes represented it_the following form:

I (..., 3, 2, 1, 0, 1,'2, 3, %..).

We'see that the set of integers donsists.of:

the set of counting Auribers,
called the gositive'integers;

the number zero, 0 ;

the opposites of the set of,counting'n ers,
(1,2,3,...), called the negatifve inte

I. 4

The slbset of the integers which-consists of.the/
the integer 0 is called the whole numbe/rs.

counting numbers and

Of

The extended number line naturally, introduces an'ordeZ.Ingiofthe integers.

GiVen two" integers we thei on the extended number line and call the one

4o the right the greater.' Thus,;we call 2 ,. ..74 e:iind' :17 > 93. The atter
, ,

4 example sometimes cguses uneasiness &long students. The essenti:al.point is

that order on the number line involves direcLion, which is the extension of

the notion of order of the counting,numaSers.

Insert in the box the proper sign ='," >, or < to make true statements: _

(a) -4 [14

(0.-30-2
(6) 304

(d) 190-17 .

4

6 -I -7 07 + :6

(r)- 4 + -103 .-

'W. 5 17 -7G2

(h) 7 + -110 9 4- -131.
0

4.

135_
116.

.4

1.
4

WV
Y



tts. 41.44.4,

Our discussion of the rational numbers in the previous. sections developed
. )

only the non-negative'rationals. With our knowledge of the integers
. .

can complete the set of rational numbers by includ1ng negative rationals.

t Recall that the set of whole numbers was exiended, by including their opposites,
,.."--

to form the set of integers. In like fashion,we will extend the set of positive
-

"rational numbers by 'including tlier.opposites.
.1 - ,

Hence,-.41) each positivg rational number there is a corresponding negative

rational number. Some of thesRopposites are shown on the numbr line below.
.

..r-

a

4
we now

ro

a 4

The complete set of rational numbers now includes all positiye rational numbers,
446

all negative ratioatR5Eers, an4 zero.

I4 -
I I

A A
3 3

I:

'

-.a

'5.7 Ordered Pairs
../.111f

It should'be clear from our discussion in this chapter that each positive

rational number can be introduced,simply a\ an ordered.pair of counting numbers;
4--

that is, by a pair of counting numbers with thejlements of the pairtdistin-

guished as 'to first and last numbers.' The notation (a,b), a and b ocountingr
ft

1
numbers, is used to denote an ordered Lair. Thus, we can represtnt t rational

number like iwo-thirds by an ordered pair (2,3) as well as by a fraction
2
-- .

9r Likewise, nine-halves can be represented as (9,2) as well as ,4". With'this
tIrt

ordered pair mOitation, it is .clear whiCh member of the pair is the rirst,member

and Which is the, ast4-'Ihe &rdered pair (2,3) names a different number frOM
2

2the ordered'pafr, (3A
3

) just as;the fractions - and name different

\--- numbers , }:*,,.

. 2

..',

We say that two pairs, .(a;b) and. (c,d), are equivalent igAT= bc.
. .

A rational number is a set of all equivalent ordered pairs, The ordered pairs

-(3,4), (9,12), and (75,100)

--all represent the same rational number as do the corresponding fractions

3: 75AT ,Iff and
100



The method of Sectidn 2 that develops the rationals by the-equ tion method

lis essentially'thaV of SMSG while the method of ordered pairs of this section is,

suggested, in some other elementary texts.. We believe the equation method to be

he most satisfactory for young students, but for completeness incluOe the

...ordered pair method.

In tha equation method the experierice of the student is used to.motivate

Ca belief in the solution 4.certain equations. An ordered pitrllapproach also
.

uses the student's experience, but in a more formal.wal-.

Ots*

Class Exercises

23. Write each fraction using the ordered pairnotation.s\

J.--

Indicate, which 6idered pairs name

(Eq (3,5) and (6,1C) '

(b) (5,7)84and (7)5)

(c)

(d)
100

same rational number..1....
.

cr (6,6) and. (9,9)

(d) (5,4) and (15,12)

9'
. 4

,. .
.

We have seen how the positive rational numbers can be defined in terms of
, .

solutions to equati4-ons'of the form bx = a while the intgAgs,can be defined,

in terms of solutions t equations of the form ,b.c.flwX = a, where in -both cases

va and b. are !bunting hdmbers.

To make the analogy betwee4 the introduction of positive rational numbers

'and the inte(ers complete, we may do the following, Let us say that we mentally
.

-construct a 611:Ition to the'equation 7*+ We kpow that among the count-.
A

ing numbers there is no solut±on.. However, wehave-a physical interpretation

,of a solution on the number line.. Suppose we denote the solution of "7 + x =,3
I ,

by 3.#-7 (say "three sharp seven"). "In so doing, we are saying tat 3 # 7

the'4-p;Operty that

..,: ., .
.

.
.

. Just as 7-, may be,interpreig 'as representing ,3 of 7 ecNal parts of a
. 1. tee.

-'' circfet We may think of 3 Plr' as a name of the point obtained by perfornipg

the.additipwn + 7 on the number,line"
. . , ,

7 + (4 # 7) 7 3.

:37
'l18 t



1

6

6

Are'there,Other equations that have the same solution as 7 +'x = 3

"Consider.theequation 34 + x = 3Q. We can denote its Solution by, 30 #434

since
o

34 + (30 # 34) . 30. ,:t-,

."---...../1

On the number line the solution may be obtained by performing the addition0 .

30 + 34. However, we,find on the numberline that the point named from the
_ . .

addition 30 + 34 is the same as that'ntmed from the addition '3 + 7.

Thus, our invented names for these solutions, 3 # 7' and 36 # 34, must rep-

resent the same number, 4. In other,words,

3.+ 7'. 30 +v34,= 4f
.

The solutions to 7, + x . 3 and 34 + x = 30 are equal. Here we have

the same situation as for the positive rationELnumbers% There are many equa-

tions that lead to-numbers we would like to call the same. This is handled in

precisely the same way. ?We agree that different symbols may be different. names

far the same number. For fractions that name solutions of multiplicative

equations the determination is made in terms of products of counting numbers.
a

Two fractions` To- , name the same number if and only if ad,. bc. For

additive equations, equatione& the form a + x = b, a and b counting
B.

,numbers, a deterMination it made in terms of sums of counting,numbers. If

(a + b) and (c + d) .are names of solutions of b + x = a and d + y = c,

respectively, (a; b, c, d counting numbers),. then they .represent the same
. .

number if and. only

a! + d= c + b. 'et

While the notation # 7, 30 # 34, and 7 # 3 is, of course, noba

standard mathematical not tion, it help to emphasize to the reader that,

the integers can also be treated as ordered pairs of WEble numbers. The
_.ow,,

.
.

. ,

#ordered pairs use
A*
d in 3 # 7 and 30 f 34 represent the same integer While

. #'the ordered pairs in 3 f 7 and 7 # 3 do not.
.

Olass, Exercises

'25. Indicate high of the two sums represent the same integer.

..." : ., (a) : 3 / -4;: ,and 54 + -51i . -'

(b )j 17 + ;28 and 84 + 796

,(c) 12 + -12 and 17 + 17 4
p.. 4

26. IndiCate if-,the two symboIS name 'the same integer.

(a) (11 + )' and 4 (b) (81 + -99) and -14 (c), (1.0+ -12) and. -2
%.1

r .

4913 8



'5.8 Histoz"ical Note
I

.

In introducing the positive'ratiOnal number before the integers we have

followed historical ,-precedence. Sometime before 1700 B.C. the Egyptians were _

using positive rational numbers. We have beenable to date this knowledge due

to the discovery of several Egyptian manuscripts. The best known of these is

called the Rhind papyrus. An excellent outside assignment would be a reRz5

on the Rhind papyrus. (The Encyclopedia Britannica, 11th edition, is a fine

source.) Though less well known, the Babylonians of'4,000 years ago also had

a knosjedge of rational numbers. it
.

The development of the integers came much later, as far as we know, When

discussing the origin of ideas one must remember that civilization is not

static. Many great nations with complex societies have come and cone. Relics

of these people are hard td find,'.if indeed any relics still exist. Knowledge

and libraries are always the targets of despots. The library at Alexandria

was wantonly destroyed. It is 'gaid.that Shih, Huang Ti, the emperor of China

in 221 B.C. ordered all books of learning destroyed. You will be able to

supply,,some modern instances of attempts to destrOy piowledge. Nature also

conspires agaInst the preservation of knowledge.. Manqscripts written on bark

do not long survive.

There is evidence that 0,appreciation of the integers was developing in

the fifth.century A.D, Another 1060 years were to pass before the integers

were completely absorbed. A complete and rigorous development of our number

System waa notgiven until the 18th century

A modern develOpment of the'number system would not follow the historical

pattern of development. Rather, one would, after introducing,the counting

numbers, proceed to the integers. From the integers one would,develop the

rational numbers-(positive and negative).and then go on to the system known

clinically as the real numbers.

0

4
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Chapter Exercises

1. Show that 4(5 + 6 + 7 + 8) . (4 5) + (4 6) + (4 7) + (4 8).

2. Show that 03 + 4) + 9) + 5) + 2 = 3 + + (9 + + 20

3. Give two other symbols which name the same rational number as does..04t

. 5.
4. What is improper about an improper fraction? t

''',* 115. Does
*").

5 7
name' a solution of 35x = 77 ? Does 1 name a solutiOn

of 21x = 27 ?

6. Show that an
15

d.. To- name the same rational number. Show that and
27:

name,the same rational number.

7. What counting number may be used to name 6
?

9 103
1 T. '7

8. Is there a counting number that 'may be used tp name
6 8 93., ak
2 .4 3.. k

9. Order the folloyingratiional numbers beginning with the smallest:

3 3 3 3 3 3
rI3 5

10. Order the followirig rational numbeis beginning with the,smallest:1

2 9 6 7 18 5 14
7 ', 7' 7 '. 7' 7 '. 7, T

Order the following rational numbers beginning, with the smallest:-

8 11 14 99
-§" ' 12 ' 20 ' 15 ' 100

12. Which of the following statements are true?

(a) The integers are oppaites of the counting numbers.

(b) Zero is an integer.

7

,
.,

(c) The set of whole numbers includes only the positive integers.]

1'(d) The integer '17 ls,less than the 'integer ),15..
}

1 (e) Every integer can be expressed as the solution of an equation din the

form a + x = b; a. and -b counting numbers. y-



Answers to Class Exercises
o

.1. Write 2 2-cts 2(1 *1) and use the distributive property to
.

arrive at 2. 2 = 2 +-2.

e-

2. The distributi;re law, a(b + c) = ab + ac, on the left side tells, us

something about the slim of two counting numbers.' The product

3(5 6 + 8) `involves the-sum of three numbers: It is still possible

to use the distributive.property, for 5 +.6 + 8 means (5 + 6) + 8.

That is, 5 + 6 + 8 may be regarded as the sum,of two numbers, one

named 5 + 6 ',and' the other named 8t Now write 3(5 + 6 + 8) as

305 + 6) + 8).' From the distributive property this may be written as

3(5'+ 6) +3 8. One,other application of the distributive property,

-gives the required result.

3. There are many ways to do this problem, all requiring the use of the

properties of the counting numbers. Here is one.
1

5 (6 9) (5 6) 9 Associative property of multiplication,

= 9 (5 6) Commutative property of muitiplidation

= 9 (6 5) Commutative property of multiplication

4. This problem may also be done in many orders. To group 4, 5, and 6

together we think of 5 + 6 as one number and use the associative

property (a+ b) + c ='a + (b + b). All properties used apply to

addition.

(3 + 4) + (5 + 6 . 3 + (4 + (5 + 6))

4 + 6)) + 3:

4. + (6 + 5)) +3
(4'+ 6) 4..5)'4. 3

0.6 4.. 4) + 5) + 3

No, For the counting;I numbers to have an identity with respect to

addition there would have to be a counting number which 'dded to 1
, .

tiould,give the sum 1 .1 (Remember, 0 is' not' a counting n
4,

Trove something is t we must show it,trUe in all cases. To

general statement is.nt true, it'is enough to show that-it does
, .

hold.in one special cage, as we have done here.

Assobiative Property._

Commutative Property

Commutative property

'Associative Property

Commutative Property

.) T6

how a

of

'(a). (b)
930



7 (a) 7x =:2 (b) 4x = 3 (c) 12x = 5

8. (a) yds '(b) no

'9. Yes. The number named by
2

name for the solution of the equation

is a solution of

compare the equations

and

(d) 100X

40
=.,2 and

0
a,

rOOx = 40. To apply the test we '

100 t5x = 100 2

= 5 40 .

The multipliers 166 for the first equation, and ,5, for the second

eqUation were chbsen so that the left=hand &i des of both test equations

decide if the two equations are the same, we needare equal. Thus, to

"o91.y compare the two right sides.

The answer also

"only if ad = bc, b

below.)

, a
follows directly froln the statement: .F, = if and

and d unequal to zero. (See;; answer to Exercise 10

. ,

10. Yes. The number named by a is a solution of the equation bx.= a2-and

dx c. To apply, the75. is the name for the solution of the equation

test we compare t equations

dbx = da,

4and

'bdx = bc.

The multipliers, d for the first equation and b for the second equa-

tion, were chosen so that the two left sides,of both test equations arell!

equal. Thus, to decide if the two equationseare.the same, we need only,

compare the two right sides. If ad "and 1 name the same

number. n.

11. This. question cannot be baldly answered yes or no. The symbol

name fors# solutiOn'of the equation ...1 x = 4. The equation'

also has a Pounting,number as a solution; namely, x = 4. We

these two symbols should name the same number. Our intuitive
a.

fraction:corroborates this agreement; yths of a pie would be

4y is
.1 x = 4

' ,1

agree

notion of - I

pies.

f



.

.

1 .

33

, 11 4.;

3
12. ,Yet. The equations for - and, -- are, respectively

...)
= l' and

-
qry

-

33x = 11. To'perform the test of the definition-we examine the equations

.
,3, 33x = 1 33

3' 33x= 3 11.. :

Since 33 = 31 11 we see that the equation 3 33x = 1 33 may be

obtained' from 11 3x = 11: 1 (multiply by 3). The test of the

definition requires that we multiply the egNiAlon for -11 y 33x = 11,

also by 3.'1-Thus, hy noting these facts we can assure ourselves that the

test is satisfied and savesomelialtiplications.

13. (a) > (b) > (c) > , (d) >

lit-. (a) < (b) < (c) < (d) <

e) -2!
, (f) = (g) =

, .

,15. This may be ,readily seen by using the test of the' definition.

akThe equation bkx = ak has, the solution
x bk (

f.1,. -

The equation . bx;.= a
a

has the solution
b

x = .

Multiplying the'first by b gives
2

bbkx =

Multiplying the second by `bk.gives

bkbx = bka.

1 We know from the giyen inforMation that cf < de. It follows that

cf k < de's: k whiCh proves e assertion.

17. To satisfy our physical intuition regarding. rational numbers, we would
l\like a segment corresponding to - to be twice as long as a,segment

1 '

corresponding to .

I
f s ;'

18.j We return to the equations i2x Ff 0 an 5x = 0: Multiplying by 5 and

vie

2, respectively, we obtains

5 ar= 5 0

:2 ; 5x = 2 0 '0. ,

-..;

1

416.thesetwo equations area 1;,and 25.1'ngme the same rational
, ! .

4,
' InuMber. MoreoVer; the' qua-tions gx'= q and 5x.= 0 halve !O as

.

V.
; ''' ,,solution so we .identify,,

0
,0 with and ,

0 ;:t

. ,! l

,:-!Ar.'-' :

i
I' 1214 1 4 1

,
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Yes for mod 5. No for mod 4, since in fiddition
4t

to having a least ont

factor 0' te5 give a 0 rproductwe alSo have

/
I 2 x 2 a 0 (mod 4).

20. (a). 7

..,

(b) 3 (c) i (a) 1' (e) 6 (f) 0

, 21. (14 9 i (b) 1 (c) :1" . : (d) 0 (e) ,0 - (f) 6

!

22. (a) < i

i

. '(e) <

I

I

(b) < (f)

1c) > , ''' (g) %I <-

(d)(a) < W. .,

, ,-

23. (8) (
4,.

3,8) (b) (9,161
..

(c) (,3) (d) (1,100)

24. (a), c), (d)

25. (c)'
,

26. (a), b), (c) ,

0

O ;

o

ot,

I



Introduction,

e.

Chapter 6

EINAR? OPERATIONS

In Chapter 5 the rational numbers were introduced and ommodated on the

num er lipe. In this chapter binary ailperations will be defined n the rational

'numb rs and the properties of these biflary operations will be investigated.
z.

When we formulate the definition of these binary operations we will want the

arithmetic of rational numbers to reflect our past. experiences. For example,
1 1our experience dictates that 7 + 7 should be 1. In an idealized form

a pie plus
1:

a pie is a pie. This is, or course, idealized; it is eXtremely

difficult to put two halves of a cherry p4e together to haVe-a whole pie. We

shall also find ourselves motivated by what we regard as desirable features of

a number system.

In the last chapter we looked first at the positive rationals as the-set'----
,

of all solutions to eguations in the form bx = a where nd b are
counting numbers. We then introduced zero as a rational number by considering

-a1-1-seintons-to-the -eiguation .bx = 0 where b is a counting er. Last,.

we took the opposites of all the positive rationals to the negative

rationals,. These three-sets) the positive rationals, the negative ratidnals,

and,zero together fori'the set of rational numbers. The counting numbers, the

whole numbers, and the integers are all contained in the set of rational n

bers and hende.eac hz js a subset of the sei.of rational numbers.
e. . .

, In naming these numbers we agreed.to identify syMbols SUch as k
,,

counting number and fractiOns such as
6
- with .a rational number. Thou

8 .1
2

symbol,p 4 and - have different geneologies, We agree that they name.

same number. The words "horse" and "cheveau" have different origins but th

2

name the same animai.IPA person whO speaks both English and French would.,

e ,)

' .the'im6rds' interchafigably depending upon the situaton: When we define
'

binary
1

, ........----........8

.opeationS for the rational number we shall want the'definitions mats in suchW4 .....
. .

a vigii that they agre with the known del' nitions for the counting Puri' ers.
sir ,-,'

'
t ; -$*..--, A.: I i

,.-

-iiThejpoint'of View of the last chapter will also be used in this haptpr.,

f ,CA) 1 1-: ',..9. -.1-x-'
ve been assuming t we are inventing rationaL numbers. We haV a.-7-7., -. 1-.4 A
in amount =of ignition to'uide us and n

,- A

iaggest the4inal_form)of our...

hatigained from taking them:..

1:Make ext.ensive use of,
;'_:, ..I.N.

rent 'from that given in,
., . 1

or Eigh School, Vol. it is

inv4ion: "bur knowi)eage of rational numbers is

aa"lutionsf'oeguatiions.. To
i

inbeeed, then& w

-iiiiqllodefinineknOwleclge. This point of view is
.

mbst'texts.; 'For e le, in Mathematics for Ju
..,--

1

5
,

P
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-

. . .
:.

. . .

assumed that there are rational numberst'hat binary operations are defined
,.. .

on them, and that these binary operations have certain properties. In this

text, for teachers we prefik to show that it is not necessary to make these
. . .

assumptionS since they cap be shown to foiloildirectly from the aefinition4
.

. .

of the operations.

6.1 Addition

'Let us begin with, n introduction of a binary operation, addition. We

start with some simple specific cases to illustrate the method we will use.:

Suppose we wl,sh to f
1

1a rational number to be called the sum of and
2 2

To mathematically motivate this sum we return to our meaning of
1

. We think
, 2

of t as a soldtion of the equation 2x =4,1 ; that is,
2

has the property
1

hat
1

= 1. 1Tha syMbo1s. 1 and 2 -2- are names. of the same counting
1 1 1

ber. As we wish to define
i411,2
+

-'

let us try to involve and
2

in a
2

sine °statement,. One way to ask this is to write the true /statements .

1

This state

meaningful

the counting

meaning, attache

on the rational

able

.1 1
2

2
+ 2

2
. 1+ 1.

ent is true since 2
1

Nt/F,

1
't 2 -

1
+ 2 * -E since it is another name fgr the sum of4

rs 1 and 1. .In our treatment as yet,we do not:havg a
1 I,.

0k-the sum. + .,TI:lit_ils_possibleto define ciperatl9ns
, .

n bers suoh that the disIributi e laa holds, then ode would.le

is another name for 1. °Thus,

the

e 1.

statement

1r the distr

*
0

b '4 f'

.2
(-t:
2

+ 2) .. 2. % ti
',,=.-

, , -
-,

.
, .. ..

utive law is to hold and
'Tt

4. 1
+ is to have a meani g7 Sle.4mk.tst., 11

, .

6gs

1
2, 2

agree that + ;:i.s.the name ofa solUtion of the'equatiOn

) ,

.
t , 7

Bt we know that the equation

shall .agree that
1

+ and

for the number one, we define

let us go thrOugh this in

is a solutioa,of the equation

motivate a meaning

1
,

,

g'l 2
as a so),Ution. ,Hence,2y . 2 I; s sk .'?

2
name th same number. Singe 4is a nam4

1 2 fp
li' 1

the sum
2--, 2?

+ A- to' be, 1. -4.:

t
another situp case. The citionalnuMber

k I

2y 9 1 2
t I'.

5
3x 1, pr equivalently, 3 . = 1: .To

we procid afire. T114 1p,efihition of,
3

1

,
1

A i
.28i t.

L)



1 1 1tells us that 3 = 1. To relate - and - we write the true statement

. or

3 3 3

1 1
3 + 3 1 + 1

,1- 1
+ = 2..

3 3

This Tells -us that if a distributive law holds we want to call, 1 + I" a
1 1solution of the equation 3z = 2. That is, the sum +-.s. should be called

2 2
as

.

we kno;$ is a nark ior the solLition,oS 3z =2.

The two examples above indicate the procddure that shall be used to define

addition of rational numbers :'4, Clearly, they rre very specialized examples and.k.
examples for which the decisions could easily have been made from physical

1,
..,

models. Now let us look at something wh is less obyious physically. Aro
2 5 2 'define the sum of - and B we may begi as before. The number - is a

-...._,

$
3 2solutionof 3x = 2 and s is a solutioLof 8y = 5; thatiS, 3 = 2

end 8 1,1 . 5. To combine and $ we may try the above method; .combine 1-7
l' te 3

the ,two equations: '

3
2
+ 8 : + 5 = 7.

This time, however, there Ls a difference. Even with the use of the distribu-

tive law we are unable to grouptogether $and .

What to do? The first step may be tcask why the procedure failed. To

answer this question we, must be clear on what the prodedure was. To go from__

the'statement 3 1 + 3 '3 = 2 to the statement i(1 + 11 = 2 required the
3 3

use of distributivitys In general, the distributive property is stated as
,y1

ab +ac = -e(b + p):

The expression 3
3

+ 3
3

seems to or -ma e o
,

property as we have a common factbr (multiplier). s is, of, course, the

1 *
.

r,

,reason for the difficulty

3 + 8}55 ;

there'is no common factor!
1

SItould this technique be abandoned? This .question is important end

deserves some serious thought before an answer is given. .One line df!thOught

might reia us baCk to the pzaceding chapter and the introduction of rational
$ ,

numbers and fractions

named by fractions

equaj.eo-eff. cien4

. On 'severalopAcasions We - wished to compare numbers
- -

This was done in such a way that,the new equations had

..



1 4

A

;Alter this refleotion let us return to our problem, and see if this tra

of fought has been useful. The fraCtion is the stilution of 3x = 2, so

that 3:4b
3

2. Also has the property 8 = 5. Let us multiply the

first equation 15y 8 and the second equation by 3. (The multipliers aretithe

denomiTtors'of the two fractions involved.) These multipli tions yield

S`r

:4t8 )'. 16
3

*

3 (8 4) = 15
ao

or assuming the associative property,

(8 3) 2
= 16

- (3 8) = 15

es

Now let us add the counting nymbers 16 and 15 and multiply the counting

numbers: 8 and 3

00,

(8 (3 %8) ;= 16 +15.

7

5+ 24 =-31.13

Using the distributive pope-ffl, we get

24(3 +,;) = 31.

$Thus, it 'is seen that
2
+ s should be a name for the solution of.the equation

2,4z = 31 and that we should say

2, 5. 31
;

+ s =

.. .---... - 'I

-Tile gene'ra1 caw for the sum of any two rational numbers
a

similar E.iilar fSshion. Let ,end I name two rational numbers.

numbers are the solutions of the equations bx .. a
d
Ti.133, ,this is meant p :. f = a and d = c.

4

is treated in a

These rational

and dy = c, respectively..

EqUivalently we have

c
dip .7!)= da and b(d.. 1)7 be.

Assuming the associative. property, we can combine to get ,

(bd)2 + = ad + bc. -.

.,Note that the commutative property or the multiplication of whole' numbers

has,been used to wri e db as bd a d da as

34..43
ad.



J

Using the distributive property gives

bd(b +,1) ... ad + bc.-

Thus, if the operaion"of addition is to be extended in a natural way to
a c

d
rational numbers, we would want to say that

b
- + - is d solution of the equa----

"
K

tion

(bd)z = ad + bc.

This would lead us to conclude that

a' c
+ and

name the same number.

'm
offered a proof but rather an extended development to motivates edefinition.

ad + bc
bd

4 ,
4

ba, d
cOur thinking has led us to a plausible meaning for - + - . We have not.

Haying arrived at

the following:
.

Definition:

this point, we)can nowlwipe the slate clean and begin with

and aThe sum of any two
bc

rational numbers
a
b

We have given a lengthysintroduction to a relatively ample definitions

There are several reasons fOr this verbosity.* By doing thiatvery slowly we
.

Hoped to convince the reader that addition of rational numbers is the work of

man and that'the definition was not delibeately designed to be as ;difficult

as-possible. The definition was arrived at through a review of the meaning

of rational number and a desire to create binary operations whi have prop-

erties we have found usefulyhen workink with addition and multiplication of

Whole-numbers.

so defined does

associativity.

Many texts

sth we add -
3,

write

It remains, of course, to be shown that this binary ope.ration,

have these familiar ptoperties, such as.commutativity and,

In thenext sectionye shall Audythe properties.

including Mathematips14 Junior High School, Vole. 1, suggest

IT, by firidina 4,dommon,denominator. ThEr(is,, oneouldand

'.241 5 2k± st3 If 5 :3-
13 3

16 -.15."g
,u(16 4153

t 1

ti

r

C-



F

.. .
The -treatment in tft'is. text appears to be greatly different. However, the

.difference is morelAc Vhilosophical difference than\a mechanical difference.
It will be seen that the mechatlics of ,the two methods are really the same. The

treatment in this tleXt'has been different to emphasize to the teacher that
additiot n.of ra'fithial.'numbers may be motivated and finally accomplished without

..-rmatiplying fractions. The discussion of addition has depended upon the whole
iiiimbers. That is,, ye ma-de addition of ra ionals relate to addition and
multiplication;Oiii150.e numbers.

'To see the sixhilarity of the two methods, let us review the m hod of
ti9.k,text, To col/ea together '2 and 5 we multiply quations

-j;

by and 3,

3 = 2 and 'S' 13 = '5

respectively. This gives.us
{

8 .
...

.'k"3- -) = o 2 and .3 (8 11) = 3' 5.', 2, ..
3

,,g'he firA"eqt.iiiti8n4;is oftheformr 8 ,3x - 8 -2 which,has a solution named
`-- , 8. . 8 2 2 -,by i.E :,,. Hence, 87-3- - .-. . The secdnd' equation is of the fop,*

v ...-?:, k ,' % ,:

. 3 '. 5.1 Hence ,i ---73 5 $3 8x = 3, 5 ?rhich has a solution named by n .:,,, 7-g ,,'3 0 0
'7 Sie see that we have done the same work in both methods. Only the style is,x-

id_jfferent.- ,.. ,... '' : .
',

Sev,enthgAdOexte'lenerally introduce multiplicatyn before addition,
,the reasons beingthat multiplication seems simplex than addition and that ,

multiplicationmaY 1.1,6 used in the computation of p-ctms- tote,lowevery that
N ,

both treatments. :k.tk prOperties either to motivate the discussion or to carry-. _
A

1'

I

1

out the Computation.

Example: Use the -definition of the sum of' two rational numbers to find the
5 3sum. iv, u
f

From the, definition, we have,

5
r B

which may be written as-

Theexactioz yu94

thia,stage we'wIll

8 +18
18 8

40 + 54' 94
-Y47'

names a rati;nalnumbe?whicil hag Many names.
.

3

hot Want to rind the "simpleW.name.

i
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Class Exercises,

1. Use the definition tfind the sums:

2 3 f ---'' N 1-f 1
(a)

3 9' 5, '
(c), +

+4.
'(b)

. + .8, .(dy 1 + i1''

2.

---.

The form A the answers to (c) anS(d) of problem 1 will not be the -,

/
,rte r

(e) 3 +

same as the fbrm of the sums obtained in'the text. Are tee sums theinselves .

different? ,

3. (s)0 Use the definition to find the sum
4 3

+

3(b) Does the answer to part (a) agree with the fact that 1 and tr

are fractional names-47 4 and 3 ?

2a- 10 ilt- 4
'h.z, (a) 'Use the definition to find the sum ...17,-1.,,,1 ,

. .28 lo(b) Does the answer to part (a) agree with the)fact tAat and
. ..

fo
are fractional names for 4 and 5, respectivelYt

......:, ...e a'

6.2 Properties of Addition .

\ ,
- The binary operation of addition, on the rational numbers has been intro:-

Auced and defined. Now is the time-to investigate this operation to Show thdit.

it dOeS have the- detlred prope;.ti4s simi1ar_iO addition 'oh tha-whole nuMbers.

We repeat4ttiat'theatiMOi-= b
'

d, d / C, is defined
ad

be
ad + be

b d '--- bd

137

a c
the suM of and

Ti.
is the-solution of the equation bdx ,,.. ad + bp. Since

a, ii,, c; and d ate whole numbers, so are ,bd and ad + bc. Thus,
.:

i+ i ia,thesolution of an equation stated with-wholelnumbers,- bd /10,-

We' whibli means P- +.E is t4p...naMe." Of'a rational number. We haye
b 4. -----.

binaryoperatiOnintroduced in the last section is closed; the
...

....

rational numbers is a rational number. .

Whit else can we say &1)04 this bihary operation? Let us
.-

:..

-and By the definition of addition, .3 + 9T5 + .
To" is

00

3 i0 + 4 9

-4 10.

proved.liat the

sum of two

compare 3
r

9

and is thesoiutiOn of the equation 4 105c = 3 10 + 4 . y the defini-

.of addition, -17764 i is

9 t- 4- 10 3
.10 4

334 1 5
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1 I.

and is the_solution tithe equation 10j 4x . 9 4 + 10 13. The equations

are stated in terms of Whole numbers as are the results of the definition.
.

However, fOrthe whole n tubers multiplication and addition are commutative.

Hence, we canishow thatt4e second result equals the first:,

9 4 +-10 3'
10 4

3 10
10 (commutative property for

multiplication o whole.
numbers) 7
( commutative property for

additJA:of whale...numbers)

ow that the two ,,equations tare

4 JO,

Likewise, using the same prop

identical. )e therefore) conc
Il

the_

---....,,

--,-.7Y,
The- method that s`ued:here will work Xtgenerli-to show that addition

of rational numbers i ClimMutative. For the ,kational LAbers 11-

yz
and d c

Y
l0 a .at acca r

-..>

V + a 7 -a- + 13 A

That we can prove the commutative` property holds for rational numbers is,

a reflection of the fact that the treatment of rationals in this te is,

"deeper" than that given,in a juniorhigh,school text. We repeat once again:
IWe don expen:tfie teacher to presentthis development ta her c asses but

the teacherhould see an ordelly development 9r rational number

The assodiatiVe property.may alsq be een, to hold fosrofdditi n of rational

tr

numbers b following the definition throu in muckthe same way was-done.

with the commutative rty. In this, case, hoWever, the proof rests %A
.

,

the use of the associative prope =edition of whblemuzzliert-..` "When
a

, at e

f
,'stated t ratipnal nuMbarsi, , E: , and the associative

.4.. ./._

1- piOiertY beComes 7 , ,,'

VI 1) ,t 2 2 (E
b' (1. f b d A.

'We0ave decided that the ftactions such as T
0 0 0

,17.31, and , are

different names-far. 0,---LetUs see how 0 .behaves /with respect 'to additioie"

as we have defined this operation. find the sum Cf -39: and we atB

the definition:

3 0. 7'+ 1 3 3
17- 1 \ \17 -17

*.

34 2



hat is, the

examined the

is it. not,

Again
. -

been given

o

rational number acts as Jam Ildditive identity. (We have
, 0

behavior of
0

only when combi ed. with -37 but itj-sclear,

,rational Au9ber.)
rC A

eafiion has

i) 3

that the pattern would be the same wl,

we have nit proved a general statement. Rather aril."

°that 0o is an additive identity. Forany rational number ,

t 0 + a a
. This should.be--Inteporeted as b ng.

ch name we use for 0'. The reader hould try a f

b # 0,, it is true

true regardless of

examples.' Is'
0

23 + 11

We have seen that by..carefully inventing the rational numbers and,a

binary operation on them we have a matriematical;system with properties that

0 .2true that + 11
9'

IT
1

name -the same number?

Do the two sides bf the equati n

tare familiar to us.

Before leaving addition there is anothAkett

has been ag.reedtthat we will name * whole number
4 ,

Since- and solve the same eaation we have a reed that- 4: and tr. name

r which needs commend*. It"--

thmtertain fration names.
4

- .-the same number. An addition for'numbers with fraction'-games has just been
_,

vdescribed. Thus, given two whole'numbers, say 4and 3, we have two ways

to perform addition. We may write 4+ 3 , 7 or we may do theNteddition using
--.

4 3ifractions. The fractions I and name the same numbers'az 2), and 3:

Fortunately; 1 and 7

-a moyibtain, nor dots one

4 3' 4 1 +1
1 1

name the
N
same number. A graill oi sanddoes

example provq,a geheral statement. In this
. .

.the onelexample doea; however, give an insight,into thegeneral case.II

The one example And the gdharal statement which may be proved simii.arly

tells us that. the adaition.intTbduced on the rational_ numbers an extension,-

not make,

situation

. ..

44, of the addition wa now -for whole numbers., This
.,
is higtfly desirable. We have

`Iwo-1-47g `i6-'add whOle:numbers; one is esseOially ?Inger ,eounting,. ana the z`{
(1,

's1

other is to renamte,the whole numbers as fractions and use'additip of rational
- 4 3 .'numbers Had've obtained different answers cfor 4 + 3 and T -1-,T. OUT

)intuit ve concept could holill, '

J. .s.

--

*r-
. / .r. .... I.

V*
.'0'

4! , ' ' '-1 '. .

"i
A: -

.
' L.

...

L

e.

ti

_
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Class Exercises

1' .
!

,

5.
.

Use the definition to:perform the

(a)
+.17

4 ---g.

(c)
Tor + 5 ', 1-1-

,

17 3 6 0 i

-g .E

(d)
5 ' 101

.. i(b)

(e). CdMpare the answers to (a) and kb).

additiOns in (a), (b), ;,(c), and (d).

(f) Compare'heanswers to (c) and4(d).

- 3 2
(a) Express as a fraction the sum 7-.4-

3

, - (b)
2

Use the,enswer to (a) to put" q + -) +,6 in fractional,form.
(.

3 10

6 (
.

(e) Put + .T. 5 in fractional form.
,_

6
v
,

(d) Use the ai4vIer to ,(c to put 4 + ( + ro in Tractional form.

/
3

. .

(e) Compare the answers to (b) and (d).

. /

7. ;put + 7 An'fractional form using the definition/of addition. Do1.

- the corresponding addrtion using non fractional names for these rational
,..---

-,,,

number's. Compare your answers.
e.

-7 .*"

- .

a c
8. Students like ito think that addition of aand shou d be defined as

/
1 ,, a c- a+ c

i ;-

. 'b d b &
/

d ,

:.,, '..,
, ..

- ; ,,.. _ , ,,
Why is t'hi's "a most -una at isf 4 ctorY-- deft pi tion?

4 .

Hint: Use the definition to' find thglsum
.- ,

Si

;;;',..".;-

I

-

What shotild as teacher = 24_seventh, grade class .aboug:rationall. ,

numbers? Certainly, that our definition'for the addition of rationals is

reasonable. That is, the operation we call addition is defined exaotiy"as

our reason tells us it should be. Students tend-to view rational numbers and

a
operations ontthem as mysterious. Ttia is particularly true for addition.

11.

The judicioUs use'of equations can dispel much of this mystery. The proper-. I

ties oi addition and of 0 should:be stressed. The notion that 4!" and,
8

must be'identified sz two names for t'he tame nutber'isWobably to6 subtle
.

at this point'. However, the student will be willing to accept,, without any

8
discussion, that 4 arid are two names for the.same number.

OP,
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.' .

. 1

A teacher who is confident working with rational numbers will be able to
-1

instiflthia-coreidence to the cd.ass. Operating In the rational numbers is not

difficult. /As has been seen, it dpends only on a good workingoiknowledge of

the whole numbers. Class Exercise'8 may be used, to discourage one prevalent
.

.
, ,

false idea, particular y if illUstrated with half dollars.* . i,

Students_generail regard Multiplication of rational numbers as simpler

than addition. There re probably several reasons for this. Te(beiiiWith,
wl,

. addiVon is introduced through the.use-of multiplication. ...Secondly, as
-...,LI

teacher, we generally want our studehts to be efficient and use the lowest com-

mon denominator when adding. We frequently mark an answer wrong simply because

5 + 7, it is not reduced. To illustrate this, take the problem of putting in'
40fractional form. FollowiAg our method the sum would be We motivated
10 0

this by'Multiplying Pie equation 36x = 5, and 30y = 7 by '30 and 36 ,

respectively, to obtain in
,

each case the coefficient 1080. The common

, coefficient suggests the distributive lel. We could also have obtained a l'

cord on coefficient of 180 by multiplying the equations by: , and 6 es-; , ? ,,
pectively, to obtain 5 36x = 5 5 and 6 30y =6 57 or 180x t 2.

anti 180y = 42 ; 'thus, 180(x +,y) . 67. It is true th4, our second answer
67 ' 6'appears simpler and tilat we prefer the answer 1.83 . This is not mathematical

reasoning.but psychological. We must remember that it is better to geta

AO

r ,correct answer rather than to worry too.much about efficiency.
i___-The essence,of addition as Usually taughtrth the elementary grades is)

. ,,f;ndingla common denominator. Whende.insist, at an,arly stage, that the
.. c-

r , , . ,
i.s udent find the lest common denominator the Studen ,may lose sight of the

......._ ...... ,

meaning of addition. The student should thoralgly barn that rational num-.

bersthave many names:--Th.0 most useful name Mill depe d on the circumstadsgS.

... .,-r
, '-'

,

../-

:FigultIpTitafidfir
. -

.Now that addition of rational numbers has been ntroduced, we. wish po

introduce a second binary operation. The operation.Of addition was motivated..,

.through_ the properties and operations q t )ie whole.-numbers. -The second binary

'operatiOn, multipliiation, will also be motivated, hrough the whol6 numbers.

1et-us look first at an 94ample. The rAtion 1 number, 1-13' i s the folution

Of :ihe''equation. 4x = ''.3'; 4 . 44,3& Al,so,. i/is the, solutioff-of the equa-
.., 74ion 5y 1 7 ; 5,..t. 5 . ?. The 'ritunbers .3 lar:td, 7 have a uls.1.4. determined ,.

produett, 3 ', 7 ,.--,,,-2f . As - 4 i I, and 5 I are other names for- 3 and 7: \ 5
, . .

I .4, .
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N.

o

y, tbo, hia,re a well determined product. i Thus, it is meaningful to Nte

Remember we are

of'hand to rewrite this,equation as

(4 t) (5 ' = 3 7

merely' exploring, not proving, and so may use a bit oflleight

t.".; s- (4 5)

4
(Mere we have proceeded as---14,' it j.s meaningful to aAsqciativity and

mutativity for the operation of multiplication withr,itiOPal numbers.)
, . r

3 7
The displayed equati bove oes suggest to_ that, should be

5

1+ 5) z

(i ) = 3 7.
; .

rJ

corn-

the solution of

The solution

say

Nof this equation is .named 3 7 N
. hence, it, reasonable to

5

7 .

Definit ion:

/
3. '7' 3 ..7 I.21

.1T.-- 777.3 ,7 20 . ''. .

1 : .1. p. : ":::/.
.: ii' ..-.. i-'.
riatiehal numbers -.,- and

,; e- , b, 4 -
.. '.1< \..A.:7 .y44.. j r..7r.:,

, \ -,..f.' . /
k

1,- 3 ,,,*1 _,4.= ____( .__, w i

paseq_apet- 'The prod1.2tol_tx0 rational num
''-

r

Thii

written

produc

finition

s'fraqtiOns

'of the p erat nominat

ns
,

-* treat n
ks.:,

as ze the

.*) Itnow'rr'etao

'the,rgaderhas bserved a slig4iy
p ,

d

°nal ntanbers 142pe.reaio'n ,fol"this
j'e. : Vs.
eqflatapn meaning of ational numbers-.

theproaat.or:the aepor,OA

different approach to She.
.

approach is as before, .to

The rational numiDersjEask

r

eqUations and the eq ions have been used to motivate the deft , ,
r ,r -, , -,N

t we wou'd like addition and multiplts-nIti6ns: We also use the Properties

ca-tion tO possess to suggest these oper ti

4------1/44- -I \v` , ., ,'

, seem' to be ossonable ideas of addition a 4
-.!,, - .

qle propertiqs bold, ' her, treatments take
,.,. .,....0-,e..
.

sloW that, the clax-Initio giVen must be the
,

*,..iisf ARuite , Yt.eiLe operation: 1

, .. s...

....,_
.

.

.

Th0e 44.0A.d14prance4 in iptroducinglrational numbers are no as imfor:

qp_t. -,pimilarilV iatthe neweit,texts.' This similarity is a pedagogidal.

.Rathet 4aP praent the arithMetic of rationale as'an irrevocable
-, ,..,

. /
-...,,

,which we iaBt all unthinkingly obey, arithmetic is prezenteAt
.,,,,

ous development of man to suit his purposes. Children

,.i38 1 5 a )

ns to us. Having, arrived at what

multiplication, we then show that

the properties for granted and

definitions used.' The.net,rpsult
. .



A

-"bometimes aa questions about mathematics that seem naive 'hut are really pene-

trating. "Who decided 1 + 1.= 2 ?," or "Who decided
b

that]
c

d b4
be

?"

These and other.questions have answers when mathematics is s
3

developed rather

' than Merely presented as a fact.

Class Exercises.

o
3

9. Use the'definition of multiplication to find the product
4

y . Does .

the answer agree with the fact that IP. and i are fractional names

for 4 and 3

10. Use the definition to find the product --
10
-- .

28

7 2
Does this answer

are fractional names for counting
28 10

agree with the fact that -- and --
7 .2

numbers?

6.4 Properties of Multiplication

We would like to show that multiplication of rational numbers, as defined,

is as well behaved as addition. That is, we would like to show that multiplica-

tion is closed, commutative, and assoc" atiVe. Furthermore we
- -

t h a tthat, thare_is.an identity with respect to multiplication and that itipliee-, I

tion oTraionarg-ts an eXtension of multiplication of whole number.
tqt

For whole numbers a, b, c, and d with b, d t 0; the prod

-.rational numbers b an is defied to be ba . The symbOl
bd

solutibn of the equation (bd)x Ilac. Thus, the product of ,two ratio

)
ct of the'

ame

al
Ak

bers is again a rational nuMber. The binary operation of multiplicati

closed;-:
....r '-' '' -1'71

.

,

mp.

. Do not expect a eventh grader to turn cartwheels in the aisle as

itt

y

announce this fact. Hi reaction is apt to be the bored "6° wbat," or th

pseudo sophisti6ite " f course." It may well be beneficial to repeat some

examples ale binary operations which are not closed: Subtraction on the set

of counting nuMbers,.division on the set of whole numbers, or multiplication

on the set of numbers 1, 2, 3,'4.

Is multiplication commutative? For rational numb -ers q. and 2/7ihiS,445;
a c_ca

. a c- ac a' cacaIs it true that --d- = -d- 13.? We have
is* a ...ua and

11.1-' 717
Do
.

thets.rofractionsfiand name_the dame number? Using the commutative
ca ,
db

property for multiplication of Whole numbers the numerator and denominator of

139,
57
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second fraction can be shown to equal those of'the first.. Hece, the

mu tiplicatiori of rational numbers. is comfflutative.
i . .

Given three rational numbers it ..is not difficult to show that the assoc-
.!

ive property holds for multiplication. Indeed, it is no more difficult to

the associative property in genera]: than in a special case. Some examples

11 convincejthe reader of this.

The number 1 has a'special property with respect to multiplication of

hole ntlmbers. Does this property extend to the rational numbers? Let us
I+look at an example. TO rind the product of 1 and 7 we must first rename 1

'th a frActional name. There are many, names to choose from;-suppose we use 2 -
3 4 3 . 4 12

.

12 3:
,,

he product - - = ----- - ---,.. The number named by is the same number
. 34 7 3 . 7 21 ,. 21

s named by 7 . .

kTo show that 1 is a multiplicative identity we use'the name iz., k./ 0,

for 1 and take an arbitrary. rational number .t'. . stow
k a In

ka
b k, --b kbla aq4k4

Class Exercise 15 of Chapter 5 it was shown that 1;7 and -13 name the'same
...

a a 'w
ti1mber. We frequently write this as 1 - = - . 'Tlius, we have proved that

b b
i 6

1 is the multiplicative identity.
........."

The whole numbets have been identified with certain rational numbers.

When we say that the whole,numbers are.a subset of the ratlonal.numbers, we

mean'that therelhils a' subset of the rational riumbers that solve the tame esia7

tions as do the Whole numbers. Now an operation called multiplicatiOn has been

introducedon the iptional-numbers. Seeltdngly then, there are two ornm of ft

multipliLtIon for whole numberw.: the multiiTcation as leirned fo -.whole,,,

"filmmers, and the Multiplitationforced on the whole pumVErs when they ale
.

regarded as a subset of the rationils. As an*example there Is the product

t,

189 7 = 63. We also may write 9 as ana 7 as '22 then the p duct
18 35

630
.

\, 5 '. 63T. equals -3- , which is easily seen to be another name for T or, be

identified Olth 63. This.is'true in.general; the product of two whole numbers
1,----

akerapiaw1ih -Priictioris or with deciMAnuera1S is -the is is uch

ike two studehts wtkwork the salk arithmtic problem. If one student uses

lue ink and another uses black, the external form will be different brit the

..---rithmetieal result will be the same.

(



Cla g Exercises

11.i Show by computi

t

rig that

df

3
(

. .

12. Show by computation that

C? =

*

(3' .--2)

9N

7
1'

81

11

3 ''8
IT

13. Determine the ration4 number which is a solution of

14. Evaluate:

(a)

(b) 125 1;2

\ 3 .; 7

15. Ig it Meaningful to' write 1 =
: 019

meaningful? .

6.5 The*Distributive Property

P;obleM 112 of the preceding ,set of

working of the distributive property.

property states:

For -b c d e

2 '

) an

' It is true that .

tc

-p-77 -5.

the equatip

A

/

If so, i hat respect is it

lb .

ass EXercidJes is an example of 'the
44,-i_

or-ilitfOn4Inumbers the -dlitAbutive

whole'nutbers with: b, a; 0,

e
.d )
- 040

It is a straightforward approach to show that the propertyholds.. Simply

compute,both sides and see that they name the same rational' number. The left

side can be expressed as ,follows: /

(?f-c:f' de),
a

a(cf + de) '

b(dfl ,

a(cf) + a(de)
b(df)

1



2 ,s
1/

V , A

2

The laSt step uses,the distributive property for whole numbers.

side can be expressed as follows:
,

1

t el,.

, ,(E' ' a (E., ..,) .
bd bf

(acbf)+(bd)(ae)
' (bd)*(bf)

a(cf) + a(de) ( ).(bf)+(bd)*(ae) ":-1
The two fractions and

1 bd bf are quite differentb(df) ,

,t -4
,in appearance. Do they name the same number? '`Using the properties of:whole --

. 'I

numbers the two fractionSsmay be rewritten as

The right i

5' t

acf +ade
bdf and

b(acf + ade)
93(bdf)

Froi.Class Exercise 15 of Chapter 5 it'fdliows that the two fractions name the

same' rational number. Thus, it hasteen shown that 'ithe distributive law is

valid. \

6.6 Subtraction

.1

With the introduction of addition and multiplication it is possible to

introduce subtraction andldivision. Subtraction and division are not to be

regarded As new operations. It shall. be shown that addition and multiplica-

tion can be used "to 'solve problems that are usually considered as subtraction-
.

..

.NO. Ayisioproblems_:problem*: , :
,

,

We May determine by the operation addition a rationanuMber we call

TO determine

routine way:

3 7
5

the rational number.we call
2

-. 7
q a -

2.. 7' 4 3

3 7 7 3

,14 1.12

-21 -21
1
(14 - 125

21

1

21

2-
. 1=

142

PJ

we may proceed in a



.00

\
tin the third step we have made use bf a distributive property.of Multiplica-

, 2 4-Let us look -deeper into themeaning'of the raltional n er weicall -
2 4 3 7

by.use'of the equation method. When we evaluate - , we ddtermine a,

value fdr x such that + = 4 This is comparable to saying that the
- I

solution of the ecitratibn 9 + n =.15 is 15 - 9. To see more,clearly the
4 2* relation of subtraction -to' addition let us use the equation 7 + x.. to j

2
find

. ,

When we attemOtOto solve this equation we

4 Timber which may be substituted for x in

tion over subtraction....)-

----'"-- 4- 2

:.r---- . . . .

. _

to-make a true statement?' To have something to talk about, let us think of

x as a rational iluger, 2 . We wish to determine whole number replacements
v.

are asking: Is there a rational--

for u and v such that

4" u 2- + - - .
7 v 3-

. .

if there are such numbers, we.may add !-,4. and
u

.to obtain
4v + 7u 2

f v 7v 34v + 7u 2
These-two fractions, and - will name the same number if7v

.3'

3(4v = 2 7v ,

,-!by the definition of equivalent fractions. To see if it is possible to

,determine values for u and v so that thid equation holds, let us rewrite it:

_
j - 3(4v, -1- 7u) = -2 7v--

12v + 21u = lIw
21u 14-V -12v

-Which by a distributive property becomes

)

go

-',', ';'' ,, . -, , :-Zr-,77. 7.7,- 7- --e
21u ='(14 - 12)v

21u = 2v . ,

,

*

It no seems clear that we souldtry v = 21 and

values for u and v will make the statement 21u L- 2v, a true

1

u =.2. 4,1ea hese

statement.
2

Thus, it ha ben suggested that x . Ti- . Let us se if this works: The sum
4 2
+

98
= is
1 21

r which can easily be shown to.name`the samnuMber as I .
147

Tfifs technique far subtraction depends only on a knowledge of addition .

and -the meaning of fractions. A more routine technique

problems may readily be presented. This method depends
' aFox any counting number k, the fractions i; an4t

ak

''-

bk

143 1:

6

for solving such

upOnithe statement:

naMethe same number.Alk,
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To deteriaine
v
- such that

.

we first rename

7 *. 3 = 3 7

to solve iiay

I

)

4 u 2-
7 v 3

4, .1

and 2- an 7 so that they havethejame denominator. gi.pce
7

'3 4 4 3 2 -: 7 ..'f"
we. write .-- and -. The equation we_wish ---_----------

.1)

12 u .14
= .

21 , v 21,

It.is'clear that equality will hold if

determining such that
12 u 14

seventh grade.
21 + x

2 421''

We wish to'find - -
3 7

renamed as:
.

and

Hence,

4

,

Class Hxercises

/
16. Solve each of the'equations

r

2 /' 4.
, c1)) t/x = 5

2

'

is 22
This latter method.,,

is-really subtraction as taught in
4

The fractions
2

and 7 are,

7 ,14°'
7 21

4 4 3 12

"ff

by the two methods,igiven above.
)

17 17

17,. _Is there_aAy similarity between the
7

in this section?

99 99d, y = z

two methods of subtraction described

The second method given above is undoubtedly

in the seventh grade. The first method has- the'a
,

basic information about rationals.
,

When the'whole numbers are used to construct

the preferred method to use/

rviiritage of stressing our,

the non-negative rational

numbers, we my, easily'wTite,equations that do not have solutions ih the set

Of non - negative' rationals. For example consider the equation:

2 4
1," 1: X 7 .,

a 14,
162,
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'.--....
.

..,

-1.. . 4

. i .

I . .

There is a rational numberso1ution to this equation but it is the hegative
. -,-----.

rational number, N. . Problems of this type can "be solved uting_the. methods--

previously described.._ However-, they-reqUirehiMiliarity With the fup @eat
1

operations on integ6z. These will be summarized in the last section o this

chapter. We should, however,'..keq in mind that the procedures illustrated ,
,,,,,

thus far with non-ne-gatiVe ratronal 'n bers may be easily extended to include

all rational numbers, positive, negat ve, and zero. P

77b

6.7, Division

A Division of whole numbers was introdUced hrough its/relationship to the --,-

multiplication of whole numbers. Corresponding to the multiplication ). 2r10-
.

we have the divisions 10 ÷ 2 = 5 and :10 4. 5 = 2.. Corresponding to the mul-

.1

v

tiplication 3 n = 151' we have the,divisions 15 4- n = 3- and 15 4- 3 = n.,
. /

Hence, to find the value of n such that:3 n . 15, we may name, 2.1., by
i";;'15 /15 ;-3 or '3

.

3

We shall also uSemurtipliCation as the basic ope4ration in introdacing
a-division of of rational numbers. Td solve an equation-of the form T x ..a-

we note that the result x can be e ressed as 0 or as a 4. ... How is
t

thig result to be evaluated and is it a rational number? 4W164
0

To help answer these questions let us begin the' di

ical example, say
-) t-- .

3

5

scussion with a..numer-

As we.hope to Lind a rational number to repl u
acei-x let us think of -x as .

v
We want to determine the whole number replaeements for u and v, v / 0, in

such a waK.that i ,-

, / / j

744, 7 7

._,-'-' 3 . a _
t

, .,, ....-. Z - 5 .
, '

oi.
,.

.... .

By use of .the 4efi0.tion of m iplication this equation may be written as

3u 7

Er ='5

3u , 7Here tile-a- wish to determine u arid v such that and
s

5..namp,he same
.,./

number since this is what the last.equation means. By the criterion agreed
a

and
c

.

i
P a el

upon in Chapter 5, -G. and a will name the same..number if and only if
....;',,' 3u

.

ad = bc. Hence for our 4xample, 17-, and will name the same fluster if <1,...,, )
.

,

4y
,5

eat

and only if .

I (3u) *I 5 = (11)- 7

al
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, . ;

Using the commutative _propertythis -can-he expressed -as

.5 (3u) '7 (4v),`.

Can u 'and v be determined So that this last equation will be a true

I.

statement? There are many ways this can be done: The simplest:way is to

observe that on the left 3 and 5 Tear as lacto To balance the equa-

tion let
.

us make 3 and 5 appear as factors on the tight side. Thismay be

accomplished by choosing v = 3 5
:5 ' (3u) = (7 *-4) ', (3 ' 5).

... .

Now to choose u so that equality holds, we assign u the, valte , -7. 4.

' While other values of v and u would also have made the original eqUa-

f
tion true, we have chosen v = 3 5 and U = 7 11: That is, we

e
have decided ...

.
to choose x such that '

v_

x = =
u 7. 4

\''1/4v 3 5

S

A*
.3Let us go back to -5 x = and see if this replacement for x 'Works as

expected. Is it rue that .
'4\111

.,

3 7 4 7Do T. and
3 5 5

. .
7 4 7

. 5 5 '
name the same'number?

O

3 7' 4 3 (7 4).As r may be written as we may conclude that the

two1
4 3 5 4 ' (3 5)

'ede equal and that the equation,haa,been. solved. -_4 , 7
-,,

Since
7

-3- 'is the replacement for x that will make x = 5 a,.

7 3true. statement and since we
5

want + rs as a solution, it follows that
1. ... 4

t ' . ..
.a:

f 1 3 7' 4
5 -.3 5..

-

Ltsing t4eLgommutative property for tipiication V,wholernUbters and the,
-! ,9

definition of multiplication for',rational, numbers, we get
o

ro

..-
-....

,. 5
:.

,,...kp ... . . ; ,
This illustrates the etrapn rule used tilt then division of rational' number0

when expressed as fractions./ /.,

Ila
This method works just as easily in all cases. Let us exaMine'.fhe,ienera1,

case. To solve the equation,
a 0,

)17

we think of
ux- as el rational number, say, .77. . Replacing

y A
x with "th, e .symb

4
.

:1,64
,,,., .

14:,.

44$
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- 7

and multiplying yields

#
a -

For these two fractions,

.

-4.,

have, if 4

*- (a s u) d . (b - v) c. ' *,.

..' 4

Using the associative and commutative. properties gives
i.

u c 0
----77*-5-- 11 "

, .

u c
and a , to name.the same number,,we must

v

(Ia.,- d).. u . (b .. c) - lc.
7

el -t-.)
..0m.......

7.'Fo/loWing the method of the special case, we may choose a to be the whole
'.(amber (b - c) and v tAe (a d). iblus,

u 1 b

v a -

c

,
- a t 4

v

Is it true that 4>
..

a (b c)
?

c
.

b (a d) d
,

Before you answer this leading question, recall that rational numbers in
:-' ... - . ,

fractional formhave non-zero denominators. This means that a 1.1 must not
. .

be zero. As it was implied that is Pa rational number, d / 0. wp must,

therefore,. also requiA t at,la / 0. With this restriction, a / 0, .5eget

1\the following development..
. ... '.:.

4
(b c) a (b c)._ .

b. 777 b (a ' d)

I

Thus a. (b .c) -,,

e.

(a b) c

(b a) -,d

' a -b c

a

a 1.-bt
a b d

=
a b c

a b d

= 1 1,
d

P`
-71-

.

Just aQ .5 t 2:f 10 conveys the Same information as
.

10 4- 5 = 2,j so Y.
a (b C) c . ', _ $

convey the same d.gormatiod asdoes To- = d.'
-.. .

c.a_bed
-(1%.".:T/: a d

.b c
The result ----- is a rational ntimber, The last equationar4W,or course, be

a d
eipreSsed

c a c b
d b d



.4,..--fg
-i.? .

{ .4.=.:.:
What has been shown -be -t, e' fs....fs-the,1-"well.-known rule: To divIde dne rational`

-:.'.,-45r.: ... ' t. ,..

number by 'another when bq ressed 4r1 fract'Nnal form," in et the -), ._ . .. -- '. J
/`. i- 4 .divisor and multiply.

,_._ ----,,--;----.4, ! -:` 41c-: '-,

'' Again our ,d9velopmen. is based upon the use of whole numbers in fi,, \
11 "' z- _ -..

Nt'
nori-negatiVe rational numbers. The procedure for dion can, however, be

4.. 4. ..iviA-
. , ,

N's
. -..

1"-
. 1.r.

r., r 1V

4 ifr

)e4tended to include negative numbers.

1
Sy

Olass Exereisqs,-

of ,the-.-fpring, using an analysis, aimil.ar to- that in the-%

7x

r§- 43. x =
31

4

-1

s-Z;
19. 1.11i-Cht.of -Ue"-rOl'111111111111equatio

I

440

6.8 Operations 1n t Integers

17
(d) rX

(e) Y

_ .

Thus-fit-1144 have restricted our distussion .of the operations on nationals
--: -

to non-negative rational numbers.. The reason for this is that most seventh'
: -

;.-+ grade' students will study computations, using 'the numbers of
.

arithmetic. (the' ..i.,;;,, s __, .
.

.
non-riegative

*
vrational.$) well before they meet the Set. of integers Or the

t
iegative,rations4s. Theieacher, however, should see that the definitions

.

, And rules thus far established necessarily must,apply to all rational number,.. .

pbSitive, zero, and negatfire. The extension is easy once the operating rules
, ; : . , .

,for t,he integers:_-are esta lashed. ,

. "
',, - ,.,

. . .t;_.,
. 'IWceti..1 that in Chap 5 the set of integers was shown to contain the set

of, cOuqin.' numbers, zero, and thi set of opposites of the counting numbers.
;4`,"--

These subset; c e set of integers were ca1led the positive integ rs, zero,

1".
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_J . 1

and the negative integers, respectively. In symbols ye can represent the set,

of integers. as: 10*,

I 11- -3, , -1. .0, 1, 2, 3, ...)..

The identity element for addition using the set .of integers is 0 since for

every integer a, a + 0 = 0 + a = a. In the set of integers each element-
!

also has an opposite called its additive inverse. In Chapter 4 two elements

were defined as inverses of each otper under a given binary operation if the

ult of this operation on the two_ eleMerits is the identity element for that

operation. additive inverses for the integers tre integers Which when

addedgiVe the identity e 0. Note in th- es how the opposites

serve as additive inverses.

2 + 2 = 0

5- +5=0

0+ 0 = 0
,,.

The operation of addition with integers was introduced in the last chapter_

using the number line. Subtraction can be handled in much the sameW17*by

making use of the fact that if a and b are integers, thefta - b = a + -b.

This'property of subtraction allows us to change every subtraction problem into
.

an additibn problem. For eXample:

7 - 11 = 7. +.(11) = 4

(.7) - 11 = (7)'+ (11).=:18

7- (11) =' 7 + 11 = 18

. (7) - (11) . (7) + _11 = 4

In general,,subtFacting a number is equivalent to:addiAg its ad tive inverse.

nextnext the multiplicatiOn of integers. We know from the properties

of whole nuMbers_that the product'of two positive integers is .a positive inte-

ger. .We also kno'ethat the product of zero and arty integer is zero. But. how
-

should we define the pfoduct of a positive and a neetive integer?

The product 4 r7r-may be expressed as the sum (7) + (7)' +,( 7) (7)

which we know equals 28. Also, since we want the commutative propertylo

hold, we will agree that 4 (7) and (7) 4 mean the sante integer.

That is,

(77) 4;

Another way to evaluate- 4 (7) is illustrated here. From the prOperty of

additive inverse; weknow that

,+ C-7) = 0.

67
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X,
t Hence, we may write

1

J

'

P.u4a,(7)1 = 4 0 = 0.
. 4.

Using the distributive property for integers, we then get

4 - (0,,,,:v_4 ' (-7) = D.
;.s. . - t,

, .., q
%

'Since 4 (7) -and 4 . 1-7) addAto zero, they must .66tdditive inirekes or
t-opposites. But 4 (7) is 213.. Now since 4 (7) )Us the additive inverse I-.3
iof 4 (7), it must be the additi've inverse of 28. Thus, we cOnclUde*that

.
..

..,.4 (7) . 28.

The two methods shown give the same results. In general, we can Say'that

the product Oil' a positive integer and a negative integer is a negative integer.

What Meaning should we give to (4) (7) 7 Proceeding as before we

--get the f011Owing: a

- 7.+ (7) = 0

(-4) (7 + (:7)1 = (-4). 0 = 0

(-4) 7 +. (-4) CV-. o.
Since,' (74) ' 7 and (;4) (7) add to)zeiO, they egtdditive inverses.

But (-4) 7 =-28.. Thus, weconclude'that (4) (7) is the additive
/ . e

inverse of '28, or (-4) (-7) = 28, The same development will hold for

any two negative integers. In general, we say that the product of tQ. nega-
.

..-tive integers is a positive integer.
'...w

An interesting and '4ormal intro cUon to the product o2' fntegers
, ...

using

patterns a multiplication table is gi en. in the-SMSG publication, Mathe-

matics for Junior High School, Vol. The proceduie for division of integers,

follows directly from the multiplication procedure., If two positive or,twg ,

negative integers are divided, the quotient is positive. .If sitive and a

negati!Ve'integer are divided, the quotient ie negative. .-

Class Exercises 4.

ilO'each-froblem using the fact that a -,b

(a) 17 - 21

(b) (-17)'..: 21

21. Evaluate each product.
-

(a) ,7 (-13)I

(b)'-(-7) : 13 ''".4) (-7) ". (-13)

(c) 17 - (321)

(d) ;(-17) - (21)

a

150

4 .



Evaluate each quotient:

443,

(a) 81T3

. (b) (81) 4- 3.

., a!-

Let us look again at the operations thia4time using negative rational

numbers. In general, the definition, the four basic Operations and the

properties developed in this chapter for
1

the non-negative rational numb

c'eln be extended to include also the negative rational numbers. In so doing,

,howecer, we will make use of a modified definition of rational numbers. We

may define the set of rational numbers as all numbers that can be expressed in
a

ithe form F, where a is an integer and b is a counting number.\ This change 'y

in definition now adMits the negative rational numbers. The corresponding

change in :the equation definition would be that the rational numbers is the i -A
/

. set of all solut,ions of equations in the form bx Isa w re a is an integer,

and b -a counting number.
. /

With this change we can now ask for solutions of equations as
10
,,.. * 4X = '3

,

.

and know that they will be rational numbers. Thy soluti n

-here

is () , the
3additive' inverse of i ."4*The solution May be writt as T with the nuMera-

. . .

16 for of the fraction a negative integer.
,

The properties pieviously established for ton-negative rational num,
A

.. .bers will hold for the, negative rationals as "I. Likewise, the definitions
0

of the four fundamental operation apply t al rational numbers through the

properties of integers. In the followin ex nples study how the 6perations"

jinvolving negative rational numbers h 'e been completed by making
/ .

ng use of our ,
.f..

knowledge of integers.
,.'

/
, .---,

1 -3 1 : 4 2/ (-3) 4 + (76) -1

2 =
1=

3 2 ( 2}

4 3
4 + 3 (3) (8)

12
(9) 17..

12

1 3 ,(1) (3) '35 . 5 = 5 4 -, 20

3 ,2 4 ( 2) 4
5 '3 5 3 15.

9

r.
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1

Evaluate:

7
(a)" E +

a

7 11 4
(b) E -

2. Find the fallowing sums:

(a)

(b)

1 + 22:

+ 22: +

Chapter Exercises

(c) g,
-(d) 13+425-

(c)

;(d)

3. Use the results of Exercise to,,make an informal guess of the

following sums:

(a) 1 +

''1 (b) 1 +

-32 .

1 1

4. 512 157

Find i95) d 4 Are the answers the, same?
7:4 PO.

What conclusion can be.drawn d'rozn the-last-answer?

3 2 k 1 3 2N \
Find - -f) apd (T (T i. Are the answers the same?

6t4 Using the rational numbers ci "and - , prove the associative

property for multiplication.

Evaluate:

(a) 9 - i3

(b) 9 -.( -13)

8. Evaluate:

I

(b)

/ (c) (9) , 13

. (a). (9)

(c)

t.

(d) )
( 3 )"= i3

3 3 1

2

1
The sumse. 7,

5
+ and, - - - + are examples of fraCtions written

10,.4

as the suMr'of unit fractions i.e.,'fractions with numerator 1. Rep -

resent each of ihe.follOwing rational numbers as sums of unit fractions.

A Wticular unit fraction may be used only once in each sum.
I (

(a):4.2:3-
-12 (c.)' ). 4

(b)
,

152 1.70
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(c)

Show that
1

2
o

Show that
, 1

22 3

1 1 1 ,
Show that

7775 5

( d) Express

(e) Ekpr6ss

9 10
as the difference of two unit fractions.

1

18 1-9
as the difference of two unit fractions.

(f) Use the results of the above to find the sum '

.177 2 3 18 19

11. Find the sums in (a), (b), and (c):

(a) 1147 1 2 - 3

1 r 1 1 ; 1

( i 1 2 2 - 3 `+ 3 ! .

- 1 1 1 ;

( . 2 2 3 T7-4 77-5

(d) Makesan ducated guess as to the sum:
L

=1
1 1 1 1

-a 2' 3 777 18 19

(e) Make an educated guess as-to the sum:
44*.%

Yre.
1 ,1 1

1 2 + .2 3 4' "3-7--V + 99 100

12. Solve the equation

3 .
2 1x + 16 +

1

s
' ,.,,,--*

13. A "magic square" is a square drray.of numbers d'Uqh that each ,row, .each

column, and the ,two diagonals all add to the same number., complete the''

-tabl,Obelow ts2...t2za..e-L3._x 3.. "maga...square."

e."6,a,,p

2.

1

1 3.
1 '. ,

437 1



Answers to Class Exercises

(a)- 21
42 4 6

J-5
2 (b) y6 (c) T (a)

2. No, in the sense that we have different fractional representations of

the same rational numbers.

6T =r1 and!, =
2

3. (a) (b) Yes, the rational number y is a name for.the solution7

of the equation lx = 7 which also has a solution named 7. We have
7agreed therefore that y and 7 name the dame number.

126
(a) -374-- . (b)

126
yes, the number 74--- is the solutidn of 14y = 126

Which also has a solutioawy = 9. Thus, following our agreement, 9 and,

126
ti37-4- .r names for the same rational number.

k

(8..) IR, (b) ail
.

(c) k--6 .(d)
5o5 ---.6o6

5o5

(;) They are the same, illustrating the commutative property.
I

.

(f They
606 6 101 61fA

his". are the same . Since illustrates the505,..7 5 101 -5,._-

identity property of O. ...
:vv... -

f6. (a) a , ,
(,b).

.12,.g
(c) -i., ( 120

38- \ 242

: .

..'

(e) They are the same, illustrating the associative. pr erty.

ii,
4 ,, . /

165 1657. -15- 6 + 5.=;11. The symbols -11 and both desi ate the answer

to 15z =. 165".'

/ e
t 2 '8.4 If .

-1.- 1
t s computed this way, one obtains T'

ii
which d not satisfy

,one',
,

Vntuition. Also, the distributive law would glea:rly fail to hole
,.. .

re, '

I.

.

12 12 V
9. Both 7 and 12 = 4 3 name the solution of lx =41.2.,

280 28 3.0 280 14 -'20 20
10. -17 Xes, 28 = 4

2 -174.
Also, ,

= 5,' ands .5°.:fr:=1,201

11. The resultof'.both Cbiripirtan

-a

216
308

15141 72 e
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12. The left-hand side is

The two

1860

465
and theTg

be shown to be equal by

right-hand side is
1860
1232

Computing 1465 1232 and

308' or by observing
1460,_ 4 1165,4=-465 r

1232 4 308 308

13.
56

(a)
12372-

N. r
(c)

What interesting fact is observed?

15. Yes, for both

49
16. (a) .$ 3I

(b) 154,

1- and are names of the

(C) S
a

(a)
0'

For (ci and (d), 0 would also be correct.

17. Yes, each method relies on the subtraction of whole numbers.

solution of 96w = 96.

se any counting. number

a. any counting dumber.

18. (a) (b), (c)

19'. f(h)k (c), (9', and (f).

20. (a) 4 (b) 738

21. (a) .91 (b) 91

22. (a) (h) 27

or (d)

<t

rms

(c) 38 (a)

10

(c) 91

41141041..-

I

73

.(e)

(d) '91

(d) 27
.



'Introduction

L.:Chapter 5

questions that,counting nuMbers cannot answer, and introduced the rational

Chapter 7

PRIMES AND ACTORS

3

< :

indicated the need Or new numbers to answer certain

ri

numberi. The counting numbers Were identified with certain rational numbers.

Chapter 6 defined binary operations on,the rational numbers.

In this cHapteY we shall take another look at whOle numbers, inves-
,

tigating a collection of ideasnot only interesting in themselves, but

useful in-the study of number systems.

er

e.

7.1hole Numbers - A New; Look

We catrask questiops in terms of whole numbel-s that cannot be answered

with'whole numbers. For example, the equation -5x = 9 stated wtty whole

numbers cannot be solved with aWhole nuiiabe. This situation led to the

develdpment of the positive rational numbers. Now, we shall back up a bit

and examine the whole numbers in some details That some equations of the

form bx = a, a and b *hole numbers, have solutions among the whole

numbetrs whereas othera do not, is in itself

Note the following equations.

Equations

(Stated with whole numbers)

Jx = 3

2x =6
5x . 420

3x = 7

.="

intriguing.

A

$olution Set

(Restricted to'whole numbers)

1

That 2x =-6 h= a whole number solution,

no Tacole number solutio suggests a study of multiplicative properties of
,..

:-.,,---

whole numbers. Can Ve dis nguish those pairs .of Whole numb4,rs
e .

'"..which, solutions of, bx, = a
F

fnnd?
14 ,

i
.:,

.e

(

[ 3 )

84 )

3,. but that 5x = 9 has

a, b. for



Let us examine how whole_numbers can be exPressed,as products of other

whole numbers.

. ,

Given the numbers a and h, we say that b is a

factor of a if and only if a.whole.number c can

be found such that l
.1

= a

For example, if a = 10 and b = 5, then we have

5n = 10

We find that c equals thewhole number 2.

5 2 = 10

Hence we conclude that 5 is a hictor:of 10. By use of the commutative

property, Fe can rewrite the last equation as 2 5 = 10 indicating that ,-

2 is also a factor of 10.

The concept of factor for numbers is only interesting if a restriction

is made iri the definition. Let us see what would happen if the adjective

'whole" wer.omitted -from the definition. If this were done, then any

-'non -zero number would be a factor of every number,. For example:

0116 100
=

17 would be a faCtor of 100 since 17 --- = 100 ;
17

,
12 would be a factor of 18 since 12 i ..-. 18 ; ,

9
a-
2 9 20 2would be a factor of since.

10 10 27 3
f ,

.14 .

Thus in the concept of factoring, there
e

is always a 'restriction implied.

Here our restriction is to Whole numbers ,

. Because the same idea arose indifferent branches of mathematics,. other -
,

. language_besides'"factor" is also used; for instance: ,"divides",-"divisor",
I

and "multiple of ".. "Divides" means that division produces a quotient without

a remainder. Thus, from 5 2 = 10 wesay that 5 ,"divides" 10; that

5 is a "divisor" of 10; and that,....10 is a "mdltiple of"

_ Each whole number has many names. For example, the number 24 may, be

written 66 the product of two whole numbers. Wheri 24 iswritten as the

roauct of two whole numbers., the equality is caled a product expressi06..

Aiproduct expressions of 24 are:

x-24 . 24
2'x-12 = 24

158

3 x 8 = 24

x 6 = 24



From these product expressions, We/name the possiblelaclbrs of 24

as 1, 2, 3, 4, 6, 812, 24. The factors of 24 deterMine the whole

number replacemehts for b in the quation bX = 24 that give whole

number solutiona.
b

haWhat equations of the form bx = a can we make using a = 24 such

t b and x are whole numbers?_ .

4

lx = 24

2x =24

3x = 24

ex = 24

6x =,24

8x = 24

12x = 24

24x = 24 '

Does this mean that these are the only questions of the form.,bx = a,

a =24, that we can answer With x a whole number? Yes, because all

factors of 21r. were used as replacements for b.

SuppibSe other whole numbers are used as replacements for b in

bx = 24- as shown below.

5x = 24

7-x = 24

10x = 24

30x = 24

While-we know that each of these equations has a solution which is

a rational numed114422has a solution among the whole numbers. Thus in

bx = 24, b and x whole numbers, may, have replacements 1, 2, 3, 4,

6, 8, 12, 24, but, may not have other replacements such as 5, 7,_10, 301.

Th general, 'We see that if a and b are whole numbers and we want

x' to be.a whole number, n bx =.a,__then b must be a factor of a.

Class Exercises

For exercises 1-3, x are restricted to counting numbers

with a a multiple of b.

. 1. For a = 28, list the,tactors of a and write all equations of the

form bx = a.-; for which x has a solution that'is a whole number.'
.

.

,,, ---
2. Factors of a number ca,71 b;rpaired so that their product _is _the- given ... A_

number.: For example
) the_f actorsof-28maSr 'be paired.

'

...

4,
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'

Another arrangement is seen in the factor pairs of 36. Produqt

exptessions for 36' are:

1 x 36 =-36

2 x 1.8 = 36

3xl = 36,
4x 9 = 36

6x 6 = 36

,

0

The' factors for 36 aTe: 1, 2, 3, 4, .6, 9; 1.2, A, 36.
The factor pairs are:

101,br e
4

i' (...
--- - - ..,..-- --- - - - - - . . .r.

N

2 3 4 '"6 9 12 18 36
N1/4,....... _____.,X --

List the factors and indicate the factor pairs for:

a. 18v. b. 32 c. 25

3. For each part of Exercise 2, how many equatiad4of the form bx =

can be written so that x is a counting number and a has the value.
.

indicated?

Let us explore the role that zero plays when factors and,iprOducts

are under consideration.

Since the product of zero and any number is zero, we can rule out

equations such as

0 x-i 17 .

_No-whole number X makes this statement true.

Of 17. Consider' the equation

0 x = 0 ..
Every whole number makes the statement true.

-of 0. Last, consider the effliation
_

. 1 x 0 .

Hence,

Hence,

0 is not a factor',

0 is a factor

The whole number .0 makes t issentence true. Hence, 1-1- is a factor

of 0. However,, this is not very expiting fact since we must therefore,

conclude that 'every number is )1-Mai* of. '0.

1601 7 7
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Since: 17 is a factor o .0, we say that--17 divides' O. Since 0

is not'a factor of 17, we saytthat 0 does not divide 17. Howevpr,

while we agree to say that .0 is a factor of 0, we do not, in this

say that 0 divides O.
.1

. lite is a factor of any number.,. In fact, certain counting numbers can

be expressed as a.pruduct only of themselves and 1. That to is a factor

is so obvious that it is frequently omitted Trklisting factors of a number.

In so Me cases, however, this is the only way that a whole number can be

expressed as a product. For example:

7 = 7 3= 3 x 1 13 = 13 x 1

TA

In summary, regarding zero and.one as factors, we say:

Zero is not a factor of any whole number except itself.

One is a factor of every whole number.

7.2 Prime Numbers

In the preceding section, we studied factors. In this section we

introduce severalclassikications of the counting numbers and learn how such

clbesifications may help in calculating with rational numbers.
.

. !!rie such classification consists of. Seven numbers and odd numbers.

.A number is ven if it can. 1e expressed in the form 2n, a whole number.n

Zereis an en number in that zero may be expressed in the form '2n; 0 F 2(0).
. , \Also base ten numer ending with the digit 0 represent even,numbers, '.

-t443., .

since -act} may be ex&essed in the form 2n. For example, ,
.

,.- -

ors

0 0

=

30 = 2 15

3000 = 2

A number 'is odd if it can be expressed-in-the-form 2n 1. For examplei

3= 2 2. 4 1 11'7 2/ 5 1

= 4 2 4- 79 = 2 39 1

= 2 3.41
.

Some textbooks.stdte that ,if a whole number...1!AiVisible'by 2, then

it is an even number; and if a wholenumbet is not divisible by 2, ,then

if is an odd1;luMber. This seemingly ruclipentary..clabsiFication of the whole
;

'numbers into these two classes bgs many uses (remember the untoursal prottlem0), !

4



and will be used latet to prove I is'not a ratiOnal'number.

Whole numbers may thus be classified into 'Ma sets:;

o = t-1, 3, 5, 7, 1

E = 0, 2, 4; 6, ..'. )

t .

For he next classificafion we shall consider only the counting numbers.

, If 44e
t

:ipmine each of the first fourteen counting numbers, we find several...

defini e patterns among the sets of-factors. We list 'all. factors, as ,shown.

s

unting
Number

1

2"

'3

6

7

9
10

ix,

Factors

1

1, 2

1, 3.

1, 2, 4
1, 5

1, 2, 6

1, 7

1, 2, 4, 8
1, 3, 9 '
,...2, .5710

13., , 13,
iv , l="

1, 2,.3, 4-,. 6, 12

r 1, 13

1 1 2, 7, -14.

Zoine numbers, like .2, 3, 5, 7;-.- and 11 can be expreSsed as a product of
. .

-, ., .
'''o ly themselves and 1. These numbers are Called primes. Other numbers such

4, 6 '91 and 14 I lhave fact rs cliffereli frOm.theinseles and 1.; Such
1111

.

tunbers are composite h. ers. -, 'or convenience i Stating t eorems, the
2' ---: ..' -4. ! ' ('' \

, f i

umber -1 ',is corigidere ,neith r a priln ..riuntbei- nor a tomposi e number.
// \ .;$.41 . - .,4_,.

ematic8 for itUis discussi,on leap to t ons L' for
* f. - :.

..' .
ilighEchool 14ltnne I, . whic

t-.. ;7 - .. '4,..--_,.. .A Trime number is a, cortin which is.. ivisible
... .. <: '1' 0 \ 1. :

only 'y 'itsekik and- 1: , ' " " -;\.\4 .1

-e g , ..t,

i

A composite number is a counti g n er which' is di isitlexby a smalle,;,-

'eountirig* nurnber different. fro4m 1. Thu a composite nur4er' is

...: .. ,

,,

, , .A 4 A:?.." '''. ,,, ,
number differ nt trom 1 which 'IS- 6;t a rime '' ,"';'' ,,,.1

.. When we peak of the 9...'d 3aAetxactox,,...iticin cif,""a r1413er, e refer, to ....

C=
,_ . .0 .

:the number w 'tten as a product of , rime fact re., requentlyi it, ci,expedient

'', . 7 .t. t \ 1 '''' :!' i ... P

. ,
. ! t : '" ' I

13'

14

/

a .cbunting-
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V

1,

, a -
,

to thitik4,of a composite number as a product of its factors. If 175 is

6tten as ,'5 x.5 x 7, it is shown as the prodUCt of its prime factors;
.

thi:/4 the complete «factorization bf' 175. l'igardless of whether we divide
.

'first by 5 or by 7, we complete the factorization with the same prime

factors; the only difference is order.

.175 = 25 >< 7 = 5 x 5 x
175 ..5 x 35 5 x 7 X

175 35 x 5_ =-7 x5 x5
/

These indicated products Are all equat. Recal that changing the

order of the factors in multiplication can be ac mplished by Using the

associative and commutative properties.

The _property wedinve just observed, tha\ the. Complete factorization

of a number is unique, is called the Uniqü F i at i loropoy.

Unique. Factorization Property:

greater than 1 can be ,written ,as

ng number

ct of

primes. Except for orderNhi-s- factorization 's
---, ,

..

unique. , s

0

This property is sometimes called the Funagienta1, Theorem of Arithmetic.

Examples readily convince students of the validity of this theorem.

(Various proofs exist and my be found' in any book on number theory.)

It is frequently convenient to use the exponential fprm in the complete

factorization of a number. For example,,
';'1 '

IaTeview) rte hOte 'pt tile set of counting numbers may be partitioned

intoAhree subset,: :': -'-
°

44,

4 1

Class

The set of prime .nuinbers

. The set of composite numbers
0.

. The set containing the number 1.

rcises

,

. 4. . :Find. the smallest prime factor of

-" (i) 1

. , \ -
. --,

..,() 181C'

40. - t e ompl e . a'

"(a) .26"
_..

Giue the cornAb
,.....

orSz tion ot /
0

' (c) %1.i7

, . .

..

/1 :

,

t
.

...'", -....

.

2'r.!'

t ctorization of 600 in exponentli1. foØi.

,

,

.

't,-,. ,. .. - el
. , , - ,, ''` s't'' '' ,.!"2'.''''t-2

..

18-$
. . . . ...4 ..
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743 Least Common Multiple,- Greatest Comilion Factor

The study of compositenumbers and their factorizations leads us to

least commoirmultiples.and gregtest common factors

1

The leapt common.multiple (1.c.m.) of a set' of counting numbers is the

*
smallest counting numoer which is a multIple of each number of the set.

' .
e e

eonsiderthe numbers 6 and 16 alleilkihe setl.of mult.iples for each.
---;.,

S It

Set of multiples of
#

6: (6, 12, 18, 24,130, 36,.4 54, 66,

Set of multiples of 16: ,(16,'32, 64-, 80, 96, .:.)

By inspecting the two sets of mul iples we see that 48 is the smallest

,
, .

'

'
-- '

,' The set of all common multiples of 6 and 16 ia,

*,
1.4:

( 48, 96, 144 192,, ... ) I

multiple common to Ot. Hence he 1.c.m. of 6 and 16 is 48.

Tote that a set of comm on multiples for twonumbers.is always an infinite.

set; 'there is no greatest co on multiple.

greatest.g, pn.fac (t:c.f.) of'a. set of:couniing numbers is

A .

the largest
- , hat'is afactor of each memberlof the set.;

'Again considr the nutePs 6 anA 16 but this time with the set

j
of factors for each.

/

Set of factors of 6:- (1,
. .

Sett of factors of 16: /(1,

3, 6) -

4, 8, 16) ,

By inspecting the two sets of factors we see. that. 2 is the largest

factorcommOn.to,botri. Hence the g.c.f. of 6 and, 16' is 2. ..ble Set

1Bt all common factors of 6 .Fid 16 is

,. {-1-,- 2 .) .

.:

. 'r:

.,
,

,0

Tlg'set of common factors ,or two numbers i' alWays finite;D there is
.

I

always a g -atest co on
N..

1

. . . 1 i. ;-

...,
Anoth r method for finding the 1.c.m,..). and the g.'c.f of two numbers

, " '''
-Lthilizes their complete factorizations. The tomplete prime facto/rization

--, -of- 36 and 120 are given here.

4) , 2
= 2,-, 2, -3 3 = 2 ,, 3

,

- 12 2 2 3 ;"5 = 2-)
o,

,i,,The 14.m. qmust-contain all -the different, Ate facto' of e,
'i

qumber,and these j'actors gust occur,as freUntly as the'greater n
. ,:.

1.1,"

er 1 ,

ID

5 4



times they occur in either of the factorizations. Thus the least conmon

multiple of. 36 and- 120 A is ,.

. , , 2 2 2 3 3' 5 ="23 i2 5 =.360
.

The g.c.f. Must4tontain only those' prime factors common to 'each timber

and these actors must occur only as frequently' as the*resser number of

"tim s at they occur in the factorizations. Thus the greatest common

factor .of 36 and 120 is 2 2 3
22

= 12 .

O

4
Class Exercises

7. Find the 1.c.m. for each pair of numbers.

(a) 4..an'd 12 (b) 14 and 35

F.ind the g.c.f. for each pair of numbers.

(a) 48 and 80 (b) 16 and 36

.
Give the .complete actora,zation of 24 and 90 in expone ial- form..

Then write the 1.c.m. and g. . f . exponerrt.1 'form.

10. What is the greatest !common factor of any two prime numbers p and q ?

What is the least common multiple of the two primes?

we'

jet us factor completely ihe twd numbers 32 and 20:

: . 4,

32 = 2 x.2 X 2 x 2 x 2 =' 25

20 2 >ea x" 5 =2' x5

. . 1 .

. r
. I t

From their omplete factorizations,. We find:

,1 . c .m. of 32 and, 20 is . 25 X 5 = 1

the it. c .f . 32 aria 01 is 22 = if.

dddd

G.

To take, this a bit ,further, the product Of the 1.c.m. and he g:c.

160 x 1:-.640
_ -

'-:Compare bras with the product of the original numbers 32 and 20.-

/ '32 X 24 = 640 '
'f t ( .
l'or !two, counting numbers, it,IS alw y:s true

i-as th. productt.of their ladle an (g.c,-f:., ,
i

.

.,

. 1
- N ,.1...

_,,, a ra ', d n are anj. -two counting numbers, the. product ibf

.. and
,J

N. their :c'.9 and -gc.f. ,'is m 7
k,

.02\Kt -i . 4. \ 4'. ..,...: .. ,, ...".r...*1
1.

. ' .......

that their product is the same
;'
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Class Execise's

t

11. Find the least common multiple and the grelest common factor 64

and 36. Compare the prod6ct of their 1.c.m. and g.c.f. h the
, r. Ir.

--..

product of the origihal numbers.4..i,
,,,-, 4.,

.-:
.--0

. -
.

. , ..111

),2. Ty o,bells are seeso that ,their time interVe4efor striking is different.
1 , )

(a4 One bell strikes every 3 mi4Ute's".aed the second strikes every

5 minutes. If both bells strike,together at 12:00 noon, when,
...,

will they'strike together agein2

. .(b) One ell strikes every 6 minutes and the second bell every 15

minutes. If they both strike at 12...00 noon, when will -they
o . .

. .,

strike together again2 ,.
' (c) Find the 1.c.m. .o1 3 'and 5; and the 1.c.m. of 6- and 15._

. . , . .

Compare these with answers of parts

. , .

(a) and (b).

4 6

7.4 Some Historical Comments
, . .

.

-.

The ancient Greeks loved t 'tudy.numbers. They-gave fanciful and
. .

mystical names and interpretati)nsito numbers with certain specia4 l properties.

They spoke of
.
triangular, square, 4nd pentagonal numbers. because of their

,!(1t
..

,=,i 4
geometric properties.

,..! 4 4

41, ,...' - - :-.. . ...
111 LI 11.

-' IC
''''' 4, A 0" io.

li. 0 ,D 410 , ' ,

3 '6 - 10 4 9
.

16 . . 5 . .15
triahgurer Square 1 . ',Pentagonal - . ,

Numbers Numbers'

\
.

Numbers \i

> ri-. .....4t, :

. .

sppkeofperfect and amicable numbers. These numbers had special

s deteAnined by their factors. ,',
r
t us look at one set of 'these

.

numbers 34h more detaill"
A. .. -

JJ tt.

Icier the table of factors of some of the who;e

. 6
410

They als-
propert4
A 11-

myst2cal

Con nuMbers as shown

below. We'immediately'recognize.those numbers with only tjb factors as

b4ing prime: r.'



n Factors of n

ti

n Factors of 1-1

1

2

3,

4

5
6

8

9
10

1

1, -2

1, 3
1, 2, 4

r 1, 2, 3 6
7

-1,2,4,8
3, 9

1, 2, 5, 10
e

1

11; /, 11
12 1, 2 4, 6; 12
13 1, 137 '
14 1, 2, 7, 14
15 3, 5,15"
16 1, , 11, 8, .,16
17 l7

18. 1, 2, 3, 6, 9, 18
19 '1, 19
20 1, 2, 4, 5, -10, 20

r each whole number; we take'the sum of all its factors except
the/ number its lf, hie find that the sums fall into three groUps. Certain.

*sums are greater theirrespective numbers; other sums are smaller than
their correspondi g num ers. But in a few cases, the slain is the same. as the
number. Such a number. is called a Perfect nuinber.

Six is a perfenumber, 'since
6 = .

Another, perfect number is 496, since
'496 + 2 + 4. + 8 + 16 + 31 +.62 + 124 +.248 .

. Only a few ,perfect numbers tiave been found.'

"In the table above show- ing the factors of n,' -do you notice thatSomeik
-numbers have,exactly two distinCt factors whereas other numbers have more
-thah two? Observe that 1 is .a factor of every, counting n
notice patterns Ifor the occ-iireile of. - .

ber. Do you
2 aeR a factor? of 3 . as fa tor?

. 'of 5 as a factor? r
, '.'-\_ ,,..

- ,
Amicable numbers are pairs. oinsumberifill-,h

_ or eachAtuunber the sum of;a42,_ its factori:7-:Fc
he other inunber. The ntiunterS. 220" and -'284811.

iiiu.rabe 4'S ; '':-
:.'..

the f.. oilowing 'property::
t Ithe pumbe itself, equals

,---

4 exampl of tnicsitile .

j.

The factors of -226 are:- -1/- _2 4, 5, 16-41
r'' ..10';:q.4.;-"-14-;:2 I- 4 +,-.!--ts +.

rp.;o0 2184 are 1, 2,-;;

4 a. + Vte.-.A;
. ,

the ism/TI,g4t 'AnOtrier pttSr, foi,* by F
:40

4-

act

20,-223_ 44, %), 110, 220..
,

44 + 55 + 110 = '284

mar



e

41,

t

.

Class Exercis d

13. Show that, 28 ia.a.perfect number.'

14. Can you fend an-Other perfect-number p such that .8000 < p < 8130 ?
7

15. .When the sum of all factors of a number,except the number itself is

not large, enough to-make, a perfect number, the sum is said to be

"deficient'. Sums to large to ;lake a perfect number are Said to b4

"abundant". Indicate-which of le-following numbershawe deficient

sums and which have abundanfsuMs.

(a) 10 (b) 16 (c) 20

,-,.., , ,...

"',..

if-- The-properties.of prime rombers have-challenged thematiciati
. . ,

* throughout the ages. Euclid, the famous Oeek who wrote the first geometry_

, textbooks called the Elements about 300 B.C., was able to prove that there

are an infinite number of primes,. -
-2.,.

,...

Eratosthenes, who lived about 225 B.C., and is famous for his indirect

N
measulement'of the diameter of the earth, also studied primes. He developld

a method. called the "sieve of Evatosthenes" for findin primes by sifting

out composite.num rs. The method uses the fact that every second counting.

number from 2 i composite and has a factor 2; every third counting num-

ber frOM 3 is Composite and-has a factor every fifth counting, number.

4 'after -5 has a factor 5, .arid so forthv. To Find the primes less than or'-

equal,/ to 100 by thii method, fiiit:list in order tlie Counting numbers from

1 to) 100. Cross out every secpnd number after the,prime ,2 _sp,c these
-.,

(d) 36

apposite numbers that contain the prime fadtor '2. Next c oss out

third number after the prime 3 since they all contain the prime

factor 3. The number 4 has already been"CrOisCed out and is there

numberprime. The next number nbi ossed out is the prime 5. Ever

number after the p=rime 5 is thencroased out. This eliminates al
A /

posiie that area multiples of ,5. In like Manyter 6, 4\?,

already, been eliminaigdas cdmpoLtes, while 7, and 11 are found

prime. The tablt-should-npw look like the Fro bur woF,
- .

factor.pair we know -that_every composite_number 100 o i6ss wit
/ r

factor'gre er th

composite numbers

10 has a
I

withsTactor

correspOndifig fee-63r less
. "`

less than 10 have.e1re

r

ifth

Oom-i,_
I '

to be

with

hen Aftl

beehieliminated.
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?

Thus, all composite, numbers in the, table have been crossed out;
.

d t only the

.
.

0#;-sprimes equal to or less than 100 , and the number 1 remain. .,=.

ra.

,:,!**"

.1 -.

Sieve of EraLcisthenes for` the numbers frOm 1 through 100:

0 .16 © -18" .24tr

42'r 2' 0 .2ir X 26- -:2'r

2re8 )4 J
° "'Z -65" i2e f="9"0a)9,-Y .8,8"

92- 975- 9e
4Reinemberl, 1 is not a grime number.

., \ e

4 lie thistmethod is,..uSeful in locating primes equal o or less than, ,

100, Ct cannot be used to locate all primes. Indeed,
,,. el` 2000 'years after 1,

tratosthenes, mathematicians have still lit found a m hod for finding all.
.

Number Theo4y is loOssibly the .o.1.4est branch .f higher mathematics. Part.

4>

primes.

-,,
of its fascination over the years has been t eae with Which problems may

be stated. Many problems need only some owled3e of, arittuneVic andof

4. primes to lee stated: The solution of one of these problems may be found'

asj:ly at this 'level,: others requir, greater ngentlity. Some, though 'simply

eated, may q9 .re mathematical rea aping and techniques of the highest
2 ''

order, .
., .

Alwery elementary- theoreMlito ...prove is the one already giwen:

1 ; "\,-
For whole nt'unbers in %and'. It the pr uct of their

#-?'

, ,
least Common itultiple and their grea est ccflhmon 'factor

. , 4
,,=.... is equal td the-product-of -nr---;ang . --..,.
'.At the *Otherextreme is the progeM Ino as the-GplbachICOnjecure:.

, .
Ei.ery even.niunber'greater tfian I+ may be wri-Eten as ,r.

'N: the sum of two primes,. i
' -
. ' ..,

_

\errs", 15;

$ r k.:.
Though sbine progress has been made. on' this problem, has ,resiat,edI I'' 1..

onrialetd answer forr` over 15(k y- .1.a.rs"". It is still only a_conecture..i,. t ,, .,
- \ -',: - 4,- l'-' 'm :* -, ,-

..,,

,, ., , !...,,3 . k,
, ..,

",...::-,-

1--'i
" :5;
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,-
An ere er problem dating back at least to Etclid concerns the

perfect numbers. All the known perfect numbers are even numbers. .No one

has ever succeeded in finding an odd-peifect number nor has anyOne been able

, to show that there are no odd peifect numbers. It is'clear that no prime is
. AN

'a perfect nuaer. While lt,is not quite so apparent, the p duct of two odd

primes cannot be a perfect number. Still harder to prove, b true, is that

the product of three Odd primes is not a perfect niber. This 's the sort )!f'

information that has been collected on this problem, but is .etil a' -ling way

V

trom(aSolution.

IClass Exercise !"
f

Many mathematicians have tried to,prove that:

There ,are no i4otegersyx, yi and z for which .x +yn = z n
, .

if n > 2. (Known as Permatls Last Theot, em, it has not been

proved.) 4.5*

16%, Using your knowledge of tie Pythagorean prOlerty, experiment with

x
2

+ y
2

= z
2

by finding replacements for x, y, and
.

z. Try some

of these number triples in x
n

+ y
n

= z
n

.with. n = 3 .or' n = 4.
. , .

Are you iiicessful in finding some that Work?

ir

7.5 Positive Rational,Numbers- Role of Factor

e pause ng enough to see how th ori of_Pqm site numb

may b used td improv the!meghapics of operating, with ,46bers that
i ,

.

expr ssed in f action form. The meal ical aspects o
I

additipn leave

room for variations. IDur motivation for addition of rational numbers
! o

.-- essential depended pon finding a common enominator which is 'a comm
,"'" a

multiple the den6 ators. The common d ominator used
,

to add and

I- was b in some ases this is the smal est dommOn denominator. hat

.iflay be used :4 ,-..1- 1

1,et.,10 codsider several examples. 1
. .. 0.-

1 =,,D: ,...
c ..,

Exampld 1. find 1 + ..?; 'we note that b h denominators a e prime°numbers.
.5 '3,,t..., , .

,

e commonnultfple,' 15, is the least mmon multiple. Thus:

., ,

..,5.

5 5 '3 - 5

''''' : 15
s. -.

.

4

:19

4 4t.
't 170

ti
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,
.Example 2. To add N5 and T5 we-mq use as a common denominator

24x18-,The number 432 is a common, multiple of 24432
. ,"

and 18. Following the method. of Example 1, we have

5 4.4 5 5 18 - 5 24
N + 1g N Y5 =- 7 24.

.90 120

, -
14V 47 4' 472

210
.

A quick observationoindicates that-since the numerator and denominator

end in 0 and-22. the fraction can tie reduced.

ether than using this relatively large number, -432, as a coMMon
5multiple of qie denominators of -N.5 and ig , we can simplify our computation

uting the least common multiple of 24 and 18. Because both denOminatoes

are composite numbeis,.we factor the numbers to determine their least common
4

mulViple.b

r-
% 24 =2 2 a- 3 =23 3 -- . . .

-r 4x.18 =2 3 3 = 2 3
2

The l.c.m. of 24 and.18

N

i ! r
Following. he equation method given in Ch pter 6,

5' 5.numbers N. and ig as shown (below.

' ;s\ 5 5Let 'N and y = ye

Then 24x 5 and 18y =', 5 .

lo suggest the distribbt ve law we multiplythe,firsoye at,iori byA'18 and,,,

as shown at the left.-We md,06,SUst as well multiply ,'

.thefirst equation- y 3' and the second by 4. as Shown at the right. In.
either case the value for x.A. y- can be fo0h4.. The second method) util-:

- izing th6-least common multiple, simply gives the result an a more simplified

:sr
. ., .

I. , r f-

form. .

..,1 4 8.8
171 :.,

-\

15

= 35
72

0.3 2 A
9- 3 = y 72

5 4 '

72

4-

e may'add the

the second one,-by



. r

-= 90

= 120

415x + =435Y 90'+ 120

435 . ys) 4 210

210x

7 w.
I 14

.

7 2K = 15 f' ?
72y = 20

72x + 72y =,15 +20
72 (x' Y.) = 35 ,-;

-
35

+.3r 7-2

--J.
-. .. . .

This last method is not suggested for theserventh ' der. It is r

- -given here to emphasize again hOw, rational num_.hers ,,c,an be. trea4ed t rough,
Y.. . ..

.equatibns., However, the similarity of this. niettiod with the fixst s °tad be
;

apparent -.'t .arent". .

;
'

e4 . "-

Exetple '3 Last, we 'find the sum of three ad.dends:.; 7
11 5

72T6'

The 1 . c .m.

7" 11 5
2rr+ jb 4" 72

-, .

.2 .!*3 = 23; .

;-136.,.=.2 2 3 3 2 "72 = 2 2 2 3 3' 3)2.

a4, 36, 72, is 23 72-

4

48 -;.;47"-.''
J k,")ft=----,,..:; /2

48';z;
...,,-The reader, iiiif,.at the sum , feels imiecTiately that we can

-, Iv 72 : . -.- -, . 1101redupel the friction. ... 'quick check of div sibd_litl--reveals that..rth 48 7.---.
.: v ..., a ,

and 7,k are divitibie Y 2 and by 3. HOwever, let us use arjcither-
profcedure. We deteriifne t

-._. ..i
J,..--'
r...,

I

. . ,7 = 2, 2 2. . 3 3 1 =f2
, -,-..4., Tir

-, -.4...

Th-e--......_ a 48, ',72 is .23 3 ='2, . l':,*-4,
,. .. 4-,..- ...\--- \-- w.

72 -2-4' : . 3.
,-.., - /- -, .

his is the second time in the same example. that die have
. --, ,

- ';`- -e greate'st common ftptor-pf 4$ d;', 72
1.t.7..!" t.

(42 2 r.q",,,
_ _

renamit,a'frational number.
f

_It. follows- that-. , . .

. ! N : 1 44.-
/7 2 k -f ,_

'-,

E

!T 4 a i
%1!

the opp unity.,

,"-
;

4



1 It is not always possible to reduce the results as was done in _Example 3.
19

Looking at another sum we computed
72 15
35

- and -- we proceed in the same

manner.

35 = 5 T_ . 72 = 2 '2 2
.

.

A great cotton factor for 35 and 72 is 1. Hence, the-fractioneice
canrt be duped.

Next, we examine 19 and 15 in the sameVay.
,,,

19. . 19 1 15 = 3 5

The greatest common factOr for 19" and 15 ia, 1, since there are no
. , ' 4..

"Carbon primes in the complete factbrization of thesetwo numbers. Hence,
19,

the fraction cannot be reduced.

Two numbers containing no common prime factors are said to be Alatively
'... .

prime to each other. If-two relatively prime numbers serve as the numerator

and denominator of a fraction, then the fraction is said to be in "lowest

terms If and cannot be reduced._

.3 3

5
72

Prite numbers, complete factorization, least common multiples, and

regteat common factots apply to the study of counting numbers. The positive

raTibrial numbers can bedefined in terms of the counting numbers. Hence, it

is not sprprising to find that we make use of the idea of the. least common'

multiple of counting numbers
,

in finding the"lowest common denominator" when

adding fractions. Likewise, we make use or the idea of the greatest common'

factor of counting numbers in "reducing fractions to lowest terms". The,

purpose of this section is to illustrate the role of factors and multiples n

ope sting with-the pobitive rational numbers.
I I

Factors and ltip es lay a role in all four of the fundamental

operations with t e rational numbers. Tlie, use of least c mmon_multiples is

evident in subtraction with rational nuiftbers, just as in addition. For',the

°

operation subtraction with rational numbers, we cite the example

= 2 - 5 5 = 2 7 52

2*
75 = 3 5' 5 = B 5

-

The 1.c.m. of 50, 75

6

f

is _2 3 5? =- 150 .

.4 4_ 3 '2

V. 51(/ t-8
-

150- -. 15o 7, I.

/

.173 190
O



\
Next, we examine 1c and 150/for their g.c.f.

4 ,. 2 2' = 2
2

*
" 150 = 2 : 3 5 5 ... 2 3 5

2

a
.

The g.,F.t..., 'oT 4, 150 is 2 . N.

4 2 2 2
Hence, ,---

150 = f 75 ' 75

It It 2

.
, and, 55 - 5- =

"r"5-

The most common way to add rational numbers,10Pen they are named as

4ractions whose denominators differ, is to rename them with the same denom-

inator. Efficiericy 1r-renaming these numbers is achieved by using their

least common multiple, However, this will not necessarily yield the answer

in simplest form. .The keikidea in renaming a rational number in simplest

fraction formActhe use of the greatest 'Common faCior of numerator and

denominator.

Class Exercise

17. a. Combine, ak indicated, using complete factorizations as needed.

2ft.. 2' 5
,

k

"3 77 al
,..'

4
b. Check the result for common facto1-s in numtrator and denominator.

c. Write,
»n

set notation, the set oflactors for each denominator in
.

(a). -Whai is the union of these three sets? Compare this answer

with the. factors determining the i.c.m. used in (a).
,



Answers to Class Exercises
er

1. 1, 2, 4, 7, 14:28

7x =p2ilt-

ilt-x.=

284 7- 28

4

b. 1, .2, 4, 8, lb, 32

f

,

t ' 0

IS

I
0

Or

46-

4
32

".

,
fJCC

1 5 . 25
:1

b. 6 cr
0/p b., 7.

a. 26 =42 X1.3
b.-. 210 2 X 5 x 7
c k-",` 47 = 47 x 1 ,(price

606 =.2

-7. a. -24 b. 70.
'664,

-16 ": 4a. a. b.

9- 24 3q, 2 X 3 , 90 =
= 23 X 32 -x 5

= 2 x

'r

O
j.

.;

c.

.*)

2 x 3_ x 5
P' .

1

1 ":
. 1

-V-

.41
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12; a. 3, 6; 9, 12, 15,
5, 10, 15, . second bell

They striketOgether again in 15_,minutes;

12:15 o'clock..

b. 6, 12,18, 24, 30; --- first bell

, 15, 30, ... - --- second bell

They n 30--mizgate,s; that is, at

. 12:30 o ciotk

c. 1 . c .m. of 3, 5 =
of 6,'15 = 30

'

!.3.' 28 = 1 +

'8128' =. 1

0

2 + 4 + 7 + 3.4
-0°

1

+,2-+ 4 + 8 + 3.6.+ 32 :4- 64 + 3.27'+ 254 + 508
1016+ 2032.+ 4064

15: 'deficient: '10,.16
abundant: 20; 36

16. Some examples, are:

ik .4 3
42 =.5 2

-2_ _ 1

102 + 242 = 262

e1

. . ..,.
. n n n i ,

,

x + y = z n > ' has intrigued mathematicians for y years.
.-nNo number trip s-have been fdund which take x

n
y+ .= z true '

..--
for n > 2 !' .- ,

- 17. a. 3 3 the .1:c.m.s. of , 77,1 21. is' i 7 11,=
r-

..,

241:
..

x.

2 2 22 .' 7 2 3 5 ...1.177 =7 ' 1?- =777 4. 3t3 7 7---777 + 21.---7.774 .

-

21 =5k 7
'154 '6 ./ 55 203.

7 231. 231 ::231 231 4

6 4 e

..t

r

J

.r

1
Alt



b. 203 = 29 7

231 = 7 ;:'11 3,

g.c.f. .of 203, '231 = 7
203 29 7 .29

Hence, -

1

I

:- -

C. A = (3) *; B = (7, 11) ; C = -, 7) >, .. : ..
(A U 13) U C = (3, 7, 11) :.,

..

.
1.c.m. of 3, 77, 21 is 3 7 11 231 .

. .
The union* of the 3 sets is the safe a the set of . factors used

to determine. the 1. c .m.

. 71

I y I .4 -1 i / J.)10 "rf

I I
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Chapter Exercises

Find a complete factorization ofeach of the allow;.ng:

.(a)___39 (4.; 81. (e). 28o y, (g) 576
(b) 6o gek, (f) (h) 2324'

2. Find the

(40' 6,

3. Copi,t4ie folfowing table for
R

t`through--N--= 30.-

(
Factors of N'

leaSt common` (1,c )

for each pair of-numbers.

(17) 14, 105

and',the greatest common facto':

(c) 37, 41 .

counting . ntmthe r and complete it
.. .

.Number of Factors Sum of Factors

s

'3

1

1,3

1 <

2

2

.3

.4

4. 1,2,4 3. 7
5

6 4 12

.11j7 2 8
. .0.

8 1,2,4,8 ~". 4 .

a. Which cumbers rep' esehte'd by N 'it the, table above. have

,
.

exactly two factors?
41,fl

, .

- .
b. Which (numbers N have exactly 'three factors ? - .'

- 2 ,c. If, = p (where p is

does N Dave ? -'

-4- If tc1 :(11/2 p and

ha
4

3

a -prime numbed'}., ...how many factors'

_ how many factors does N
le

.e. If N = 2 (where lg.,--

5.

q aeidifferent ime 'nyMb'ers,), ,

e? What is the ,mum of its)factors?

a bo 'eine ,number),, :how.I;ny lectors'
, ,

. does. N , naves e i .
,/

( . ^b 1 ..
. r4. a. Is it possible to kave exactly four composite numbers between ,

`two consecutive ? -If so, give example.
.. .

, .

.4. . . -

1 ir I.Is it. Possible to hAve exactfy five oonSeebiti,V,e Cempos.ite,

numbers. tyetlien two -consecutive primesif If so,,,zi, an example.. .
/ ", .--

it a

---* /.. ..:,,,u, ; at

b.

.

.

j A ..13.

A

.



...

. .
f5., ,

o ar

"S4i4,.

.1)
Given the numbers 135, "222, 783, 1065. Without dividing

..r.

answer the following questions. .Then check your.answers by dividing.

a. Which Anbers are divisible, by 3? , ....&

1.1
b. Which numbers

\
tire divisible by 6? - or

c. Which numbers are divisiblevty g?

d. 'Which numbers are.divisible,oy. 5?;
. .

'

,

e, Which numbers are divisible by. 10

f. Which numbers are divisible by 4?.

6. 112 -1,11ip bulbs '"are to be planted in parallel' ryws.in a garden.

Deact,ibe all possible arrangements of the bulbs if they are to be

planted in straight rows with an eglial number of bulbs per row.

70 Ten tulip bulbs are to planted so that there will be exactly five

rem with four bulbs in each 'row. Draw a diagram.Of this

arrangement.

Which of the following numbers- are divisitle by 2f.

a. 1111
ten

b. )1111
. seven

c. 1121six

d. '1111
ttree .

1:

-

A

4

1 *,
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Introduction

Chapter 8'

DECIMALS, RATIOS, AND PERCENTS

By the time that a youngster reaches theseventh grade, he should have

' been exposed to'the fundamental operations wiih,decimals: Quite often hp...

Familiar with the

he may know how to "shift" decimal points in division, but still have ',no

idea why he is doing so. 0-

Consequently, the first objective in presenting a. unit on decimals-in
0, 0

gradeseven is to review the fundamental oPerations in terms of their basic

A
.

.

*
meanings and rationale. This proves to be a non - trivial task, inasmuch as

. - __ / _

sernth graders all too often feel that they know everytting they shoula
.

wish to know about de4mals, at least insofar as the mechanics are inv
..... ,Q, . -

They do not loOk with favor upon What they consider:to be a review
... -. // /

elemen-\.,
,

tary mathematics. It Will, therefore, take "saleSMahship: to co nce them
o,

of the importance of understanding what-they are.dO'rig.
s

A second major objective for teaching a nit on deal s is that. the

,

development of the set of real ,numbers, toget r with it /properties, is

best accomplished through a discussion o /decimals. Chapters 5*-7 we

have developed the number syst,p thro the set o rationals, In this -\
. ,

ii;als to e lore some of the properties, /
-

chapter and the next we shall use 4

°'. ' of the set of real numbers: r. .

. .

Tl-ere are numeroUs soci// al applicat s of decimals,sna percents that

pan be' introduced by the teacher, alt gh most texts now: tone': to Place-Ie6' -1---

/:.// "ot 0
j

= emphasis on such applipationi than s been the case in, the, '..,::

We should note Ilere th'at v ious textbooks differ on the language.tl'iat

s used to dis.cuss ecimals. or example, although some,teies refer to,
..

."decimal fracti this rminology will be avOided here.
. ,

8.1 Det e

ei, .10 ,t, !p
%A 7-, 7 ,

4..---%!' , . . . ,t, , . .

- . commonly used for decimals is merely a matter of convenienco..'t
' I , . . , o,

.

Act ld have managed if decimals haniever been inventedAbut it.
.

mfer more difficult to compute than ia::11n4hdlYabe. A also ,

, . .

s to, help satisfy,the demands of the real
,
world. TLs; tilekloitt--

entist dbes not work 'With,nUMUrs like, n and 1 ,but rather
.. .

fre.

11,47
°

0

ts°



I .

With such rational approximations Di-* these number's as 3.1416 and' 1.4142,.,
I .

The histo of the development of fractions an interesting one. The

ancient E tians, for example, ilrote all.of their fractions as thl sum of

unit fractions, that is,
.
as fractions with 1 as numerator. (Th only

exception was the fraction for which, a special, symbolwas uged. ) For

example, they wrote:, /

two-sevenths as

five-sixths as

The Rhin apyr

in .terms of unit -fractdons.

1 1

2 . 3

2
instead of =

.

instead of .
5

1.

bles that show how to express man fractions,

1
. In a sense, our study of decimals begins through an extenSion

system. That is2.A.Te.now wish..to represent every fractio4in terms..4 g
..special set of fractions, namely those with denominators that alie

.

t .

ten.

'ff we consider the 'het of unit fractionsVith denominators that are

powers of ten, we can see that decimm±no4ption-is merely her Fa of

niming numbers,represented:by these fi-actiOns. For eX we

f a ;

veers of

. ,I
N

e 1

10',

-1!

1000
001 /(.one-thousandth) .-

,

(One-tenth)

(one-hundredth)

. \ , .

/
. -It is impo t fOr youngster

10
to see that --- and .1: are two differerit

/ '

namea,Tor! he tame numbet; only their for is dlfferent. ain note that .

.... , .

we could have gone -along very well us.ing the fractional fo the d imal

notation is it mecily,a conVenidnce,and not a necessity. r

. .

II
i it Is 'w.ell..to providerseventh graders with an opportunit to wrire,

, . .10.,
\' decimal in expanded form, =King useeof powers of ten and expon4wts. They

have al ady,Abne 'so for whole numbers and nsiw.ihoulddclii41.s.e. f ecii"
. ....r .

mast For eiti;Iple:..i-:'
.. 4

4 1

1..--N ....

. ' . . --1
4

1 2,. , 1 '1 -
,

",:i2...4. = (g:",x 10 )+,k7' x 10 .) +,(2,x 1) 4.'44 x.--,Y
,. _ , ...4..

_ ..,.

3:148 ..(i x 1Y+ .1.X -3.---,,,) + (4-x- -3-:--5.-4- (-6 x -'-''-) 7.

. .
4.,. '" q .; iv f 2:00.

.
1000 . 1

I

1= (3, x 3.) + (1,x 1 1+ (4 x + (6."x
10 . . 10, iO3

182!- 49-0
s



4

6

, . 4, I

The similarity between this ,latt expansion and, the corre
interpretation shown below should be apparent.

. ... .%

'',.. . '',, 3. = 3 xi. =3 x.l.'
1 . C,

,
t.,.1.1 = 1.X :1 = 1 --1.,T- .0 S...e.

4.,. ik r ..::-..._ . c 1 !,4 4 -, . ..04 = 4 ''--rial,_ = 4 x 155
' 4 . ''..''

a I
.0G6 tr 6 x (.001 = 25,2,000.

't 3.146
t,

that the valueof the one's place can be written 'as a pOwer. of
using zero as,._;the' exponent.

onding decimal'

te

,:,%,.. ".<r-.

1
f desired, we May write.

5.67 = (5 x 10w) + (6 x 4: cr':->(

10 r 10

n'to help us express decimal's infractional
I 3

ban 14.4e 'expanded no

as Tollows;

6

4 0

k

at

4

b.

.

100 100_21. ,
'1.00

0.3146 = (3 x.1) 1"
(1 .x Ibe-"4 x l000 x l0000

3. 4 6
To 7.56 i0000

3000 100 40 .

0000 10000

10000

,

Again we note that we merely haiie two diffe ent wa pf naming the ..s.ame,,,
'number) Furthermore, we note that. at-number written. withl one decimal rplace
represents '"tenttig," gone with ,two tlaces'reyresents "hundredths,ff-and so forth. -`,

For better classes this is a 'good ple.c.e.,to Introduce the concept.oC_F,
negat e 'exgorient. Conaider, for example, the expansion for 0,,,,8.1.46: '

1k
,

.
, ,!' 0.314,6. = (3 x10-1) + 10 -2) + `kit x10 ) + .

-3 /

...0===,,"1.lnk.whOLA

r4.

. ,



Here we, note tha
. b )

40-1
= X-2-=

=
17 ;

t N. 10 .

\, .4

r -n 1
In eral, 10 12

n '
10

for any ifltegbr n.

,

4

3 1 *4 110 = ; =. .

10

Aere n is a whole number.' (Indeed, it is true

.1-ve-...- . i ' , I

.-.\... , 'With this last definition, ye haiiort,riow,given a meaning to any integer as
:. 4. .

-..-* ., an exponent, be it positive, zero, or 1-idgatixe. The familiar rules for corn-, . .
puting- wi-41 exponents can no* be extended to include ,all integers as exponents.

.For all -integers B and 12., .
....

nP x ab =n ,

a+b

a b , a-b
:* n ÷! n = n,. .. _,-^

..----his is also, an excellent opportunity to extend a student's unde'r'standing
i

of deoimal notationby consiaring other base no'Iations as well. The pattern. . I..
is the same; however, instead Of powers of ten, we use pwers. of whatever...''

'-
tase has been employed. He.re are several examples of expanded notation in

.. ,

other = -`es In each case the numerals in the expaRsion are :written in base
. . .

tea notation. Howe r-,---.34e, should be careful not to call the numerals on the,
left "decimals" since this would imp y base ten. . ..

.
t ,

2,,, 1, . 1, , . 1 ,, 1243.234_ = 42 x 52)i(4 x 5 )+0 x 1)+(2 'x .013 x -&-114 x -,--itve -, 5 3
5 5

.. ''.4632seven' = (4' x 71 ) + (6 x -I!) + (3 x 3), +\ 2 x
17)

.7 7 0 '

the

We can eztpre.ss these4numer als as base ten numera,ls merely by
7-T- '11 -"N - ) -V` 7

A .4indicated computation. \ , .

-.342.five 1,
)

,= (3 x
5

+ + k2 x
5
2- . 3

Completing,
4,
. 4'3

e may writet'

,.. As S * *
/

Yew

1
.

.'j v7vP

1.84 Os °.



Class Exercises-

Write 4ech of the followinA in',expanded notation.

1. 274.58

2. 9.075

3. 32.41
. five

4. 2.0416iven

Write as a numeral in base ten notation: ,

5.
.243five

;

6. 32.43
five

7. Write each of the fo1lowing as a parer of 2 using negative ex nents.
1

(a) .1-7j. ,(b)
1

(c) (d)
- (e)

8. In the following figure the point P

interval from 0 to 1. Name the coordinate of this point with a

numeral in..:

(a)%baSe tcro (c) baAe eight

(b) base four (d) base ten

I .

indicates the midpoint of the

f".

P .1/4

S.

8.2 Operat$onswith,Decimals,

.

Normally one should expect seventh gradersto know how to add, subtract, .

multiply, and .ivi e rational numbers written as decimals. In grade seven,

we wish to pr videOpportunites for the maintenance skills. At thAmsame
.

time it isimportant that.we,stress
)
basic meanings and understandings.

In this section we shall revielt briefly the manner in which the funds::
2

mental operations with decimals may be treated in the seventh grade.

10

\
'

1

Additibn ,

The dittributive property, -is needed here and -should.be, reviewed firsto
.

_
Tteall that this property states that for.lail numbers a, b, and c, wek,havel'

.

a. (b c) = a b a - c

f;

Now'sdppbse we wish'1,to add two numbers written in decimeA ; for

1,§xample, 0.23 0.64 . Certainlytthe seventh grader,will know. that one needs

tb "line up" the decimal points-and add, but may not know why, we proceedin

I i'3`52 Os.1 ,
=

c



.
T.

this manner: We can -j stify this process by expresing the numbers in

fract4onii form and t en using the distributive prOperty.
..- .

23' ,-,. .64 10.23 =
. 1 .

0.04 = ---- = 64. ' x100 23 x no- ipo loo
Tperef.or4

. .

' . ,

... - . ,....
. 0.23 + 0 .61i . = (23 X 4.0) + ( 64 x

1-`-7j,-'7,) 1.--
-',. r

., (23 ,+ 64 ) x,

`= '87 x 100
1 ,.

87t '100 1

--=. 0.87 .

;
?

We tiNiri-saw

,-

that this same result can be far more conveniently

'by writing one numeral below the other. 0 '

sr . t .

. ,:_,. . .'.

1
._

''

. 0.

0.23' In this ,form we are adding the number in the.
10 place in ,

''' 10 :64 the first addend.to the number in the place in the 0-,

0.87 , second adclend, and so on. hat is: 1 *\/',.1 i
Wi

,

I

.. .
, 1 ,. . 10.23 =. (2 x Tu)

+ (3 X 17170)< , I
0.64 =

`(6 x 4-'0) .( Ie i
., N

1001 / j00/(?',c&AL) + (6 x =) 4 3
4.T3 10

N

= (2.4.
.

.... (3 4; x
.10. 100

-

( 8 x 1+0 ) ,( 7 X i,00)

8' 7

+ 10010
80' ,,7

= 100 + 100
87 ---

= 1Q0

= 0..87

Note hOwithe.distributfive property has been used twice. 'lie could also

have justified tile addition in this manner:

0.23

: 01( 23 + 64),

r - r
.01)

: -
ir .- .-.... -. .> T ..- 3. .---fro, .t. '...' .01(87). = ^OAT, 1-.1.-;,1,7..-},t.,:l..t,,

',Note thfit thls,iatter,justification .implies that we know that .the

_'.product ':01...X 87 is equal. to Q.87 . HoWever; this-can alwaSrA be explained
. . .,

'86 2



1:

A

,

urning to fractional

.01 = 12061

87
"1.

YOT5

01-87 .. , .

, , When ,r egrd 'itg (''' ingu) is'involved, we can jdstify the usual .
.... .. , . .-process as follk.s: .

-... ..,1 .
,

PrOdethil'e t / .. Jititificationt..
Z,

t,

t 0.75 0.75 "4-0.50... (75 X
00-1-- )-+--.(50 x 14.--0).1.

-+. s0.50 ;
1(75 + 50) x 155

. nM
1.p5-

.. (125)'x
125
100

./ . 100-+ 25
100 100

e 1 +10C'10C

4 1.25

SubtractItift

, v

The subtraction .process can be justified in much tk* same manner as
addition and 'thesiefore need not be explored in great detail. For

-:(42 7, 0.37' (82 X T.2015) (37X 715).';

=L(82 -.37) >6-245.

45 x loo

=. 376.

:=. 0.45

/Again, the development makeseese or the distribu Tve p-roper.tri
Using frattione; the . ratIb ale of (he' subtractio prdeetas.,gan be ;11us

t.rated as follOws:

c.

example;,

'

1

L 187

'<:;t I.
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.

0:82

0.37

8
10 100

3 7;
10 100

7 :1 r 2
17) 4. ,WATI517

7 lo a
IT 100
"..3 0: 7

7. -"t___,4 ..'

= 15 + i.otr-,....
.

. 3 7 ''''-.,
.

-- 10 100 `-
4....,

"L.._
.

'Its.

J it'",r

4o 5'
7.575 Too = loo.,

1tiplication
. _ ,- N 0

.

The process Of,multipStcation w h decimalslemaY also be deveroped through
, .

4

the use of fractions, Again; It is impo ant tp.realize that decimal potation
. .

is merely a convenience, riot a necessity, aa,that we could get along quite
..,

I

..0

well usingonly fractioni. For example; let us seder -the product

0.3 X 6.25. ttactipnal form: . ..
.

AD- 0.3 x 0'.25 (3.X yo.4)).'
1

(25 )$

10
1

(3*x 25iX4(3:+0
1 '

02

' . = 75 x (---)
a

N.

it

Notice the' use of Iheassociati've and commUtative.property of multi.plication

in going from the first to:the.second.step. 0,

"

r. .

. J. 188' 2P 4



When w see multiplication Of-decimals worked out in fractional form
.

we _begin t ne why we add the umber of decimal, places in the two factors
-: , , , ....-. .

in order to find the number of decimal places in the product. In t.h, iiree6,--

ing example we Multiplied a numbe? expresed 1.1Aenths by one expressed in

hundredths.

This1 suggest

place's;' we

may be helpf

0

in fractional-form we found the product: '
s

1 . 1 I

10
1.:

C 102 103 .4
,

the reason for *Te usual rule of adding the number of decimal

r
1ro; ill 'feality, adding exponents that are powers of 10. ,It

1_ toysee this process using negative, exponents.

t 0.3 x 0.25 = (3 xo10-1) x
'

(25,x 10-2,)

/ 22
. i = i3 x 25) X (r 4

o, x io- )

= 75 x 10,3

96Q75.,.
We need to be careful, laowex,v, in °roc treatment of Zeros. Thus,

, - .,
according t tre preceding discassion, ,0.4 x 0:75, produces 'it- prothict

.. ,

expressed/tV\thousandth9.' '

,,

0.1 x'0.75 F (14, X''. ) x (75 X .12--)
), 1000

s : = (4 x 5) x (-1 x .3---) 64.
1,0 10,2

V
= 3.00 x 1(

')a.
. _ 103

:

eXpress' $rociu.ct as 0.3; that, is:

0.300 300

3l
It

=-; 0.3 ,

1405
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Class Exercises '4 -

9: Find the sum 0.45 + 0,81_ e fractional approach given in
. e

.

difference 0."29 -by-tisi:rte-tit44-Jvidt4:A}.91 approa J'

thi,s section.

10. Find the

11: Find the product 0:23 X 0.45 by using

a) a fractional approach;

(b). negative exponents.

Division %,

, 7 '
I

.

The approach;tq.division with decimals shoulA also be-kvilEUrp:in the

asSumption that the seventh_grader.haa been..exiaoset topic, but ,needs-,%
.0- ,

a..tresh look at,the rationale of tbe-prdbess as well as ptactice with the

-operation. We may begin,by assuming that the student knows hold to divide
,

with whole numbers. Therefore, if we are able to legitimately convert a

division -problem that involves decimals to an equiva/ent 'one-involving whole

44,
,:nuMbers,, then we hall be in good shape. Consider, for example, the quotient

,

53:75 + 0.5 . Written in frab al form, we have:

53.75+ 6:5

Now we multiply.this
100

fraction by ---
100

53.75 loo

9 .5
loo

-

.

: .:.

Thus, our dividion.problem
...

i..s reduced tO
, '--

only.' We divide and,40..1*r.quotlent to be.

-:.

53.75
0.5

53,35 x 166
0.5 x lope

_

5P5
50

r.

one that involves whole numbers
0

1072, or 107:: :

0.5153.,75 1-------0-

41. '
411

107

50(5375'

775
5`c)

25

53.t14 0.5 = 107 !?-3r = 107.5

o

:6; 190 ?

1

-



, . , .. .
From our knowledge of multiplication of decimals, wecan check-tha division .:...

gby verifying that 0.5 X 107.5 = 53.75 . .
-----We then proceed' to shorteh- this process somewhat by__!'-shiftingn the

decimal point so that pnly the 'divisor is a-wholenumber: A%. .

------------- ,. _ , . . _ . .. ..

, ____ , , ,

'

'

a -- 0%5-153 75 .=,`. -- 5 .1577'Tom( , T ) .4 _,..''.1 -s ',

Thig i,_,,s legamate in that we are req.11y multiplying bar-ctiviclend. ap4--- .--visor by 10. That is: -. . .

. ,.

- 53'75 )
10

< 10 -537.5 , ..
0.5 5Q.

.,
..Now all we need to justify is the locatiun of the decimel point in the quotient.

lij do' so by rioting that when the divIsbr isle whole number, then'the4d videndi
'and the quotient must .have the same number'of decimal places. (This f lows

quotient,. from the fact -that the'product,of the quotient" and the, di. :isor,giyes h
5-;\"dividend.) Since* otir,revited clivdend is expressed in t nths, then th vo- -

,._ .tient must also be in tenths. By pi -acing the decimal point of the quotien
-i' dixectly above that of the dividend, we locate the dedimal point of the quo-

tient automatically ,in the oorredt place. . * .
.1

As with multiplication, we need to The Careful with4 erds -in the dividend
when locating..the decimal point using the method - ju.st given, For example, if

.
in the previous example, the divisor were 0.4, AA we would 'have -: ,

t
..

. . 53,130134375, .0..4153.75, -,--,...- It 157T.5
e

. ,

/Here the quotient has the same number of de cimal places as the dividend only
',.

':. afitel- zeros have been affixed to the dividend. '
'413.' An aiternpte explanatiOn to division with decimals that you, the teacher.;

.. ...
may appreciate is based upon the equation showing that the product of the'
quotient and the diviSor gives the diVidend. It parallels /glosely the first

showri above.

' -
045-1pm, 0.5n = 53.75.

4; 59n- = 5375

.s
,5(I0n) . 5375

.J1/101gJCVN.:, c19/171.Tel°15 -
, 1. -=".

However, this answer, 1075, is ten timeseliala wewi-shl. There-
fore-, the, quotient most k1075 +.10.; ..-that is, .11 = 107.5 .

?location ofthe division. proces -s iii-4-4res-35f Vccibrienti13,3o-eation is
also revealing., For -exampl-ei -note hpw- we may divide,, 0.125 by: 0.5',":

-- --.

.;
1,



4

+.

00125 ÷
125 5

103 0
125 101

3 / 5

.Y

10

1 .

5 310 -,,

1

;: 102 .'

. =

= 0.25 is'

.' - _

Here is a hood place tb give special attention and emphasis to
:-.

answers. ThiS should. serve to prevent many errors in location of decimal '

.,..14 Points. The youngster who Tecognizes that 21.75 ± 5 is 'approximately 4,
:.

;.--.

wil then realize that the ;decimal point in ,,the quotient should be lo ated

\ N, , ,, --,13S !4:. ./5_ t _

b
, \ ,. ' --,, 1 1, .0-,, , ,.; , : , 1 A 1 S ) 1 ,, -4:r

-1 ,

This completes-our discussion on operations with decimals. In the next
P

chapter we will look again at decimals and see how they can be used in .devel-
,. .

oping the' set.Of real numbers.
...

-! ,?:::::7.;

`-'

..:,... . V

\CleAs Exercises

' -12.
\

\Find. the quotient 0.65 ÷ 2. by - ' -,---..,....-

(a) '.the equatibn approach as given in.this settion; I

,.. . '. \ (b) use' an equivalent problem involving a di.Viso that is a whole.-,7

estimation

t

number. _

OP...

1 .

8.3 - Ratio and?Pro orti s
, t--,7 . ,. . .

,.
'A ratio is used to compare two.pUmbers. When we°Sbeak of the ratio

two numbers, we are referring to tleir relative sizes. Thus, if ttro nwnbe

are in the ratio of 2 to 3,. th 4:irs-tlis two-third's as, large as the

second. If the number of elements,in,two sets is in the,r tio a to 3,
c J i 1. ; "(4,

then'everx two elements of the first correspond to th ee Ments Hof the
. (
secodd.-) This ratio is sometimes written as - 2:3. iia,, inI;ibates a

corre riderice between the numbers 2 .and 3. HoW litany p_ai.ts of'`',

. ,,

__-

,,
numbers 'aye this' same_ 'correSpondenee?1 'some of them are

,-\.. --, - .....t. _,.,.).

,-*/.. 320-.. , 1,...A1
tlit, A.....,,,

. 6 and 9 .
.. ,

3 4 .\1- . ;;.'...1 .

1

20 and 30 .

(..
24 an4 36- ;\

of8 .192 ,

J R



4 Indeed, we have an, unlimited choice of orde

same, correspondence or ratio: In general,

an4, k a counting nuMber,, art in the

that we refer to these as "ordered" pairs o

the two numbers,`compared changes their rati

sents 'the same ratio as 2 to 3, 6 to
n- . 0

thivdoes not 'happen °is when,A number is c

40 to 40, 470 to: 70, and 257 to 257

ld to 1.
, . .

Since many ordered pairs of numbers
-e

yommonlp5 expi-ess them in "redu 'Sd" form. This requires dividing each number
r [

by the greatest canon ,f actor. Thus, ratios puc as
.

160,; Ito
'1.

0.00 to . I

d pairs of numbert.that have the

y ordered pair of the foimi 2k
.; v0

ratio, °2 to 3. Notice

numbers. thtriginitite order of
while ,4 to 6 repre-

e "

same

foes` not. The only case where
_ .

mpared
I

with Itself. For example,

all tePresent he same ratio as'

ay be n the sani'e 'ratio it is _

,

....

are usually. written as "40 -, to 1. A:

We, frequently use ratios, which are co a ,isons between .numbers, when
. .

comparing quantities such ad. distance in mil s ana time in hoUrs. For example,

-us,ing-the__figures_kbove2t person who travels 160 mil% in 4 .hours averages
,. . .
--the same rate as one traveling 400 miles 1.fr- -hot r-s--pr_____Q00_miIes in

..

, 20 hours, In each ease the ratio of the numb r of miles traveled to the . .

, - ,..---- et
number of hop's spent' rave ing is 40 td- 1. Using this ratio-yit- is likely'

e ------
tribe his rate as 40 mile_s_pe-r ---1" hour or simply as.

4
10

201 Boo to

1600 to 4o

that each will. de

40 mph.

In thelul-er-rd IWe xd that r equjts

again the variables Tepresent 'Only' numbers.
.

r =

the ratio of d to t

Thus, we write

-

This indicates a fairly, common practice of using fractional, notation to rep-

resent
,

eithera ratio. In general, the ratio. a to b (b 0) is written either
-a,

a;:b or -.6- ., Eve
=o,

rat1.9nal n ber, can be thought of as a ratio. , This again.
. 1

emphasizes the int rpretation Of a fraction as an ordered paix of numbers.
, vivo- ,'6

umbers which represent the samearati,p, such as

may write -
c '... ( (,,

,, '

,

-,. / ::-.1."----2-17.4.;_b-
----==.7.7z----

.

If we have trip pairs of

---=3 or 4= r-to

or

1

2 4r
t

.1903 2.Q9

ar

5



Such a statement of they indicated

How can we tell yf two 'ratios
8

T9t1-°ZiThe
in °the first set for every 3- in

, le
, 1 memberin the first set f

describe different corresponden

,represent the same ratios

Treating ratios as ratio

property

b
_ C

a

the example we f
, , 8

equal k yg

are often con

In

are not

1

We

quali y of two ratios is called a proportion.
6 ,-

are he same? Fob' example, do rj:. and
, 6- .

'rat o of n is the same as ,. 1 number
)?-9 -- 8- .

3 .! .

-second.- The-ratio_ .T. is ihesame as

very 4 in the second. ClearlYizthese

nd we conclude that
6 8!;.7 and do not

Ag

umpers we can compare them using the.

t

onir if art

6 x 3t ./ 18 x 8 and thus conclude that-the ratios

1 .

ed with finding the fourth member in two

numbers which name t e same ratio. For example, for what value

the ratios and .:.--BIF-theeame.2 The problem becomes one of finding a
3

5 a .

ti

pairs of

of d will

replacement for tthat makes the following rue: '

V

The solution

,/
You

theta

3 6 ''----- ..,

5 =:c37
-------,--

:' --..--

can readily be found,fi-om the Correspondingequationv

3d =5 . 6 .

J
. . .

. ,

know.of the many applications of proportion and we will not dwell ton
. ,-.

here. Proportion is also an excellent way to approach percent, as we

/ will do in the next section. As some simple proportimuroblems, let us
1.

"solve the (ollowig:.,

1. I the.ratio
9

11 to 10,

expect

a 44

of department head's salary to a teacher's salary iso
what increase could a teacher with a saltqy of 47600

if promoted to department'head?

'n: Here the propdrtion is

?."),-.** -

./

11 s

10 7.7600

condition for equality

.10 11 7600

-`10s '= 83600

s = 836o.

,the increase is 4760.

,1.94

. 2 -1 0

Fp
Ss,

we httve ,



. ,

If the ratio of:the football coach's salary to a teat:- 's salary

01isi:to.____100
/.........._

what increase could the sake teacheriexpe if

:-.4. ,A-VeliZ4......4,WZI,.. ':----. ----.
. .

Solution:

115 s

100 7655

loos = 115 7600

r s = 8740

Thus,,the increase is 41140.
I

The importani_point here (apart from the salary problem) is the method

of solution. It'is a general method of, solution and is-applied in all
---,

problem situations of this nature.

Class EXercises

13. You have just finished Chapter 7. in a IgOok of 14 chapters. What s

the ratio of the chapters finished to the total number of chapters ?'

What is the ratio of chapters remaining to those finished?

14. Find N in the.following proportions:,''

(a). FT- =
412

= (c)

2 N 6(b) = -(a)
2 5

15. If the imtio_O!b cats to dogs in a certain city 5.60

how many cats arer to gd with the 3663 dogs?

16. In a certain city people are 4:3nd of,two ingredient in,

a

Inca

of 13 to 2 (petime to 1 or ' 4 to 1).._ How
t

much of the second i lent should be- used to go 4ith

the-firstin -.lent (using the' 3 to 2 ratio)?
-

8.4 Percent

1_ Dne oi"j cs, of junior hi
, ...

shc
-- Yet41giistudents find it either confusing or just plainer -fig} Part of this

reactiOnp4s come from thOeacher's lacit of knowledge condernqgth isle-

tfonahip ofpere7ntI6 the rational numbers and mathematiCs,in general. The, ,/,
$ '

ematics is percent.

2'1.1
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ff

other part

adult but t

' stuAent.

:percent as

rational n
t

Thare

hun.

,C.f saying

As a rAti

pto .

Dress:

used to e

c: Iculat

her a

t n, f

eatesg

e

10 .

num e

.4i

omes from attention -to applie4tions of percent valuable to the

marEot meaningful or sytnificallZ.t6---the junio!'"high school

.0 '' I ':
- - .--,,

. 11,

a wa

b F
is n

Th

roeeh-to-
#

cent focuses more attention on

of comparing nump6rs,.as aform of aTaLo, as a form of -a

while minimizing theuQlai attention given to applications.. ...u

thing mxsteriOdd about percents. The word "percent" means1.
.sSinbof is used for convenience and offers a short way

1 n.
s gou , Thus, 48 rexcent means

48.5g 4 100
,

48 0 coMpares yq, to 100. dther ratios suchas 24 to 50 and

ar, eqi71-4Q-Ilot ratio '44 to 100 and hence May alsd be ex-

; 4: . thePeraent note-lion is very,. col on and l'regueDtly_

pre h retie

'on. ITO comp

a fraation or as

st.write it as a
. " -
common factor i

between two numbers; it

h percen

imal -.press

wi

4I
ress 48% 'as a de

is t used directly in '

14st first be expressed

48% as a .simplified frac-

denomdnator 100. Then by use of the

numerator and deno ator, simplify the fraction:
'a

Ip.
48 12 4

870 100 5-7T
,

, first express it as a f f adt-iqn 1.bith denominator

12 4 12

4. 27

11''

, .

9 :represent a fraction su

4 such that
-

.._. / :

\
. ; UFO -

l

..

We know that we can rewrite proportion as the equation
'f

i

1) 100 = 6 c . /

2 , c

h as 6 as a percent we need to find'the

Since 760 111,

ipo 3
= 16?-7'

' In gener ) any given ratio, i)- , can be expressed as a percent ly find-
, ..

a

. ,

\ a c
irig,the Dumber, c such. that - = --- The expression --- gleans the same

I. 1 t
b\ 100 : ' 100

'

as c --- br c'g
=

\

I '100 ,

I

I,

1.151 l'2

c



$

A

.
This deVelopment illustrates the role of proportion in percent problems.

Many new textiDooks ncluding the SMSG Mathemat.ics for Junior Hi01 School

,present percents excleivelY through the use of proportions. This generall

helps to make the subjec clearer to the student. Howelier5 students need to )

master and memorize many o._ the simpler percent conversops,at..the.junior high
1

level. This requires repeated oreldrill and rev.iewouf the decimal and percent

forms'of rational numbers like

1 1 1 1 1 1 1.
, Tt 5 , $, i2, ; 20' ET,

. - ',,' . '

As we insist that students memorize the multiplication table as well as
,

know how to multiply, so should we require the student to memorize basic

equivalent Toms of"percents,,, decimals, and fractions as well as know how to

solve percentproblems through proportions.

In the,past, many 7th grade'books have treated percent in great detail
- , N ^ ^ \ -,--+ , , . ,. ., 1 .. - , -, -, 7, -1- -N ^ ", \ N ", al-r-,---
by classifying all problems into' hree oases. Th "three cases' of.percent

1.,

,77------hameen overdone pneltlin most new ,books this treat nt is either reduced or .

not found at all. All "three cases" may be handled t same way, by writing
. 4,

....,2:1-

a proportion with one denominator equal to 100. and fi ing the missing .41'
.

number. Examples follow to'illustratethe proped
/ .

/ A.a, 1.

.

If 28 out of 40 transistors failed to meetthe specx ications for'
-k- , 1 1 -- ., 1

heat sensitivity, what percent of.the transistc!Fs preide tive?4 -d -- _

. i

i

Solution: ,Since the_total number is' 0 and t e rnliter def ctive is

?8,. the proportion is -=,
..z.

_.1._ , _ # .

28
.7.

70- 1765
it

so that 40c = 2800

. c ='70 .

This 70% are defective:_

2. If Janice needed 470. ior'a cheerleading odtfit andarned. §27; oA

the,total by babySitting, how Much money did she earn?
ti

t 6-
Solution:, Here we know both the percent and the total se that our 7 '

proportion is
.

a 92
70 100

92 7. cy
arid a

100

a .,64.40

Thus, Janice earned 464.40.

3



a

8

.

.

lnta box Ofzballbearings
)
.11 are,

Ili' e*.faultz.: I is,r ,represents; 441g
i.. k.

were =produced?

Solution_._ In this

d

0

rejected by- an_ipape ,t as, being

of the total production, hbfi many,

t

Rse we know. the_porcentandthe, -part or lumbev

`rejected, so

Experienced teachers

the "three cases" of percent:

through the use of proportions.

cut writing the proportion, but

for the stu0 dents to ma

our 'proportion 'is,

11 44

b 100

44b = 1100

b = 2)

P

,

'

.. a

fa..
,

.% .

are 1-reated,.the_s,., -

students will begin,to
,

short= :

this appoach is a simple'onet,..-

, .

will recognize each of the above problems as ore' of

Notice -how all three

Wi-4Lexperience

at the beginning

.0*

hewn done in the treatment of rationals and decimals; so,that most of the e
t'*-

material is not new.

One shortcut in writing the'proportion is to replace AA rcent
(100)

by an equivalent decimal or Simplified fradtion. This 'can be ea ily, done. 2

once the students have d'evelOped skill in recognizing the relatio ship,amcmg-:
.

the percents, deeimais,.and fractional forms of rational numbers. This short-

cut replaces the,proportion,with the familiiir'forMUla

-p = r x b.

The-\variables p, r, and b represent numbers:
b.

4

r is the rate or percent;,

--b is the base or_numbei_onwhich_a_ra

/
p is the percentage ,ox part 'p#? the base

the rate.

e Applied.,;

determined by

kl
Notic

"plcent".

Again

sot d dirge

.ex es just

that the term "percentage" has a meaning quite distinct from

I

rcent problems should not be classed into

.y from the same'formilla;",p = r"x b:

given are exptesged 'as follows:

. \

2\ .p= r x

P ToT
92

p = 64.46r= 70%

9 1 4

three cases bat all

In this form the three

3f = r' X b

44
11 )(1).
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---ASAAAATA,Aalk A...3.A
4

' If the student 1- 'first introduced to the solving of percen lems
,.

through the_use-of propor
/i

ns, there s less chance e will have-
t

difficulty identifyitg the per -ntage an as'e proPerly when using the
"

-

Class Exercises

17. Write each of the following-iiia7ercent:
.

v:1/4 .

.
, (a) 1 (c) 4--1-6

4 ,
5,

, -
(b) 15 (d) 4..

200,

:' "
1)t18. Find the fraction which correspohas to each of the followin ercents:

.

.._____-_,-......---.---.*-1"-*''°-:*----"--"--.*-"---"r-re'rn-g"-:.'"'.' ,..
... -7-7177 37 X *

. 2.

(b)
1

(1) 5 1
, , y .,:

...
ChangeS are oftefi given in,terms of'percent,in order to prtwiqe a

standard for comparison. Thus; terms .such as "an increase of '251,0"

vr ,,,,,f0,4070 decrease" 'are encountered. Students sometimes have ,.

ditii.441tYin setting up the' ai50615fiat;pzopOrtion.. The change in,.1,0

.eitYidiase le expressed as a part of\the original quantity.. Thus,. . a 0, \
a salciry'of 44_,41D per hour reflects aJ 10X increase over a salary

.

of 14.00' per hour. .
.

I; a person. receives an 84g pay cut during a "retrenchment" and'',-

later receives en 8 % increase, how does his final saliry,-compare

viith his origin salary?

11-20. Ifa. book!,.is print6d by a photogaphid Process,which reduces the ii

: -14. 1 Ortglhalltiy- 15&A, iipit,l,qng,s1VIAllid ,segment_ be if,it,iA 'to be 14.......ii. .1
.

..,

04 "--Irt%Yie'fini-Shed-bookl-- -, ;
,... . _

,

-,' lir- --,-r- -+-* - 'S.",-, -.:. 1.--, --. - -

.g.kaesi§g_te...treibteet-i-r-tD7 ed wi percents ess en o an
., . i... - . ,

greater than 100 7i. .If ercet.v/have-been introduced, as another war of °.
. _

reprepentidg a ratio or frationaf name for a rational'mmber,l'hen students'

. should have little difficulty with these speeial percents.' Indeed. there'
. 4cIS nothing special about them,; they carry exactly the same meaning as per-

-

cents from i ig to 100,:.and'they are u9d in Operations in exactly/the
. ,--same_ way. Recalling the definitimof percent, we can write.., , ;,

.

..,

-1-
,..

5

;
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-

Similarly,_
. ..

;

.i.).0 = o = 1 0 ..=

100 1001 .

Writing.
1

. ,
'

Writing. a numeral such as -.. or a as a percent poses certain problems:
3

primagijy,,_,thRea ae,problems of form in not tion rather than anything else%
-:-."-f- -,- 1,. , L.,-. ,. -

apercent gives
.

Thus, writing u as 4,=',7 ,..,,,,,....

1 c

y

or
- 1

..f:\ c = 12T..

. 1. \ 1 , .
' 1275 --

1 F . -1Te miY41.17ffe 1224orl.---= whiblvis awkward and' clumsy, or
-, 2 -,o 100

,

. 0.125 . The-ljtst form 'is probably the most useful for calculations.,

--4rEirilliarr: 661em arise& when,we write' 7 ..as a percent.
_

1 3
- ,

. : . ,i

4' *c 1 ( ,',

u,,..

or
3

. 48' = 337
,

Here again we have alternate forms for expressing theresult. We may write

. .

f

./ . 1

1
33

13 ---'3 333
1 (

or 33 ''' as the resulting percent. More.
3

_,..

/ 100 : '
-- .

etention will be given to repeating decimals like .333 in the next

----Ttepter., ,.

This chapter has .13.ealt with several topics, some of which appear in any

\
- seventh grade'book whet as others are found only in newer texts. The. discus-

,sion ofjatioendpercen was brief, being related to the previous Work on

--..............1-4-........, ima]Wu.tm tslandeeim s. Presentation of these topics in tgb clesroom
,... ,

is prob best done with t same approach,.rather than treating them ds

completely sepa
.

e entities t st are new in-all respedti. ,Using the studiehtiq

.. - - ,IZ
. backgrOu in, these makei..the tpiics_easier_UdeOh, learn

'

and-and

...'"

,, IA N.,- ,.--,' N-s), -,1"` -- ',..
.% ei' !_._

,. . . -4,- .
.., _
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Answers to Class Exercises

*

41. (2 x 102) + (7 X lo) + (4 x 1) + (5 x-3----.ri:(8 x-4- ) ''4
10 ', 3:02II.: . .

. - -
1 1 1 1..,..2. (9 x 1) ÷ (0-X -i-0-)- + (8 x --ff) 4- (7 x --5) + (5 'x'...---7,1

10_ 10 10 .. -1 . , ' ,
----- 3. (3 x 5) + (2 x 1)"+ (4 x aly + (a. x .1..) - .-

, 5 2 I
' 5

....! 4.. (2 x.1)471-0 x4) 4: (4 x -20 + (1 x 275) 4 66 X .10 '
"1

i5. 0.584' . .
....,. ,r

7.. (0.2-7. (b) 2 -1' (c) =2 -4
qc

(d) 2-3 . (e)

8.
(a) .1.,.,r (b) .2four (c) .4e5...ght

(d,).
'Step.

,.

9. 0.45 + 0.83 = -(45 x --) + (83 x :1). .100 . 109. ... ,

r.

e

.= (45 + 83,) .x 375
= .L.28 x

: ' 1
100

100
=- +4.

= 1.24-

= (58 )< T66
)

(29y< 1753: )

= (58 ..29) ;7)51'

= 2 9 > 1 0 0 \

29 . \
100. \

10.E .0.58 -, 0.29

0%29

,

K:

.

1 r11. --(a) 0.23.x 0.45 = (23 k 7-2- > x 12)
10 10 .

460711111C

=

3
1 l(23 x 45). x,(---T-ff x ----)

10 10

= 10 1

9.4:1

=. 0..1035

(b) 0.23 x 0.45, = (23 x 10-2

r.
3

(23 45) x (

= 1035 x 10 .

*'

3.0-21 4
x 10-2)

= 0.1035

201
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.

N
N

z

.

n

2.5.1 0.65

. - .
t

A

P111;--!...-
5._ rt 0.65

250 /1-: X65 r
. ..--.-~-.- .'

1000 n 260 .__ ,.-_--.0.,
, ,

n .26

(b) 2.5 r0:7 25 1-6.5

13. 1 to 2; 1 to 1

(a) 5' (I)) 14 (c)

. 4884'

16. 211" oz.
tow 3

.26

25 16.50

(d) .15
_

(b)7 '4% .,(c) 22--,,I, *-- % (0 '566o
, 2 , s.. .

./'

0 400 .
7';'.06:52,,,

19 '4,iitrt.8,1 a r y will di-op to 92% of the original salary .n thanhe_ _.
k .---

Es--
in:creased by, 8 or, additional 7.36%, to end up as ..99.36

-
A,

, .' .
of the original.' As an example a salary -of *41000 ;/ould be 920%

'..

with an 8X dedrease. To increase_this 'salary by 8% we -bake

8.% of 4920,,.sor 473.& so that the - final` salary is only 4993.60 7:

. Si 7 - - . 6 caw, a a. oil.ow cr-or...p.A., c....4,0. snao ...A '6. ......
,. . , ' , \ ' -,-

: .---. x
el i Xt. I

-- ,..../....

' ;7,4 -

.4.

2
' 202
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it Chapter Exercises

.
. ',.

1. Write each of-the following in expanded notationr,,

five

;21, Which of the following statements are true?

(d) .E 7 '2,

-5

(e) 3
-3 < 3, 4

(f) 42>2 1

e

3. : Using the fractional approach given in this chapter, evaluate

each rof the following: .;

(a) 1.27 40/.47 (b) /0.4 x

'a
4. Fin& N in each of the following proportions:

b)

5. If tlyo triangles have the same shIpe, TWe say that they are similar.

We define similar trianglee..io be triangles with: corresponding

angles congruent and corresponding sides proportional:, ID- p ABC'

4

and ,-,-4 DEF are .similar with the_ratio of corresponding. Sides 3 to
.r

=k, find allsicM if AB = 6, BC = l2, and' DF = 10.
,

.

B

9

F

. Write, eaeh 6f the following as' a percent.

, ,

(£0 10 -kb). 1 (c)
1!

. pet A = 15 and B = 20 .
..410M*MOW q

(aj- A is wha percent of B?'
_

(b )M B sat percent of B?
....

(b) ,A is'what percent of their sum?
,

(d) B is what percent of thei4 Product?
, , - _ . .

i:y riheir difference is, what percent of their product?

-14,

1000

44.
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+ Introduction

3

Chapter 9

The Real Number System

c:. .1This chapter will complete ordevelopment of theireal number system,

Eis.it. should be seen by the junior.high school student., All to frequently,
Stitents at this level fail td see the cOmPlete'picture of the real numbeir
system and hence enter into algebra with certain gaps in their background.

a

a.

9.1 Reviewing Properties of the rational Number System
--, -, ,'

In til1e past chapters W have dgvelciped the properties of the rational
e number system., 'All solutions to ,equations of the form bx = st" a apd b_,

,

counting number's, are positive rational numbers. With their opposites
( negatile; ) and zero, they form the complete sets df.rational numbers.

,

Likewise, we noted that every ational number can be namad, by a fraction
,in the form D

=- where E- and a are integers ,
q 0 i .

You already have observed the familiar properties for, rational numbers,
,--wh/chiliiiiir'be summarized as follows:

Closure.: If a

,rational number, a

a -' b is a rational
Commutativitr:

a + b = b + à, and

it

.

and b are rational numbers, then a + b is a
b r( more commonly written/ ab), is, a rational number,

number, snAior is a rational number if b
a

If a and b are Fational numbers, then e,

a b = b a; (ab= ba).
,Associativity: If a,' b, ,,and c are rational numbers,

+ (b + c)*= (a + b) + chwand' a(bc) = (ab)c. ",
...<1 k

No Identities: There 1,-,FP'a rational'number zero .ouch that if - is
rational number,, then._ a r- a.. There is a -rationanumber 1

such that 1 = 1 a = a.
Distritutiv ity: If a, b, and

BA c) = ab + .

Additive .inverSe: If a strational number, then a'

then

are rational numl3era, then

rational number (a) such that 11

Multiptsicativ,e inverse: If a
en --there lea .rational number b

Order: and b are dig
either > b, - < b.I

+-re) . O.

is a rational number and
such that ab = 1.
erent rational numbers, then

a.
,

there is

0,

,?05 220

77. -77, 71:f7"-- 3,1 ,



9.2: Repeating-DeCimals

Left us once again at the use of decimals in representing ra

numbers.
r r '

numbers,` arel.exprff...ised--sin-dearial form simply

1, 2, 3, 4, 5, 6,'7,

N.:

Other pos.tive rational numbers written in fractional form can readily be

_repre's&Ited as decimals. If s fraction has a denominator thgt is a power of

tea, it is easy to write the fra ction as-a decimal becauseou-decqmal-systelm---
. .

is based on powers of .tort, For example:410 Of

0.3 3 5 ,

. 10
'55 . 0.37 ,

1000
3 0.253..

t,,..

If the denominator of a fraction is not a power of ten, the fraction

cart vften .be changed to an\equivalent one whose denominator is a power of

ttis.....For example:

3 b ^ 6
1 .125

0.125
5, 10 v. ToO5

On the other hand, a fraction like cannot be 'written with a denom-

.inatoi%that is a power of ten and a numerator that is a counting number.

To show tElit this cannot be done, suppose 'for a moment we assume that we

can write such an equivalent fraction. If such a fraction does exist, then

we would have two ways of 'naming the number one-seventh and we could write

' 1 a s.

7 10n

where a is a counting number and n indicates the power o1 ten. Using
a sc

d'
thetpr

b
perty that = tlenr ad'= bc, we get

0

10
n

=,7,1 a

Now 10' can be factored as 2::::1W1,.

---Wt-can write
n :

1 2 .-5
11

=A;,. a

The expresiions on the..leftand the right of the equation represent, two
r

factorizations of the same number. One es the prime fac 7; the

other does not. But this is impossible sihcg the Fundamen - rem of

Arithmetic says that a number has exactly one unique prime factorization.
/

,Therefore, we conclude that our original-assumption isfalse,""nd tha Ir.

cannot be expressed as a frgttion with a denominatcir that-is a power of

4.

ten'and a numerator thatis a,whole number.

z ' +



,' a
S.

We can, of course express
1

express in decimal,form di iding the numerator

-1 'by the denominator?"' 7. We already know that at no' stage in

1can we have-e 0 ,remainder because this implies that we can write as et
, )

fraction-with a_ denominator that is a power of. 10. Therefore, as we divide,

re are only six remainders possible, (1, 2, 3, 4, 5, 6). As soon as cace

of these numbers

quotient will repeat. ',

or a second time, the sequence of digits in the
I

.1428571

711.0000000 '

7

2

20
14

_0
56
.70

35
50
49
10

7

It

3)

This is the same as the
first remainder.

At this point,the sequence ofdigits 142857 begins to repeat itself

The quotientin the quotient and'will continue to repeat indefinitely.

usually written in the following form.

7 = 0.142857142857

'
r;4

.

The bar (vinculum) over the sequence 142857 :indicates the set of'digits,,

that repeats. The three d6ts 'indicate that the pattern repMts indefinitely.

Note that the sequence of digits_sIartedAo rapeatrin '-ttie quotient-4s,-A _ '

soon as one of six possible remainders appeare for the second time. -Thi's

does not imply that all possible remainders

' example, the deciMbl representation for 2
ry

remainders contains ten elements; 'hoWeer,

f -woT of these' remainder used.,

14818
1112.0000

1 1

go
al

88
2

must appear. Consider, for
mow

. Here the detpossible
-

the repetition begins after only

.11

k
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. ' .

'

Other examples of this notat: for repeating decimal6 are given here.,

, 41
l- .. 3 = .2076927-- 1 .0017.. §= i .

' ..

,Thesymbolism ado9ted f6r,repeating decimals can-be used for

expantions of:.rational,numberszi For example, we may 'write
.

e,
3 =-0.6 0.606

11 ,' (

9
n = 0.125 = 0.1,250.5 ...

,
3 if

.
( ',1"

In till's sense we
t

can enen say that every rational number'can be expressed
..' ,

.

as a repeating ectmal,.often called a periodic decimal.

3 1
and above,

-'termina ing

Some of., these, as

wi 1 repeat only zeros. These are-frequently called

ig26 w WIZOR n

the decimal.

How can we tell when a fraction - can be written as a fractiOn with
,q\

1

a denominator that is ajower of ten? ,These are the fractions that have

terminating decimal forms, that repeat zeros only. We, start with the rational"

number, a. p and relatively prime. \That is,, lei_ la be in 1:owesttermS.

First let us note, intuitiveiNtha \if a fraction has a denominator
. ...,

that:can bvwritten as the product of a p w'r of 2 and/or a ia.Ter.of 5',

then it canbe expressed as a power o4' : Here are some examplet: .

... .

..- \'.'

1
13 52 1.,/ . 5 325 - 1D. , 325---'13

m 0
2
3
. 5 - 52 ! 3 . 5 ,, (2 . 5)1 103

173 173 2
2

' 692 ...-- 692 6
1

Lif2 -
2500 r77 2 4 ,..4. . .--, ---'77 -

.''

-2" 5 -2 i' P , 1 (2'..)5)
'

10

. ..

In other,vords, we- can multiply
l

by appropriate powers 9f 2 and

to produce a denominator that ia:21. power of4410; 'N.
.....,..-____.1......2...- 1

_ \.

In general, We wish to see- which rational numbers can-be ritteninN q
10
K , IS\

,,

the for% --- 'where N and are counting numbers. Let us a sume we

..,

.

have the'following:

',
692

10000.,

5 in order

Therefore,

and

p N

5 loK'

q N = 10
K

N -
is 10K'

2.?

q

Now since p and .q are relatively prime, aoes -A6f'divide p,

=
must therefore divide 10 . But"the-only possibl9 factdrs of- 10

K
are

....numbers that are powers.of 2 or 5. Thus we,may conclude that the ration
ee

y 265, 04)".Y
t.4 t)

-
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.6 q
'number "can writteh as a Traction with, that is a power of.12

10 if and only:1f the denominator q can be expressed in the form.

q = 2
m 5 h , m and n whole, numbers.

.
1

'1, ,,, , 0 , I
e4'ClassExercises . ,

.,

1. GiVe the ne4t five digits in each of the following deca. al ,ions.,

.2727 (lc) .11

d) .121313 ..

of the 'following are true statements?

aY 37377 = VT '
(_bj _31377 .3737 ..

1.

(c) 377377:: = 377377 ... 4.

(d) 377 . .> .377377

3. Using the notation of this section, express etch of the follgfring in

decimal forin. - )
\ 1

(a)
(b)

7
,(c, --

99
. ( a ) r. -3-

, .

4, 'Which df the f011owing fractions can be 'expressed as "t'brminating".

decimals?

b )
11

\(C)
300 ( d =392400
101

e have seen that every rational number can be written as a repeating

decimal. A related question is whether every repeating decimal names.a.

rational number. ,Certainly, there is no problem if the:decimal expansion

"terminates" (repeats zeros). For example:

, N.. i 23 x156'
'" 43'23 '''' 100

, .0.7156 =
10000 \

me

Fox:decimals that liavesequences of reppating digits, not all zero, other
. .

. .
methods are needed.

. One method for expressing a repeating decimal in fr tion form uses

_the clever technique of subtrecting,out the repeating digit 'of a non-term-

inating decimal thereby producing aterminating decimal that can easily be

handled. This- Apipulative "trick" is illUstrated in the examples that

follow.



Let, . N =.'.4545475.

'First multiply N by 100, and then subt

r

100 N ;45.4575,

- N = .4575 ...
.

99 11,..= . 00,0?;

99 = 145

N
445

5.4

7

e pioduct..
) to4

ate multiplying AN by,` 100 ,has the effect of aligning the repeating

\s .uences of the decim s in and 100 N so that they. can be subtracted

o give zero 'in each ase. The example shoWs.that
.

.
/

.45455 =.

I ,

\As another elemple, let
.. - ,

' e.
1 N = .121123 :..

.

4,

Fir multiply by 1000, and then subtract as before. This gives a new

deci where the repeating sequences are zeros. Do you see why 1000 was

chos =n for the multiplierhere?.
ft

100Q N 123.123123 ...

N = .123123 ...

999 N = 123

123

999
41

333

Nota e thp.tthe repeating zeros found by subtraction have not teen written in

this solUtZdn. 1P.6;1-1h xamiple wePsee that
,

.123123- . =
41

.3)

F &ally consider N = 2.475

100 N = 247.56505T ..:

-N= 2.475057-;:..

99 N =

245.09
N -

99

c.)

4: 4,a -.
210 4 i.



This'can also

That is, we have,sho

The method just

'texts. While. appear*

reveal that very fundam

Oen we mall multiply and
e.

all? WewoUld rike to (

OtheriMethods are aVaila

'form. Theytoo assume certain

decimals. One invo'ves the use o

d

written as
214509

e
90Q

, which is clearly a rational number.

that, 2.475 ... is the name of a rational number.

d scribed is found in many junior high school mathematics
. 1

lausibIk at first glance, a closer study should

ntal,assumptipn underlies the techAiqu (.

ubtract "ipTinite" decimals in this manner
a_

ctually we4 saume) the answer is';yes.

Messing repeatirgdecimals

regarding computing with

forms Of unit fractions

Indeed, ,

at

e for exp

roperties

decimal

ve powedenominators one less than success

Theipattern-in

To write

,

The ,technique

of the decim

4

1.3,1
9

.010101 ...
99

999
1

often. For example:

in fraction

"infinite"

with

-.:00010001-,,,,,,,

these-decimals s d'be apparent

.4545: as a fractiOn-We procee

45(0101

as of -ows:

1
.\.),

=4g \

\

=- 45
99

IT
-c

ill work for any number of digits it the'

For example:

.

repeating decimals essentially_as).nfinite gedmetric,

of course, is exactly'what they are.

45 45 45
.4545 .

3.0e 1003

'123123
.123

1000 i0Oe 10

This method treats

series. This,

:123123 123 (.001.67.5...1

= 123
999

123

999

=,333

epeatiqg sequence

la

'Se

211

'926.

1

eto

.7



,&& °The eXaMp

h8.11 accept as

,
es of thiS section Suggest th
jrue

Every rational
,

a repeating decimal,

A v,

following conclusion 'ti\at wet. ,

r Can b exioresed -as
arid el.r.ey repeat-217g

. decimal names' a rati nal\number.

Class Exercises

5. Write the following
(a) 10 N

(b)_. 100 N

6. Write the following
and )3 = .

'(a) 6134-

4

products.as repenting decimals if N = .2929 ...
()
(a)

differences as rep ting de cimalIf_ _A =\.222 ...

) 10A

7. ,Exprpss each of the following as a rationé. number in fraction
(a) ..,27f7 (b) .1351

8. (a) Expre-s-geacthevfollowing as_a_fra _

.99g

bets s of the results , found in part ( a) , is

.;(

and)
.,-

_ ,1 ./09- ... ... S005 .... ? r, 1 '7

Does every terminating decitrial hai,e a second corresponding decimal . ,

-41;4
i.,?

f'orm that i non-terminating?
. .... ,..

' i . '.,., _, q

.

a '
\ . or

9.3 Irrational liwribera ', ,- ,

In our discussion toif the positive rational numbers-We noted that they ,

coulebe dtfined as thel soluLons to equations ,of the form

.999 ....= i.00. 2.".

;
wher"4. .a and tit are c/iuriting numbers,. Thus

' .

orm.

trye that

. . .
all have solutions, that are positi.ve ,rational 'numbers.

Let us turn our attention to another fain of equation. What is the
. ,

nature Of the .soItitions to equations of the tom

,4(

212'9 2 r
=
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,

.1. I

2'
= k

. where k., is a counting number?

What values of x make the sentences

x
2
4='2, 1' x

2
= 5, x2, = 7

. -true? 1,4th these questions we open up an entirely new area of investigation.

.
1

, Can = 2 be solved with,a rational numbdr? That' is, is there a

Tnumberational f: such that
4

°

ri

; $2:= 2

Beforeanswering this question, let us consider some appropriate

emarks from\number theory.

Let p be .a whole number. The number 2p is then an even number.
N

Lik wise, its square (2p)
2

= 1p
2

is an even, number. For any whole number

gi 2 . 1 is an odd number. Similarly, its s are,

(2q + 1)2 =
. 4q 2

+ 4q +

is an Od knumber. Thu'S, we have established the properties that:

(1) If,a number is even, then the square of the number is even.

(2) sIfa numbdr is odq, then the square of the number -is odd.
I ,.-.

Likewise,, we can establish two additio aleproPerties:'

4 (3) If the square of la number is odd (io even), then the number

odd (not even).

PO' If the square of a number d.s even (not odd), then the number is

even (not odd).

XI

.:.

(Those readers familier,w1th logic,will note that the last two properties
\

_

are, the cofitrapositives\of the first two and hence mUst.necessarily be true,)'"
, .

1 -i. ; , ----"--'. -- , ......," - ' ,
i
\',.-2- '

Ye will...now-use these four pr rties to investigate the 'nature of the :__ , ,

solution to the eguation*2 = 2 %
,

, ,

'.

k , ,,,,,,
'-'2 "..-,'

Let us assuze that x = 2 has the rational numb 2 as a:solution.' ' fr.,---

_ b
Further, let us ssume that i is in.reldurd form,'whe e a and b.

...

tre

relatively prime. This occurs_when the greatest common f ctorof a and
. .

b is' 1. Inpother words, a 'and b have no factors in c onother.then4,"

1. If a solution in the form i is found for the equation x2 = 4, theA
d

en----art-etjutraction i7 (a and b ,relatiTelyjwime);alwa 'tv--

.4- .

ThustassUrning.,:thA _x,
2
=2- Ma the solution x = 13., e get

76.

1.



ti

a
2 1.

b
S

a2 . (-..'',2b2

, 2 '2\ 2
1- We see that a2 ..is'even4for ,a = 2b or a. is of the form 2n, ,From,

. 1 4 ' \ ,
1.property(1.0, just mentioned,

,8

this Means that ,a is even also. at,
.

!_._

8 Since a is,even, we may write a\ 2c,, .c a count4g number.
,, ,

--.. .

, this in mind we May, also write: a
2
= 2b

2
as

. . ,

(2c)
2

= 2b2

\'

= b
2

4c
2

= 2b
2

This leads us to he,conclusi n that since 2c
2

is even, b
2

must be even.

- f ,However-
I

if, b
2'

is ev n, b i even.

Trnm 'our assumptdon that ix . 2 has the solution a (a and b having.

no factors in common), we re forced *conclude that both a and are

even. BA'titi,..2/Is impoisibl since\for a and b to be even, bth must

have` the common factor 2. ThUs,we can only conclude that our ass ption
-\

was false; the solution -65 x
2

- 2 cannot be written in the form 1.7\and

is riot a rational number. \ \

We need a number other than those in the set of ration 1 numbers Ar al
.

-solution to x
2

= 2. We agree to write, one solution as 2 such that the It.

"'number If'. has the property that %.

Irf . 2 .

( k

(From our study f negative numbers,:we;se that',\./2 is also a dolution to
2 '

't.
r-x = 2 ,since ( v2) =

The number 2 is In example of an irra ber. Others are

181138 i _158,

,which-nu may reCognize i'solutions o.

.2 2-.
= 3 x

2
= 5, ,x 7

While these are irrational numbers, we can make ratr

.

oxima4ons tc,
4.,

-T

FereXam#1::e0,effialte-a ratIonalh berapproximat

as,follows.

we pro eed

229



2 < 1.

since (1.4)2 and'(.5)2 = 2.25

1.41. < < 1.4a

since (1.41)2 = 1.9881.km 1-40.2_7e.0164

.414 < <

.

can, ,Approximate the value o the irrational number.

bers to e nearebt ten-mil iOnth, asp .

.scontinuing.this process

v between two rational n

1.4142135

Since .11.4i42135)2 = 1.999999

-to Z.
Pfcto ially,we can represent

< if < 1.44236

number line b enlarging sections

subdivisions. ,_

'Itational A
Numbed ,v .1,

dine
n

4

tr

358225, we have a -ther.good approximation.

is approximating process on thq-v tion

ssively, as needed, to show the fine

o ,

1*

2

J.....
1.41

.....

.....

" .., ..k,...--"------
-r. ..... .1...........-,4--'14-"-`

1.5, --1,6 1.7 1.8 1.9 2.0

-...

---.

.....

; 14

3...
\ 1.41

1.44
.43

1.46
. 5. 1.47

,.... --...

eAtet-at-thl oint that while 12 iS'aqi at nal number, it es
113!"

corre
...

And-to a particular oint on the numbei.line we think of the ]?one

as a co tinuous set of points With no gaps. .This is re illhstratOd
.44,...

APA
usinetf Pythagoreaeproperty?.

..-
. .,

.

-
,-',,,.-,,

.,.. is 1 . ' :---.,

< .

* I
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Apparently there are points on the line that a not

rational numbers. This is indeed true. In fact there a

!points on:ihe number line that cannot be named with rational

corresponds to an irrational ,number.

*IP
correspohd to

infinitely many

rs. Each .

Claps Eercises
99

9,, Ever counting number n IS either even or odd:

.we'm y find- a whole number p such that

f n. is we may find a whole nUmber q

(a) For eadri--4.u. listed

Pend an apPrste p.

(b) For each n listed in liA..set

find an appropriate q

10. By the. method of squaring shown in the

1.732 < 1/ < 1.733' .

n = '24

the set ( 2, 6) 18\#

ti

If n is even,.

)

text,-"Vev.ify\ that

In th SMSnitiFaati-Cttoit-to,Segondaryr School, Mathematics, Volume 2,

there appears a proof that the solution to x2 = 2 Is not rational which is

based upon the possible cases of oddness

(2)
.-

everr; b even; (2) 2 even, - b.

a odd dd.

/1-
Another iriteregfAnd--p,

m y be'shown 'with base three
- ,

erals. Ease three numerals

en. only in the digits 0,- 1,

or . It they end in '0,

thei' squ res end in 00. .If

they end i -1i- -the-1i squares 1

eRd i 1. If, they end ih 12,

their quares \end in 1. ;Bence

the sq 'ares of any number

( exetpt p) written\ in base. three

ends, in- 00 or 1, "he extended
,

Multipli ation table f r
A
Vase

.J,

Jand,evenness for a and b; namely,0

Odd; (3). a odd, b. 'even; and

&Vended Multiplication '1,D5W1.1`
'

-base inree

.4 ,,0 I 2 /0 // , /2 20 .21' 22 /00.

/ / ---........., ..

_L--=--Lo'--1-1,--- ,
4t:

'// , /2/ --.;
a 22/ 4

/

''

21f
.

//V

2/-
/21/
-172

. 24
/00

_ / jahi0

* 216
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4.4';Z

:three,14.11u,stx%tes this-property. V
. -,

, .

a ,
, : . Ti

As before,zwe assume that x
2
.= 2 h s a solution x.- - ka, and b-7.---- b -

;.- relatively prime) .aNd therefore a
2

= 2 First, consider the.case when

-.-the'base three.nameral for b2 ends in'°1,.

..e.
the base three numeral for a

2
Faust end in

,e
2. 2

--a .= 2b = 2( 1) = 2 ... ,

3P,

But this is impossible since no squares have base three numerals ending in

the digit 2. Hence the assumption that the,numeral for ID
2

ends in 1 is

false. We consider the only Other possible case.: the numeral fOr 1)2 ends
... 2

in the digits ' 00. This time .because a
2'

= 2b2° we_ see that the humeral for
Q
a must end. in the digits 00.

. - .°

)L ..1.

a2 = 2b2 = 2( 0 07 = _ 0 0_ _

gow if- the numerN-±for b2 ends in 00, the numeral for b ends in Q.. °
i'

u
.

Likewise, the n ltraf\Cor a
2

ends, in po' and hencethe numeral for a'
i - -

ends in. 6. -1341eSrery base three' numeral ending in 0' is divisible' by
%

hree (10
three

). Hence b and a both are divisible by.thre; they have
, -

a common factor However, this is a contradiction since part of or original
.,____/.

-..,_
.

-
assumption` -was'tlat a and b are relatively nrime-------- Ak .s,

. ------
Our only cdnblusion can be that our original assumption that 1----2

has the solution '.x = i)-- (a and b_ re is not true. -relatively prime) it t The--------
a

---
x2

\ . ,,,-
solution to x = 2 is not Et-rational number.:::,,... -=__, ,
,

. \ "-- .

. A

-u. '1

In this section W'''e--..have shown,that x
2

= 2 cannot be solved by e

.From a
2

= 2b2 we see that °

1 X

rational number. We gave one solution the name V7 and called it an irra-

tional number. (Recall a second Solntion,to the same equaiclil 5.5 .)/ which ,

is al6o irrational.) Otheer similar seEtences have irrational) numbers such

as if, 15, and If for solutions. There qi-e many dtliei. tSrpes4pfAi.:1: tional
,..., . .

, -

numbers. One very familiar irrational number is A When.we use or
40

3.14 for A in our computations, we are only using rational numb r approx-

)111'
imations to the irrational number A.- Still other examples of irrational

\.., ,pumbers are given here.
4

,,,.
I'..

2A,
-.I()

,2 + 42, i2 + I, ' 2,,/,
..

.1),.,

In the next section we will learn, omOre about these numbers that are not ,, ,,'
-,,..-14

,

rational.

(,/*)3.

44



fa.

9.4 Real Numbers,

.. ,

4Z- We have learned that various kinds of questions may be asked with ,

%
,

.=--ounting numbers. Many of these tare the form.of open number sentences such
4,_

as 5x = 75 that can be solved with counting numbers. Others, such as
, Iz,

- ?

3x = 2 are answered with positive ational numbers. Still 9thers,like

x
2

= 3, can be answered only with 'T.irationsl Ttulliers.

The se4nergradar shOulali*miliar with the counting numbers and '4

the positive rational numbers. In the eighth grade'he will learn about

the irrational numbers and will study negative as well as positive numbers:

Attention will be placed upon these numbers and their properties and how

_they develop into the set of real numbers.

°
w

in the SMSG text MatheiSTTC6fiRe-iixtrior-High
1

Ochool Volume II, a
=----------- .....

chapter is devoted to the real number system. We will give hers some of
,,::44,i,, . .

the key 'ideas presented in the chapter not because'they belong in the,a
) .

seventh grade, but because the seyenth,grade teacher should have this

background. One of the primary objectives of the junior high school

,mathematics, program is to show students the-developing number system from,,
..,,.,

the basic counting numbers.to the, real numbe system. Granted, this, can

=-only,be done informally athis level. Yet iit is essential that students
, L i.-

. .
begin to see-the relation between the completeness o1 the real numbers and

,

.the Continuitrof poiT,S on the real number line. ,-,
.

Wg'appl'oach our study of the .real numbers through the use of decimals.
,

0,,
Seventh grade youngsters are often hasty to assume:chat.all decimal repre-

'sects-aims axe -names of rat1Qnal Cumbers, Such, of coursq, is not the ease.
'4!,, ,,,,--- ';

t
. ,

k, We need to explorethe set ecibal expansions that do not repeat; that,

'...is, that area not perloaic. /
. , ::, "-=''t .

-tr
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.4

4

r
As

%-

We have alrea y encountered an exaMpfe of an irrational number/in an

earlier section When we discussed I. Although 1f is,a bona-fide number:,

it has e_ decimal eXpansion that is non-periodic. HoW do Wb--.knalithat the

decimal expansion for 1-f does.not repeat? It has an infinite numper of

digits; we could never hope to visually check to s ee that it has no repeating

sequences? Recall that we exhibited a method for representing every repeating

decimal in fractional form and concluded that all repeating decimals named

rational numbers. Now &, cannot be exp5essed in fractional form as we

have already shown Hence, it cannot by expressed as a repeatinir.deeimal.

That is, the decimal'expansipn for 1-§ does not repett; it\does not term-
.

ingte. Indeed this is what distiyuishes it it'Nom the class of numbexs_that._.__

we have been discussing thus fa.r. _We now can define rational and irrational

numbers 1.4 terms of their decimal repreSentations. °

A rational number is any number that hap a periodic

(rePeatin decimal representation. .

An irrational number 44s any number that has a non-

periodic (non-repeating) decimal representation.
,-w 4

The system ,composed of bathlthe rational and irrational numbers is the
/

real number system. _Every real-nuMber is either rational or irratio

If the decimal representation:is periodici the numberis aerational num er; .

/1"
.otherwise: the number is an irrationalniumber*

Each of the following is the, nameof a real number. Can'you tell which

ones represent rational numbers?

' a. 0.123123 ...

b. 0.78".

4t4i4.

..
0.21321321333

--------
The first three decimals on the list are named for rational numbers;

they are riodic_decimals. Recall That i decimaldsuch as 0.2578 ,can te

thought of repeating zero- thereadev.) The last two are Obviously not

periddie erefore rApre ent irrational numbers. Both have a ppttern.
k")'4.14..' *.i' , s01.,,,X '

to show yo to Continue o'Vrtite additional numerals in the sequence:,
.

but this patiierli does not con pt of a set of repeating digits. All five
.-..

.,

decimals, however, are representations of ,real numbers.



A detailed study of the dec.imal representation of the set of real numbers,

together with the properties of the re'a number system, does not normally

occur until the eighth grade course. It has. been included here in oYtder to

proVide,,you with a brief overview of the development of our number system.

The set of real numbers is no;rSaid to be complete. Every real number

corresponds to a point on the number line, and every,point on the number line

corresponds to asreal number.

One should not infer from the above illustrations that all,irrational

tumbeils,flave decimal represeptatiops which, while An-repeating, do exhibit

patterns. 'The'digits in the decimal expansion for I have no pattern.

= 1.4142135 ,..

. Likewise, the decimal expatsion for n at no point exhibAts anything other

At.than random ordering of digits.

= 3. 14159 26534 89793 23846 26433 83279

It is with respect -Co this latter point that the set.of rational numbers

differs from the set of real numbers. For each rationel number there corres-

ponds a point on the number line, but.Yhere are, points On the number line

that d6 not correspond toany rational number. For example, I iS not a
-40

rational number, yet can be located on the number line.'

The set of real numbers, as well as the sets:of rational and "irrational

numbers, are said -ro1161767.11eny'llikr-triVtIrrat-.:

numbers there la always another real number. Indeed, between any two real

numbers there are ini'irritely many more real numbers. POI- example, consider
--*

the real numbers: ' - ',

.

/
a. 2.34534545 .... (rational)

.
,

b, 24,457.i >75 ... irrational) ,

,
To locate a real number between these two we'need to have in the fourth

.

decimal place a 4igit betWeen 3 and. 5; that is, 4. ,Thereafter, by-Our

___pattern, we can locate either %rational or an irrational number between
,

---......
-- -

. the two vet numbers:- Herells-an example of each: ,- --

rational

Irrational

a. 2.3453 1154-5

: 2.3454

: 2.3454 5445444

b. 2.3455 34555 .e.

San you find,pthers?.

I



Class ixercises

11. Classify each of the folloTs,ring as rational or Lirratiortal.

la) 6.18517 (d) 3.1 16 ' i

(b) 0.07077077 ... (e)

(c) 0.112111221111222 ... (f), 4.2500
-4,./. /s

12. Write the next nine digits in -the decimal expansi of the real numbers. .. ,,
and'given 'in parts (a), (b), (c) of the preceding'exercise.

,

13. Write a decimal for a rational. number between 2.38477 ...
2.38575 ...

re

and

14. Write a decimal for an irratione.1 number between 0.7254727 . _and,. . .._-0.72557255 y '

15. Order the following real numbers from' smallest to largest: .311.313.7'
'17 1 . 152.343443444 ..., 41344TW ..., .343343334 ...,

" 57-X3

9.5 Properties of the Real Number System

. .We have presented, in Chapters 5-9,,a development of the propertPts of

numbeV* sYstems from' the set of counting numbers through the set of real num-
.-2... _ .

bers. This material is normally deve,loped in far more detail than giVen here,

as part of the mathematics program of grades 7 and 8., It is impoitqpi .
to have youngsters he overall structure of the real number'system,to,-

gether with the properties of the various subsets of the set of real'%aii.pbers.

-ss-s is equally' important; however, that opportunities be provided fort pvactice.1

of combutional slalls at this grade level. Neither of these aspects ,should

be neglected.
A

.
la

7 'rsz,

In summary of; these last chapters we present -here the proilertieS-.-Orihe-----
Anumber' system.' "-

i
Property 1., Closure

. , "< ""/1. 4

(a) Closure, under Addition. The real number system is cloSed sunder
-442 e, 1

the operation,of addition. If --a. and 1 -b are real numbers then

--1-,-..- _ a +21?- is i.' real number.

(b) Closure under Subtraction. The real number system is. closed under
."t

the operation of subtraetipitttbe inverse' of addition). 'If a- ). . .___

add' b` .are real numbers -then 'a ,.. la its a re% nuninly:------
. ,..:,
'2223U4
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(c) 'Closure under Multiplication. The repi number system is 'Closed

under'the opdiation of multiplication. if a and b are real
. .

numbers then a b is a real number.

(d) Closure under Division. The real number vstem is closed under

the operation of division (the inverse of Multiplication). If

a and b are real numbers then a b (when b f 0) is a

real number.

The operations of addition,,,aubtraction, multiplication, and division

on real'numbers display the properties whih we haye already observed for

rationals. These may be:summarized as follows:

Property,2. Commutativity

(a) If a and b .are real numbers,' then a + b = b+ a.

(b) If a and b are real numbers, then a b -= b.. a.

Property 3. Associativity

(a) If a, b, and c are real numbers, then a +(b + c)

o = (a + b) + c.

(b) If 'a, b, c are real dthnbers, then (ab).0 =

Property 4. Identities

Ir (a) If a"'is a real number, then a + 0 = 0 + a a, Zero isthe

identity element for the operation of addition.

q(b) If a-is a real number, then a 1= 1 a = a.- One is the

identity element for the operation of multiTlic tion.

Property 5. Distributivity

If a JD --arld-C---75-1"e-TaiTI-LITIlb-e;,--;;r-a-+ b)

.

Property 6. Inverses 1

.,
1 I

0 1

(s) If a is a real number, there is a real number (-a , called

the additive inverse of a such that a + (a) = 0.

(b) If a is a real number and a / 0 there-is a real number

b, called the multiplicative inverse'-of that _.

BA) =,11. 5.

222
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Property h. Order

The real number system is ordered. If. a and b are different

real numbers then either a < b or" a > b.

Property 8. 17ehsity

The real number system is everyWhere,dense. Between any-two distinct

real numbers there-is always another real number. Consequently,

between any two real numbers we find as many more real numbers as
-

we wish. In fact we easily see that: (1). 'There,ts always a

rational number between any two distinct real numbers, no matter

%how close; (2) There is always an irrational number between any

two distinct real numbers, no matter how close.

The ninth property of the system of real numbers it one which is not

sharedby the rationals.

Property 9. Completeness

The real number system ie.?domplete. Not only does a point oh the

number line correspond to each real number, but conversely, a

real number corresponds to 4ch point on the number line.

1



Answers to Class Exerases

1. 70) 27272 (b) 41r T;1.11
41):\

254

2.

3 (a) 0.333 .q\

0.71428575E55 ...

5. (a) 2.92929..

(P) `29.292

6. (a) ., 111 ...

7.
(a) ir

8. (a)
1 1

1 ' 2

9. "(a) 1, 3, 9, 24

(c)
.15346153846

(d) -13131
.

0 I

.(c) :585g ...
(d)_ 2.050-5 ...

(b) 188$

(b) =L
7

(b) yes - (c) yes,

(b) 1, 3.r.16, 29

0. 1.732 '< < 1.733

-(1:732)
2
< (v3)-

2
< (1%733)2

2:999824 < 3 < 3.003289 .

11. (a) rational

(e) irrational

12.- (a) ,185185185

(0 -.rational

(e)feiional

(frrationa1

CO 077770777 (c). 1/1112222

D.

1 . Answers will vary:. two possible answers are

2.3841R7-- _x.38473845

Answers ,two possible ,answers are

. ,- 0.725450550 , 0,;(2548548854888

1 17
15. , 51--) , .3433 34

172
.344 ...

500 '

, .343443444 ,..



Chapter Exercises

1

Zr------Wri-te-thet_clecimal expansion 'for each of the following rational number4 '

2
(b)

9
5

. 2
''''... (A)

'3
,------)--3----------.1411

.. `-\
:., Givt the next five digits in each of the following decimal expansions:

,

'e-/ (b) .353153555':... (c)' .355355 '-.:7:"77-----7-
i . '

.

ds'
1

. a rational numbei in fractional form for each Of the following:

,(a) 0.1212 .. -(b..) 0.432732 ... (c) .6999 ...

4. Classify each of the following'as either h rational or an irrational

numbe r.

(a) 15 , (b) (1.5)2 (c) -A" (0 i ,(e)

5. Repeat Exercise 4 for the following: I
(a) .1717 ... , (b) 171771777 ..'' (c) .17117

(d) .171171117-7-.-:- ie) .17066 .:.

of the following numbers is the largest? Which is.the smallest?

%
(b) .434 (c) .434334333 ...

.

(e) .43443444

WriteotWo dec als_for (a) a rational number and (b) an irraticear.

number between 0.34545-:-.-__and 0.345334533345

.

.8. -Writ& thedecimal expansionsfor ,

3
-

4
, 7 , 7

5 6-
-.

Try to find a pattern that recurs in.each of these-representations. ,

Repeat Exercise 8 for the thirteenths from ir
13

through

. Between what two consecutive counting numbers are tte following?

(a) . < < (e) <

(b) <
4 1.

(C) < Ill < (01-;* < 104. <

< < < ,r0 <

11 .4.

0

r



% :
-..,..'

.

si.

'''' , rdi.k
11. Sol,ye each aquatic:Tn.

, ........4, ...
,.,,,,.

(a)?s..3x = 91' 65' 31x = .58 '

(b) 2%1= 3 \ (j) 49x = 98 .

(C) 4:=:96 . (k) 7x = 231
t, 't

( 2A.= 11 (1) .,8x2 = 232
,-,. .,m.12 "...,

(e) 15x.. -- 75, ii (m) llx = 176

(f) lli-x = 70' .'(n) .11x = 175_- :

(g) 8; = 63 \ (o) x2 = 13

,

x2(h) x2 =11
\

.

1:)) x = 5 .

-.
Classify each s lution s a counting number, a rational number (not

, .
.,.

a counting numb), o anirrational number.
N

I

r

v.)

;_-

11\
k

t
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Chapter 10

NON-METHICWEOMETRY, I
:-.

4

..1....

i,More and more of the basic concepts of geometry are being introduced at _
,

the junior high level or even earlier. This Is noeto say geometry is being
. .

\1.
.,

treatedas a'deduvtive system in grade-,seven but that these students are

learning many ofthe fundamentilideas of geoMetrY. Several reasons exist
,

-- for thisincreaging emphasis on geometry. Many topics in mathematics are

being introduced earlier than previously was the case; geometry is one of them.

, The demise of solid geometry as a full course in its own right and the in-
..

elusion of much of its, content in the tenth grade geometry course has made it
.

.
difficult to intToduce all'the three- dimensional concepts and study them in

' . any deptt/ in the time allotted. The study of geometry introduces e new element'

into the\juniCrhigh school year,s which in the 'ast have been primarily con-
. .

1 :.
. .

.

eerned with arithmetic. Junior high school students enjoy geometry and easily,_.__-

', learn ma I of°the concepts which have a "pay-oft" in-therat"mxe.

Sev nth and'eighth grade bookS t9qpy,_inblapling the SMSG-MathetAics.for

Junior H gh School, Volumes I-arid -II, include many topics usually not _encoun-, 64lox
k\ttered u ii'grade ten. Th study the relationships between points, lines,

r.%---.:

.

. and planes in space; angles, i:ianiles, and polygons; parallels and parallel- .. ,

! -
.'

.

.ograms;ibasic .ideas of measure and congruence; as well as.properties of s6lidso.
... .. .

Th s chapter, and the next, will treat many of those.:iStecta of geometry,
,....

--.

which db not depend upoethe concept ofdistance or easur t;..ehapter6 12' i-,. -,

. ..c.;-,e 'and ,1.3 will introduce+the idea of measure and use it to enlargethe s udy of . ,,,:.ei ,
geometfy. .-,..;

.1..-

_______A

Wbu'are aware that parts of geometry are na concerned with dietailee 01.,- - " p
;

..___

; ,i, t - 0 (, ,* 4 ' 8z4
.

measure. Tide aspect of gepmatry is called non-m ric because of.its."no7 .. .--

meaatre".property. An examinitii-o-aestriepr rties,considgrs points
-i ,'c'--

.

e . , ,lines; planesl geom5cricalgurei, and shapes in space. Such a stukenable
..,,--:-......_ ......, , ,. ._

.

LJ,--ub'to"%ccomplish the .following:. , _--i-..,_;
. .

.-

k-. -,.. m ..

1:) -Co'introd.UPe.geometric ideas ads' ways of tabug4;
,`

,

,t
'

,..-.. ,- _

to develop'mbre famillarity withthetermtriology.andnotation f
-7. i-\

"sets" and' geometry; -F

-toAeveidp spatAal perception. - t = "--.
.

\ ' .1
I1't*-
(
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10.1 Sketching

In order to

This examine a few techniques of representing surfiaces and shapes.

Represe9ting,points gives,us little difficulty and representing lines

4,

discuss and "draw pictures",of what we will bestOdying, let

becomes bothersome only when we try to

figures, in general, are not difficult

Suppose we start,by drawing alpox

tangle as as a representati6n of a

look -at them in peilspective. Solid

to sketch with a lit le practice. .

. We may consider the ollowinirec7.

.boxi This is the view rom "head on."-

A .;

If we think of rotating the lib

standing.4 so that we look down

sketch koofs somewhat like this:

,

C

B

or e4uivalently, moving to the right and .

at' an angle at one corner of the box, the

a *
Further, if we think of thi4-1 as.made_of toothpicks, tinkertoys, orrods.

instead of beill we would see theA "back edges" and the sketch would



-

-Since we no "aem to havecl'e ted some. st.)

it is not clear h,lbach is front or Leh is, bei ,

_of an_dptical illusion, where.

we
---

make the "bacliklines or

hidden lines dotted to differetiate them from th

\
N..

others.

%.1

,

Class ExerciAs

1. pketeh a cube (all faces are sq.ua'res),..;SEOW hid

e.

Using the figure above:

(a) Sketch only 'the top of the box.

by Sketch the bottom and left side,.
4.
Sketh 'the top and: right side.

(d) Sketch the bottom and both sides.

A

n lines as

..e
\

. .

'3. Below sib\ some common solid figures with thei,.Rnamess. Sk
4

without t*ing, on a, larger scale.

16!

otted.

tch-hem,

tetrahed-ron right trianguiir fight he:Xigone.1 right cir lar
prism

'il.(5ht circular 't..y o.4-ntersect

o

1.

\



cons er s
.
'mit

s

%a. 4

return to ptr discussion of points, lines, planes, and space and

me of their properties and relationships. As mentioned. before, we

o rselves to those aspects of the problem which do not'concern

three intersecting planes

measur

we mean in mathethatics when we use the word.point? This is one

of the. words or "terms of mathematics which we use to name an abstract concept

or idea. We do not try to define &point but rattler discuss its.prorties

and characteristic.7.Wethen us this word ft; define other terms:
.

Note: The potoblem of definitions, mathematics i not solved by a dictionary, .

'.'

. approach. When we attempt t define any w rd, we ink use other words.

These then also need definitio , which req ires still more words. In
--t

attempiint to--define 'ell words n this ___her we ultiMately will have

to use a word that we have previ sly defined. This theh gives us what

we call a circular definition; i. , defi'n'ing word .A in te .of -

word B and word B in terms of drd A.! Such lircular definitic44 rk,

are of no value, or unlQss we can g,ttouside thp.circle,by somewhere
4.

pointing to the a tual,object, we are natile to do more thin use one--._
i

!

. WOrd for another. .Imagine yoursetp wit a French dtctionary$ no
1

knowledge of the reach language,.and a rench word for which you Iish.--
1 ----1.4

t e meaning. in ng this word-in the. Fr ch dictionary only gives you,_.. -.-_-:-...--
of Fr nch worda hick in :turn ere. define in French words, atid. so on

1.--,..f°...........- - ....... fr...,,,

;

For t s.re son,_in mathematics we agre= to accept some words
,
as

gdefinestwords" and then use, these to frame the defi-

n4 sefoth ryordb. StudentaAfind_it in resting ptakea
wad, find its definition in the dictionary and ontinue lookint up the



1

key .words until they find the origitiai word used. Exampl

d. In one dictionary point Is giventas a "narrowly

having ecisely indicated position." The key word

'position, is give -a<the poipt or.area occupied by

'Tha same dictionary defines length in terms of dime

terms of extension, extension-.A of extenA

'.'to stretch out to fullest lengths!' --NN

IP

willBecause of this problem of definition we will notiattempt to defiRe the,

teLim,point, line, plane, or space. We will, however) state formally some

axioms, here called properties, which will describe these geometrical objects.

will be possible to learn more about

s are easy to

calized place

n this definition,

physical object"

ion, dimension in

ng, and extend as

Using these, "properties" or axioms), it

points, lines, and, planes. Recall that

of-the elements and operations "really"

-
im-ChaPter 4 you did hot'know what many

.........- --."
were, but from their definitions:6s

given in tabilesa tion about theit behavior was deduced.
4

.

, A point might be 'described as a 1.0at*en_inEptl. But this leads us to
'...-

the circular definition mentioned earlierf fo'r we will Ciae--171-mpoint in 14,

, our definition of space. The idea' of a point is suggested by the tip of a
,

N11,
sharp pencil, by a dot on a paper'or chalkboard, or the period at .6'116 end of

CI
..

a sentence. All these_are merely representations of points) 'and not points
.

.' themselves. The smaller the dot or period, or the sharper tqe pencil, the
,_,--,

better the representation. We usually represent points by dots and.label them

with capital letters.

1.

:10.3 Sets of Points

--- may think of space as_the set,of all points and examine certain special

too_ssett of spaee- i.e.) sets of points which are the elements of geometrywe

wish to_examine. One-or::bhe ffrst ofithese is a line. By line we mean,a set

of point's with certain proP-e-ric s. We

"straight, line. ", Just as atpoirit wa 6Pretented by the tip of a pencil,a

'',line is re resented bylthe edge,of"a ruler, a--8,:tring,stretched taut, between_

two points, Ayrthe "line's-of sight" of the surveyor.
"t.

Although at times_we refer to a portion of a line, we must be Careful to

use the 'word "line" to p1ean-j_

,

make it clear whehbr we meanithe entire 1 ne.or not., Later we will, intro ce

som.e.notatpn to help clarify thietsivatio . Again,, assmtth poilits
7
your marks, .

7----7--
on paper, chalkboard, and the like,.will be Oily r___epresentatrijons of ,].fines We .,

will often label-lines with. lower case script etterslas'line:_4 ,171y, °rm/.
f

A
3 Ir 7,.A.
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One of-the simplest and most basiv properties of space is represented 'by

the uniqueness of aline:drawn.through'wo Points on the chalkboard, or the
, .

fact that two pieces of.strin stretched betveen two points fol ow the dame

path (ts far as physically possible). Unique, at usdd here, means 7'eXactly

416.7

I

./.._ _I

) Property 1: Through' any tiro dif4erent points in . i

space there is exactly one line.
I , ,-

Another method oi labeling or naming lines is dependent upons
,

.
<

,property. If A" and B. are any two distinct points both_on a line, or if

'agline,passes through,t4epoin.tWA'and B, then we. use the. symbol AB to

denote suchiIine.

A
B

If three or more points,are contained in the same line,
.

such pqints are collinear. Thus, points A,. B, and. C .on the line below,

n we say

are collinear.
4, B C

When more than two points on a line are named, we haveiThThiywa s for naming0, .44.1
the line. ' We might name tine line above as AB, AC, BC, BA, CA, CB.

.Class Exercises

4. With two points only one,line is."deter#ned," while threenon-collfri

poihts determine three lines! F'our.points, no three of which are'col

linear, determine how many lines? Five points? Can yoq scover a

f

_

formula give thenumber'Of lines detertiiitkea b n points)

three of which are collinean& -Complete the following table:

4'

Number Number
of ' of

Points Lines..

2 1

3

"------ .

5 ----7-----_, "

k .

n
.

-4.

Et

. °.

Thre ants- three lines
.

2342 41
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, .

°Anotherbasic c ncept Of geometry is that of a plane. tike the line, this
is also a set of pointg" in, space With certain properties. Intuitively, we

'think of a plane as havings the ploperty we have in',mind when we use terms like*
,

flat, level, even,' and smooth. ,'We will, attempt to make this "flatneSS" Ifiore' \---.:
zprecise .a little." later. We think of thet s4Arface of thee-chalkboard or our' .

paper as representing a plane Surface. If we wish t siepresent a plane in 7'
perspective with a sketch we draw only a portion, as .with a line. We indicate
,a plane by a figure like thit belotir and label it with a Lowe letter as

.....

shoKi. .Remember, although the picture pears to be boUrided, t lane it
represi ents c.ontinues on indefinit in.the directions icated. er

...:*\,..,
. . .

1

The flatness of the plane anthe s
points, A. and B, of a tine are in p
through A and B lies in the plane_,
basic,proPerty of space as follows:

V

,C) 4k--4
,/

ht ss,of a line suggest that il two
- , s

ane m,.. then eve point, of the line
We may state =ally as a second

_----e.,

Property 2: If a line cOi*ai two tdifferent points of
a plane, then th line, lies i plane.

, ' 1,property may be ,stated a variety, -off' ways. We may Plane
, .ntains the line, or that every joint of `the ;14 e "is a point of the planeJTEI:11-

-. -----e line is a subset of the plane. , .-,.,
\ 1=7'Rae ling Pr erty.,1, tkat eXactly on line is determine two points,
N/ swe may'Wonder -about points and planes . G: en two pointsi, h.sw:_manyp s, erg. ----rt

.
t..." 5 . .. , - 1 ,.,--determin#dr ---Sinrethea--Two-Oint's will' a unique line we are also,... ------____::

asising how many planes conta,ln a single l'ine. If we tidal; of the hinges of a ...*
door at the _twia_49ints, jend e differer0 positions of the door as represent -, ,

0- -
.

irig. diffeYent planes; we see ,that :.. n er of plane; pass through, two.
.-points-or-equivalently through one line.

233
"248.

i
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1

4.1i i

ti

rg

dust as there 'is only one position for the ,door when itis closed, i;e.,
the two hinges and the latch determirie'one pbsitibn,. three ,p6int's will, deter-
mine one plane. Considering the stwo points A and B with a third

-.4.0 ispaint ' C not on AB, then only one plane). labeled in the figure belcut,,L.
-;/contaima all thre"e-points.

.

*6 is ano'bher O ou'r basic Koperties and formally..

,

\ 4.1

Property 3 :a Any three points not in_the same straight line
arejalLe-xacayonop_lane:4\zo

, -.-

,his 00 .11' '. 4,ee .f.rom.property tliat three points not -tn the same straight line -an
-4, ,,,,\ , -,, Iv . ) , . , . , 1 -----,_ .,, ]

,- be; u, edto name d plane sin'sce they 'locate exa - c5ne plane. In the figure..... ,,,

' "' -. ,

Taade p may be named plane aBC.0 ; .

-., - .

) This pra Asp sp e2plains tlie reason for the stabil of Stich thingt'-' +

s,,., .........as tripods., /and tfiree-le,gged!stoolsr. You Amy' illiastrat94 this '4y d tratiag
-... ',-, # -,_ -, . -. I #' --the ease of supportir(a book( ane) With .tfitee fingvs (poltnt4) ag Contrasted,

; --____
. '. , , . -, ., .

'IK, with-two fingers- (-points). -. _._. ,_
7-1/4, . . . . 7,

-),



Class Exercises

1
.1

5. Ikh,i4any planes are determined by the e ds of the four legs of a table?-

Does this help explain why the "legs of a table must. be the correct length

>in order to sit steady whereas a tripod.. always sits steady? Must the legs

tof a table always be tht same length?

4.

':16.4 'Intersections of Lines and Planes
.-'

Since theca elements of geometry are sets ot'points
f. t,we have a ll-the pre-

yiously defined properties of at our disposal. In,the chapter on sets,
;1:-
the term intersection was defined preci and we agreed that whenever weA .*

used this word it would have exactly the meanin iVen in the definition.

This is what we do with all technical words in mathema ti. Once they have

been def iriedethey will always have the. same leaning and be used-in-the same,

way. Sometimes, however, a technical word 'in mathematics, caren del.ed.
.

in one way, may also'be an

Such a word is intersection. When used with sets, interse n-an my one 4
thing, the set of all elements common to two sets. This. is the'meairing given

earliext and will continue' to be the meaning of intersection o,' s Flom
this-definp n we also' developed the 'empty set,- 0; which we defined-o be

with no menIs. Thu's; theintersection :two disjoiiii4eL,ie the

used in a somewhat di rent sense.

7,...f41,1,444{

t % ,

e.,_:-
T --enpt -y -s et . , .

.

)1 - .

"---III eVeryAay usage e or ,o spec of a_ street intersection two paths .or
+ ....,,

intersecting." This x.-tq-the-"Ants-liriVF1a-i" del, tira---

. .._

-- ,
.

_____
.... ,

given above,.b n everyday usage if two streets, do not meet we say they do ----------_
',. - , .1 r

t ect, rather than say "their intersection is the empty set.' '4 -.
-r-

Qeo e nd the language_of sets developbd as tiodifferent disciplines-, __ _- ..--1, _ _......________r_. . _ _
at tWo differene,t This helps explain, the use of the same Word in two . 4

-4,
differ ways. _If we keep a two uses of _the word in'ildnd,ethen a.gtae-

.

...-

-----,._ .---,. .
.. '

,. ,.

. .ment lit there,-- kw, 1.riiS means -
. , . .

.If two lines dcin t intersect, their,i rsection is.
.-,,,,%.

Althongh ye Will try to avoid stat ents of this type,--ankthesiteening

'Usually be ,cleqr the usage, the teacher. should be swam of the
'4

difference andanalert,"to the po4ibilitie of confusion on the part ofthe

std-dent.

235 2'5
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Two _Lines

or
at po ibilities exiht for two lines in spa:ce'? 4If they int rsect,

(thy this we can the intersection is not the emptY.set), they have at least.
'one point in ommon What if they have two points in colnmort? Tlidn by .

Property 1, ey Must h.ave all points in common, or we say they are coincident.
t

I -Note: Two lines lerhose intersection is not the empty set lie in the same A
4.. :plane. Why? The pFes-ib-learrangements of two dfffe'ent lines may.

..b,c_descr-ibed--in three cases. ,

'Case 1. ,/ and intersect, or ...en.,4 is thepoint P and not
1

the empty set ..I

intersecting lines '

, t'c
Case 2. ,Q and ..4 do not inters4'ct and are in ttie same p ane.1

(1f .4= 0) S4c 1ineS are said to be'paralle lines..
.

2'

""""br-....

parallel linos

I +4

. .
-Cad,@ -5:1- -,e a d. ,h, do, not intersect and are not i e same plane.

.
n t

(En.,4.-. 0). Such lines are said to be skew lines
.

xw

I'...'71--'r'..---...----
.--'-1-.."'---...--'-

---.-"'..--'''..-"''''''-'''''.--""'--'"'-------

I '... ------ r , ..
.

.. .

-
... , T, '. . s1

.
"/
j .

.L' ...,

skew lines
\

'

95
;,16



A Line and a Plane

A Attlethought will reveal the three possible's. ranfacuents that may

exist fora line and a plane in space. Property 2 tell us
i

that if two or

more po Of, a line are contained in_a plane, then all points are so conk

tained, and the 11 es completely"in the. plane. Nothi g,

aline and a plane from having-one or no points in common:,

however, prevents

In the former we

say the line intersects the plane and thejatter we say the line is parallel

to the plane. /

I n m = 0

Two .Planes

c,
If we consider two planes, one possible relationshipis that of c

dence. Let us confinp:out attention to two dli"Xerent planes, i.e., not.

coincident, and ask what possibiiitieieifit. tither their 'intersect gn is

---

empty,so that we say the planes are

empty.

parallel, -or the -1-riterse-e-tren is

__ _

u, efforts at
, .

ably.led us to expect El liue as the intersection. an we,,,pz

more plausible byousing our previously developed properties?

Y

.

.

/
and p, then by Property 1 they a

,

say £ But since: A and B ere both in plane ,m,

that lihe t is

Property 2



'The' same reasoning puts! i in plane All this seems.to add weight

In is ai line. Note, however; that we

wo points A ands B.} We have not

n is true but let its accept it as another

'to OUr,conjectare that the intersectio

have assumed the distinctness of the t

really proved that the above conclusic)

basic property Of space,,just as we d d. the previous three.

Property 4: If the intersection Of two different planes .

is not empty, then the intersection is a line.

'This property Iforces the mathematical concept of a plane to agree with

our intuitive concept of plane. Without Prop7rty 4, we have no mathematical

reason to rule out the possibility of two planes intersecting in a single

point. This, of,course, contradicts our intuitive notion of two planes

intersecting.

Crass Exercises

liow many examples of ihersections of planes to give straight lines can'--

you see in your immediate surroundings? The intersection Of two walls?

A:"teiling,and_awell? The edges".of a desk?

d some examples around you of intersecting lines andplanes.

,

. Consider the line determined by a'point'on the light switch and a point

-,ontAe4 pensil aharperier-iDoe-intersect anything Inside Lhe

it-4.1.4-34.4'-the!"."r09111?

9. Consider
J''',.,..

ldne determined by a point on the light switch,.a point.cT__,

,..'.-1.,________the_pencil''' ,,drnener, Ethici some third point in the room..__ISa-singIe ,

? 4-- .
____

:,...

plane determiAAkpiledoes this pla % terse-ete ,walls, of :tpR Fodut?.s

t Where dries it ilgn;WITii-Ceiliiii't,F--3,0es iifinterseCt the instructor?:-
.- -1* A \ ,/

Is anyone decapitated? 40

dozgas.

1

10.5 SegmTr ant:Unions of Sets
*

We use the word "between"
1

. 4

ferring to points locate in certaigways,

is between two others-Ft-How are oi ged,tahen we say that one point
- ,

-Wit people seated.around a table it is difficult to say who is between .whom.
.

S Nick-be-lee.rie and Brian, 7r is Sue between-Brian and M.r-NOW

341:

053

238



What about three points arranged as._Shown?-

A

t

Can, we agree ,that any one Of the points is between the other two? n a sit- . ..uation of thiS nature "betwee" does not seem to apply.n.

C

B

If the points in question
-,,

,r f

IP

an

...
..then we have no difficulty in our use of the word- between.' We_say__that---13--ii

between 'A and C, (or A., and D
1 . .

D) and bOtb )3 and e

--443-4setrw

r- We use the a

A
,
Et

e call the set of points consisting of 4t4, -end B ,,and all points between
A nd i-B; degment AB and write it lit A.B. like the difference in notation

.-.44. 7 ----
. ,-- -..- - - -between AB (se:6nent) and AB' -(lipe).. . ,.. . ,15 .------:

AnOther titpl 119, wish to recall froirt previous work is the union of two
sefer Remember-that this i-s-theset Of all- 'elements belonging-to_at llast, one--- -----of the, two Original sets`. - Inthe 'figure above the union of AB and BC is.,_ .

.. ... -This 'concep- ed'in the fo1\lowing class exercises. i.
---:-.7-.....,..

4--
.

iabetWeenk.andt D (Or A and
.

etween A and D. Thus, when we say one point. ,

-are, Axg_ thetcthepns are collinear. _ .,,, . . 4.?4
ove idea when we wish to speak of a porof a line.1 3 .



Class IExercises

10. Pzcsunine li
;

144.

e' PS.' I
- I

. $

.

IC 1 ..f 1 1

P I ;Q R S

1

Name two segments: [
1

. I

-,. (a) whose intersection is a, point.
..

(b) ,whose intersection is a segment.

(C) whose Linton is a segment.

( (d) whose union i'S"''''tiOo segments.

(e) whose intersection is empty.

1 -----

11. ; How
;

many.segments are it-71--.Ehe figure in--Exercise 10?

+4
12. SiMplify the followin by referring to line AC.

.

A

la). En BC
AC BC

.(c) ABU BC
,

Az,l) -AC

13. Draw two segments TB and CD

AB n CD not empty.

10-.6 'Separations

(e) A nBC

(g) AC r) (A4) BC)

(h)q_

so that '-'ABc) CD is empty but..

-4

, t S. ' '

A point on a ling separates the line into two parts. Each part iS -called '
. .

.a half-line. Thus, AB is separated into two half-lines by the point C in

.. \
.

the' following tl\tagram. Notice we have three subsets of the line, the two
- - .

,.

*. haif-lins, and the point of separation. . 4,10,
-

.

\ .
. ... ,- , ef

.4
'P

A C. B

4 \

speak of the half-line containing A or the half-line containing B.

alf-line together with its end-point is called a ray. Thus, the nion of

ink C with the half-line :containing point B is a ray, writte
-

e the notation used and contrast ,it with the notation used for line and'

4.

.-24Q255



7 \

.

4

o .

line segment. In the latter two cases ordertmade no difference- --Thus, 0
v.e. . . _ - d .and BA

(-...

both aenV ote the same line, CD' and 'Y name the same Segment:

Order, however,qi important when considering rays. Al. and B1
.16

do not 1/Pan.....
,. . .

the same ray. The first letter names the end-point While the second letter ..,

names some pther point on the ray. Ray it starts at A and contains B;
e.ray g starts at B and contains A.

.,,
,

.

,

-A similar situation holds with.a line Lwa plane. The line separates the
4

plane into two'half -planes. In
0

the following figure, line L separates plane

m into the two half-planes containing P, and Q, respectively.

Line C belongs to neither half-plane, but forms the,boundarY.of each. Note!
11t the line divides 'elle plane into three subsets, the two half-N.anes and

.th line itself.

.Space is separated into two half-spaces by a plane. Here again we say

that the plane belongs to neither half-sPae.

Class Exeripes
\ ,

4. ' Draw a Ilia containing the three points P, Q,,and R,
P and Q. Use the diagram to simplify'the following.

-(a). ga4.-p) " " "1 :II 'Il 1 ' 7, 1 '4 .1 --4-in,

(b) FR- u R4 ,. (e) y n ri
i (c) .7Eurfcz

yith R between

#

.

15. It point; A and B are in. the same }calf -space formed by plane m in
. , -

space, what possibilities exist foi- AB.( ?

4

_
Conclusion. -

° 0

What major.ideashave.we covered,inthis chapter,? We have looked at-

geometric'eleMents as ideas, and seen that we do lick put points,,lines,-and
.

planes on theboa.rd but only representations of.'s&q4 ideas. We have seen that
...i .

.-, '--,, -t,,A,Z 5
-IN



I
someelemenTts ofgometry are defined, whIlikeas some are left, ndefined

,

These we as our building blocks to develop mope complex 4eas.
: 9i

----We haviksee w inints, lines, and planes in space are related. We have-
,-

4

discussed the intersect ns and unfons o f t hey varibus-geome cal el ents.

In the next chapter we will continue this approach and,use,these b: i

elements of point, line, and plane to de lop other geometrical figures.

1\

Chapter Exercises

1. Sketch,two planes, m and n, that intersect in line 2.
r

7

2. Givet.ttwo sets, one with eight elements and one with twelve elements,
46.-,

4(a) what is the maximum number of elements in their intersection? I
II. 61

4, The minimum?
'''' ,--

S.
/

kWhat is thkmaxlmum number of elements in their
.

union? The minimum?

-'If m and 2 denote'a plane and a line, respectively, draw a sketch to
11.°

shw each of folpwing'situations:

(a) Tf) = 0

(b)

(c) mn = pofht A,

If and p denote planes,.draw a sketch to show each of the

following:

(a)" mil line 2.

-(b) mn n.= 0

N 5
How do a ray.and a hal line differ?

.. 1'

6. How do A4'4B, d AB diger.?

( m n p = line .2 -

( d) mnnnp = point- A-

2 5 ri
242



C6haider tqe acoo panying sketch, and th ines and planesslat

the'figure. Nate lings by a pair of points an nes 'by th

4$*

ested by

points.

Name the following:

. (a) A pair of int4Sect*g Planes

(b) A pair of parallel planes ;

(c). Three planes that intersect in a point

(d) 'Three planes that intersect in a line
.

.(e) A pair of parallel lines
\,

A pair of.Skew lines .

Three_lines in the same plane that, intersect in' a point
....

Three lines not,in the same plane, that intersect in a point
, ------,__

- 'Four planes that have exactly one pOint 'il common.

-__
1. .

Hoyt...many planes are.determined by,a line anda point? Must anyconditions
_

-be
.,

gaded:on'the line e-alid point for the answer to be unique?

.9. Four hOudes, A, B, C, D are on the same street with two boys living

6 in house A, three In B, two in C, and tto in D,' as shown below.

3 2

A D

If the boys form a club, at which hbuse should meetings be held in order

to minimize walking?

4-
-1

1
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r

Answers .,to,iClass Exercises

Sly

2. et) b)

Other orientations

o

are possible.

:(2,41:,

0

d)

1

, J ,..i.,...t.4,-.

Number of
1, / Points

-.
';

-Numbet of .1
,,, Lines 1

-t:

Zr,'

, %
. 1

6

-=5

6
....,

- -
10

15

N 1N(ii -.1)-

0

,
t s

- 177 A'-""

tir

-P

5. _:'Since the ends of any three of the table legs d-.- ermine a plane, a total

of four planes are possible The -three Poi s o the tripod determine

only ne plane. "The:mends o the tabl.e le 's need 'only lie in the same

pletne,igaid thus no lonecessarily be- the ame 'length.

. 4.

'Answers will depend upon t e situati ns. These qi4sgions are designed

. to help: You visualize lin and pla, es in space. . .
.1 o

. .,i, I . °. ..,
,

a

,24142 5 09^



10. Seve al answers are possible:,

(a) and 0$ bls) PQ t and RS

(b) P and QS (e). PQ an i RS

(c) PQ and ,QR4

11. 6

at

12. (a) B (e)

(b) BC (f) AB

(c) (g) 13Z

(d) To '(h)

13

'(a) 17Q, .

.co -

1.

(d) E . I

(e)

/5. Either one point, or the empty 'set.

16.

,:r-

:77

a

D .

W. tt.. lip .
te

. *4
.,

-1 tt, '...

,.,

.....';,

6

"r ".4 x t
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1.0* Chapter 11, ,>

. AO
IC 'GEOMETRY, II:

4:

11.1' Angles anATriangles s

,,

Sr -../ ': >,

You 4re.famili r with the terms. angle and triangle. Rol-4 de we define and
., ,t

use these words in geometry? We define angle ps the union of 'two rayaLwith,th'
2-,

,,,, -,....,

same end point, t both on the same line. :Pqe'common end point is cal440.0.6.
,

it.

,

the vertex of the'angle and th6 rays are called ths sides of the 4gle. Thiis,

i

ln the figure below, angle ABC , written GABC, is composed of the rays ..

BA and If 'w-ith poine"B in common -

r

->
.

In the syM15-6I--."4:ABC the letter in the middle always names the vertex.

2: ABC = BA .1.) BC

),

LABC. and .G.CBA however both indicate the same angle. Notice that the
. A

angle is composed of rays, not segments. A figure such as the one shown'

below it pot) by our definition, an angle.

-
A

-

. ..

. .

The fiidre'd6esr'oii course, determine an angle in that segment BA auggeSts
. ,... _ . ,

\ f .

;;;;;,,

ray B& andsegment BC suggests ray, BC. These vs, then, give us an,

as,defined;
-.

.1.

. ... .

. An idtuitikely simple 6spe4 a an angle is the Inside" c4. "interior".

of the anae, Probably every Student_could p91nt to t p Ar a or region we:' .

..- .

have in mind when we use sudh a wordp:,_ An angle avides s,plenainto two., .,

., ,.

ions and in tele.S6ese of theword owe mean the Smalle ,of the,tlio re.tion

DescribIngstich an area initerms-ofour previoui ideai involves the.carefur
--,- . ,t- - "k-

. ., .

. '

o7,1



a

a

use Of language, if we are to say'exactly,whpt we.mean and nothing else.

Recall that a_line_sepa4ates_a plane- into two regions.

tion o
2
neshow:v-7r--

;

Thus, given a situa-

Q

eA

we may use points of ,the plane to identify the two regions, that is, the

twj half-planes. Let, P and Q be points speh that. the, ofithe
line Q and PQ is between P and Q. Then P and Q are on opposite_

sides of line ,.,_By the term "P-side of line./ we mean the half-plane

:that COlta'ins the point P.

In the following figure the'horizontal-lines indicate the A-side of

/
0

.A
44

13!

, i %Sae ,- - ----"C--t----------440

In a similar manner, the vertical lines in the following'figure indicate

the C-side of ,71r.
, ,

:
-

: .

Dui

A

With these' ideas We are.now able to describe the interlor'of,an angle:

Given

.

0

0.

y.

A

ye



the rays. BA and BC determine ti Yines BA Itand

If we'again refer to the A-side of

intersection of these two regions,

interior ofe.ABC.

. Nt'

.0°

.

BC as shown.

Jr

BCI and the C-side of

doubly shaded, is what

.BA, then. the

we mean by the

'FormallY we say the interior, of.e:ABC is the inteilsection of the A-side,
3 ,

. Of-BQ'and the C-side of AB: . ,

'
. . .

. 'Still another way of defining the interioilbf ;an angle-is to take
L.. . . ,

_panto; M, on ,BA and any point, N, on BO. "These two point determine
5,14,,

x, ,,,:

r
.

"a segment, MI, as shown.,
,

any

, B

,

1,te mair define inte rior of Z. ABC

ulltOthe'exeeptibnof their endpoints.

teripi:of in angle not the same if we
4, .

,,,

r

4

tb.be'the_unionofall such segmehts--;

Why arg,illegg;*ini.tipn8 of the

inelude.tii6ndpOint'S of the segments?

9

t



V

'When we csnsider two intersecting lines,

we-arer that the resuitlrig-raya 1'th:1ifour angles. We dell a pair of opposite

angles, such as BPC and 4.. APD, vertical angles: Notice- that ,their

sides form tWt pairs of opposite rays. The figure also contains another,

pair of vertical angles, ..!:''APB and G CPD.
a

'Triangles )

Three non-collinear points, A; and. C, will determine three seg-

ments, AB, AC, and BC. The union of hese three segments is called

triangle AEC and .is written "AL ABC". segments ,aretalled sides of the

triangle. The points A, B, and C are called _vertices (plural of vertex)._

and angles ABC, 4!"._ BAC and G ACB ,determi d by triangle ABC are

called the angles of ii111 triangle.

A

'A ABC = A13 U BC wa:

-

Note careful/Y:the definition. It is the union of segments,. not .).3..iter
-, /_,-

'-S 'rays. , Although the Jermellts AB 'and AC determine the .ray
.

-:

and thus deterpine .the angle - BAC, _the segmen hegaelveq,
. . '...2-,' ,

angle , "This ia yhy i.e1 .say that ; '9 a: --4bt or locates the
-..,

- bUt- that th
:,''..!-- 'f-J004tgill'A-:- a4 sit-the -triangle,.

-0 ,;;"2' a' es a plane into two regions which we ca 1
7--7=- - 'f, ...-

e e; or af''Ae triangl,"I' Here again we have three - subsets.
v .

-' T.,(.-- :t .--'tlia plane, the't,rtangle,-its' interior, and its 'exterior,: 4 -We may use ..the....!' .' .,.. ,
interior df the angles of a triangle to define the interior ,of tpe_ triangte -

The three angles aete.rthined by A'Abc .each have interiors as shown.
:

.. ! '''. i.. ,



-

v.

k.-

By using the intersectton -of these three sets,ye may define the interior

of a triangle, as the intersection of the interiors of the three angles of
/,

the triangle.1

C

A

Q

This definition puts the point P in the interior of the triangle shown

abovince it is in the interior of each of the angles. Point cl,-; is

not in the interior of-the :triangle, although it. is in the interior of

.G.BAc. If a Point is in the interior of two angles of a triangle is itin

the interior of .the third-angle?

;

diagram like the one below may help students understand the meaning,

of the different, definitions given.

-

I /
' A

1

You may ask studentd to shade regions such as interior A ABC ri interior

ADF, 'or interior A ABC lflhterior, bADF. Of you may ask them to

identify, the points in the Union and Antersection of sets of points as

follows:
AO.
AB 114" n. ARO:

....z.

-'17,.Z. ALB n BA

L ,.....,

(points .11, and -B)'

(point

d,.A1;(1 BF

ie- interior ABC



Class Exerc4ses
.,,4 .
A

4. A. Definas.) the exterior of Ian angle and of a triangle. (Make Use of the

been.defin d in each casej'Tact that the'interior as
, -1

2. ....Refer to the figure below.

D40.ibe the set of pOints i :,:

,a. 6,/ 4 () ECF. /

,
b. BAO r) )3c. /

... interior of . BDE (1 FD.
1 -

7
/ 9-

7B (-) BC. , .

go rt, -ff), o -(5 0 FM) U (17E 0 ff.).'

0

f. C 0)

(Note:- Dtercise6,3-5 refer -61the following fi ure.

C

1..

52;
> I .

3. Name,four pairs of5vertical angles. Are there others?
.-.

.t

4: lame threelhaIf-platies. 4

.& S ' J,

5 at is z_.DPE fl G.:EPP?.
.

-..

>
.. 5 .

t. r;
......, - -...

-, - , . .

11%2, Sim le Closed Curyes -'.`, - . ,

a
)_. ''''"' '

. - I
,

...
.*.

rd "curve" is .a.mot4r ward aftb:Swe use 'in both everyday lasgUage
, . ,...

giik?.n our mathematical, 2,and4e. -Like many ()the-words, the two 'usages do
i

,...:,

"'-not 'ag_ree ig,d11 respects. ',;Belv. are some representations of curves.
'...::

1 , '''''

1

. . ...

. .

') .',.
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or

\,.

A planecurve.is a set of p ints, all in one plane which can be ,rep-

resented' by a pencil drawing m e without lifting the pencil from the paper. -

Segments and

line is also

our general

triangles are bot examples of plane e I'ves. Note that.a straight

a curve.?it is this t -hnical usage that does not agree inilth

usagewhere cu e is Aso dated wit the concept oL;changing
5,

Curves made up of line segments are.call.ed broken-line curves.

These are often encountered in the graphical

they are called broken-line graphs. A curve

which`-ttarts. and stops at the

't

representation Of data where

which can be represented iy a,

same point is a closed carve.. Further.:

more, if the curve pastes through no point twice, then it is called a sliple

closed curve. -Notice that a simple closed curve does not nee sari4yhave.

a "nice" shape, but only that it is closed and does not cross itself.. -In

the examples belc4, aX11 are curves; (a), (c), and (d) are closed curves;

( a) and c4 are simple , closed curves.

(a)

4

A property of simple closed curves, that seems iht1.114

is that such a curve separates the plane into exactly two re

three sutsetg of the plane:' Any two points,in the interior,

B in the figure below, tray be joined by a broken-line curve

_cross the
/
"Simple closed curve. A similar stateMenstatement. holds fo

the points C _and D. Also, the segment connecting any-pei

P, with any "point of the exterioN, Q, must interAgt the' cu
/

This information is contained in the Jordan Curve.peor m Wh

g simple closed curve

9-,

separates the plane into exactly t or
'

(d)

ly Obvious,

ions giVing,

such as A and

that does not

the exterior and

t of the interior,

e at least ante:

ch states that -

,--

gions.

,4



A

We rpfe

boundary of t

of the interio

We may use

of-a triangle mor

the union of three

to the curve itsel as the boundaryof th= interion,or the

e exterior. The in rior is also called a region; the dnion

with is boundary i called a closed reg on.

he concept of0tImpl closed' curve to-l-es ate the definition.

concisely. "4 gleis a simple closed curve which is

egments."

, o co se, many kiqtrof

0 'group of hese, which in des the tri6g

polygon s a simple closed plane curve comp

v As with riangles, we refer to the segmets#.

Simple closed cur

, is ,the set of

sed of the unto

f polygons

f the polygon,

ygon. 'POlygo

determined bYthe sides are called the angles

19.f the angles arelcalied the vertices of the

convex or concave.

p

s. One impOrtant

of line segments.

des', the angles

the vertices

s are either

t-
convex poiygon concave polygon

, -
.

\

v,--, - .
. \

A pol`j gon is said to be'" convex if' each of its sides, lies in the
w . ...

boundary of a halfp4.6ne whfeil contains the rest of the, polygon ig, we think

of extending any ok&side'then the remainder 6f the ISolygon.wil\be contlined ,iv

kin only ona,of,the repulting,h f p es, ;11000k\

ways; WO' of the aim lest is by the

es. are called quadrilateral ' pot;

s. A few polygons with the nam

i."'POlygons areclassifie

numherof'dIdes. Polygon_ four bi

gonswifh fives sides are called pentago

,are liptedbelOw:
A

8

f.'); -



r.

Triang
.

adril eral

Pentagon

Hexagon

He ptag on

Octagon

Nonagon

Decagon

Number, of sides

6

. 7

.8 ,

9

10

.

Other polygons have ames, bu such nams are seldom ed. Aps.9.3act,
many studelts flnd inter sting is to dsoygsare or as any polygons .as...

possible,

A segment co

of the polygon._

From the sketch below we see that a pentagon has five diagonals.

word stems.

g any two non - adjacent vertices is called a diagonal

les have no diagonals while quadrilaterals have.twe..

Class 2Xerciaes

.

6. Cotplqe the following, table and find a formula

diagonaik in a polygon of n sides, n.> 3.
\ o

4

the number of

,,.

f sides1TUMber of .

.

:Number of diagonals'
/

.

,;-

__

4

.

i

3

4-

5 ''

6
.

iT

:::

n'-. P

.

.

F

0

-

.

..

.-

,

.

.

.

.

.

.

.

,,,

2

-,

4A

5,
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7: How many Simple closed curves can you find in the figure'below?

_______E---Wiiet---i-s-wrorg wi lasine.the term "curved line"?
,

9. Identify eachsof the figures below as' one of the following:
4

closed curve; not simple

b. carve, not closed 41,,,

c. simple closed curve

---kieP and Q in the interior or exterior pf the curve below?

11.1 What connection does the Jordan Curve Theorem have with the problem

in the introduction about the three houses andothe three`Utillies?

12. Must the diagonals of la polygon always lie in the interior of re-

polygon? 1.

.

, . ,..

11.3 Transversals, Parallels, and Parallelograms
... \

, ---
, . ----

Wien two lines in 'a plane are both intersected by a. th6i rine, then

- . ..,
the third: lne is called a transversal. __Such a situation is shown below,.

. Ilk
''where line is is the ,transver4:1;. ,

- --- . .

..-,..---



ti

1

I A

----4' .

Here the'aniles ave been idetified by the

the interior of the A les. This- istc.use of hum

.

. ...,

se-of,ndmeralayritten in

that-we-have not
.,encountered before. ey are being used as-labels es,

.
much as a SoCial,.

Security number, room number, or a telephone number - ._.be used asifname...t, \
:Many of the pal s of angles formed a traniVersal\ Aeuountered so 4 --

often that we give-thr speCial naMas:-7Fair of Angles such 'S 1 and 3,A . t.'
4._,_

al* called correspond'` angles. Angles '6 an -A--axe also rresponding
%.,1%

-,,,

a les." Do you see

A.!les such as

you see an national behind suth,a name ?', ,.-,.,
... .

-When tl)b pair-s of parallel lines intersect, the figure formed by the
,.\ _ ..,4

`-------Testatizig- segment. Called-a parallelogram. .A Vai.allelogram is also defined
1.

as a qupArilateral w ose opposite stece-s-44eon_para.1.3411'lines. "(Here opposite

means' non- secting.) We 'write C7'ABOD for parallelograM'.AECD.-
.

.

o other pairs
3 and 6 are called alternate - interior angles. Can

= ;

diagbnals of e--/ABOD.

sidered again in Chapter 12.

,Class Exercises



13., Using the figure above, name:

a. four-:pairs of corresponding angles
. .

b. two pairs of alte e-interior angles.

.f-our pairs of vertical singles, ,

14. -If i ' ''''---- and /3 are
, '

arallel and m... m and m are para11114
1 .3,

,find aparallelot- which is partially in the
2

interdor 9f another
?

., .

parallelogram. Howpa :. allelograms can.you see in. the figure?
. , . t

How many. diagonals? Triangles ..,

,e

MAY

11.4 Solids \-----____ ,

7 We have examined many-s,bsets of the plane, such as line's, angles,

triangles, and polygons. The are various other subsets of space, not
?---4-

subsetS-Isf that-We-wil consider. If we use our lines and planes
r e- - ------------

,

as building bloCks, a variety of olids Marbe-7.formed. .

By Property 3 of the la apter, we know that any-three non-Collinear

points determine elluniqUe plane. A o point not in the plane of the first.-
.

led the tetrahedron. We may define

Pt, 3

a

three will determine a space figure

a tetrahedron as the union of'the fou triangular regions determined bk.four

points in space, not in the,.seme plane. In tetrahedron ABCD below, the four

points A, B, C, and are called the vertices,, the segments Wf,13d

BD, and CD are called edges, and the four trianp l.ar regions forMad are

called faces.
D

2582.7?.



The tetrahedron is an example of a class of three dimensional objects

'known as polyhedrons. Other representations of polyhedrons are shown below.

Just as polygons separate_the plane, polyhedrons .gepatate space.

is divided into three subsets, the interior of the polyhedron, the ext

and the polyhedron itself.

.Polyhedrons of the type shown, are called simple polyhedrons an

an interesting relationship among the vertices; edges, and-faces.

will'bount them in.each of the preceding figures, you will find tha

sum of the number of vertices and faces is two more than the numbe

This relationship, V - E + F = 2, is known.as Eulerts formula.

is very surprisingland students rind it interesting to veryy-'

solids. - .

An intuitive proof of Zkilerts rmu a may- proceed along, th

lines. Consider a polyhedron and rem one face leaving the

'vertices unchanged. Thus, if Origi,nally V - E + F is a con

then removing one.face gives V - E + F = k, where k = n

ish to find k. If we think of the polyhedron made

diefemablplastic, we may open it out about the missing faceab.that a plane

surface made c4 polygons_ results. Although these polyggps may be shaped
.

differently-than the faceelf.theriginal polyhedron, they will be the same-

---' in number,' and they will have the same _timber of vertices, edges, and faces.----..

lams, ,the'nUmerical value of 31'- E +F r sins unchanged. The argument in...

'the following pacagraphs is applied to the 6 as a_specific,exaMPle. Notice *

., .howelkr-thai'at no-step doeS the arg ent depend upon any special properties
.....: - :;....mog- -

of cube but applies to .simple p yhedra dn,,general.-
' ,

,,,

edges.

fact
ti

various

1
following

ges ands' 4

ant, say n,

and :now we

or some very



fl

G I

49/

,R

st

I .

0 J

" .

Removing. a'face ';opening out", :the c
.`,/

transformation. We in effect remolietthet"to " and "flatten out the reminder
-

3

ABCD sho Notice

e results in the following

to give the plane .figure
ti

the number of

" E +.F is still k.

vertices, edges, and feces

that although the shapes

remains the sane. The value 'Of

hange,

E

I"

s

B

If e draw'diagonals in each polygon.to subdivide

tri x gles, the value of V t'l + F_ remains unchanged,

s 'one edge and one face. Adding 1 to.each of E

affect the total V + F.

D

A

Any -eriangle like AABF which has only one
. D

-side" may be removed by'deleting side

E

GY

Ait

1

the polygon into

foreach diagonal

and F does not

4

. 4

.

side'exposed to the "out-

,6o 9 'ti,7

B
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-

This type-of, deletion does not change V - for4we have decreased
both E and .':.by 1. We may also- remove BC, CD, and :. to give the

D
,. f

C .

,
e a u . ECG

A Deletinra,triangle such as LI AEF, by removi)ag AE and AF; also
leave's V E.:NF,--1...inclianged for this decreases V by 1, E 2, "alid
F by 1 ,

7Orre---ir -t.lie,,,,ather of these two methods of deleting- triangles may be
ctrried out' ),/iti.1onlY. a single.tritnzka-retzaidg-._ value, k) of

. . __ . ,......

----.----11-i'E -'F . has let ill not changed ant at this point we resort to counting.
4 P i

.- ,-

,

1'-

Here we sgetheii. -V E r---3 and F 1, 'so' hat V -E+F=k
tand Ina' 'k "= n - 1-, n = 2. Again recall that2;the same result would,occUr

,
we, started with any simple polyhedron other. han the cube. ,
t .

Sometimes' thisthis formula is referred to as De cartes' fermula 'since he,
seems o halre '34....ecded Euler discoveiting 1 e numliser of, yertice rand
faces f any simple-polyhedio is twOmore t e number of. edges. ,

1
, i

!
,. .....

4e1".'.
%, - 'E E,-;-= 2

O

.;( t

a
ACther

you ,aie figniliar with cylinders- and prisms 14.1te the

r

'ones shown belWi
to ift

; Vf. f

=
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.rn .

. These are 'examples of special kinds of geometrical solids to be considered in,'

more detail by students who continue to study mathematics. Instead -of treat=

ing each ihdividal solid as unique, mathemalciansuse general and broad

definitions to enebmpass whole categories. Here we will indicate a more
.

P

0

general development of.cYlinders and prisms.

Let us examine-how such'solids may be formed.

Consider any simple closed curve in
*.

the'plane.

C

a plane and a line not parallel to /
-,

All lines Damillel to

form what is celled a

,"

in

"" tends

c

/
the, original line and

cylindrical surface.

passing throtigh the curve will

. .

Nofice,first ,that till use of the word_cy indrical, does' not imply circular
.

I ,:.- .

Oss-section. This is andther on wo
. ,

used do a broa erisense thanq, . . . , . .

rurally useit. Second, sinc this surfa e.is made up of lines, it ex- .

, . . )

indefinitely in bOth direc ions. Tlie,definit ion here inclUdeS.the_casq
-,

i ,
,

where cross-sections are circula 2 osuch as repfesented by a cardboard mailing

tube. In junior high school mostaxaiiles will be special cases of the more

have a general, definition,of is

.-geAeral.det*tpn given, above. ~Future worehOwever makes it convenient,to
,.

<c , - ,

.
. t

The simple-closed curve that gives the surface its shap0 could be a
, -

,
,polygon, best, f;tethe surface* still cal a c):11ndricol Surface.

, .

*

r

'

0. 0
e

'.276

o

°



r 1.

'When two parallel planes

surface between the planes, together with the rbiloris cut from the planes,

forms ,a prism. Ifthe el-cis-section is not a polYgon but,some other closed

curve,,:we get what is commonly called a cy inder. -(Other definitions of
,

<61.w.prisms and cylinders that use the concept of congruence are sometimes given

intersect such a surface,

ti

that portion of the

it geometrY. boes..) *,
'Tile.pblygons in th two parallel planes are called bases..Frismslare-

.

:often classified by their bases.

prisms,: and so on.:

Thus, ire have triangular prisms, hexagonal

d

r

. 0

Other classificatiOn9,ane. possible anQ some wi lbe_taKenuplater when we
'4104.

&insider volume and area.

.We may also treat the. familiar cone and pyramid shown below as special

cases of a more general classification.

`,/ -.?"



.

t

-"" r ,--

,

Starting with a simple closed curve in a plane,. a point P not in,the'

plane, and all lines through the point and the curve, a surrace ilgeneratbd

as shown., .

P

4t.

,

.s

"S oh a surfaek,As calleda.4>onicarsurface.

Notice that again we are using a word, in this case.cbnical,:in a more
is

general sense than is usual in everyday language. Common usage Of conical

implies circular, although this is not the Nitse_with, our use in mathematic.

The general case ado -:e, however, certainly includes the, common conception of 4_

a conical surface as a cixcular cone. -This occurs when the simple closed
>

- curve is a circle.

In the following sketoch.the simple closed. curve,is shown as a polygon.,'.



. , /

-so

7
7

/ - ) .

Actualiytheconical ce continues indefinitely in both directions.
..

...-it consists of two pieces firth onl5i"6ne polift in Common. These ,pieces are
:

- j
icalled nappes. The second nappe, not shown in the figure,.occursinverted--x---

.- - . - tansl above the pOint P.
, -AA

, `..N. .
.-.., If the-intersection of one o4 the/se:nappesafia a plane

-.11/

is..apolygon,

then'the, resixil.ting clgsed surface is called a pyramid. In the Lguie above

we4see pyramid PAkD: e point fp is, called th,apex.if the pyraMid,

led the base of the pyramid% tetrahedron is also

e familiar tircular cone is formed when the kilter-
-

ection is not a polygon ut a circle. Like-prisms, pyramids are classified
.

by their bases. The tetahedron is a triangular pyramid. A rectangular

p olygon ',ABCD is

/.
' example of a pyrami

d hexagonal'pyrmnid are shown below.

1

.

'The construction of cardboard or stif) p r models of "many 9f. the

above prisms andpyrami ids.s instructional fo st4entsi and they find it

-very enjoyable. Spine patterns are given in the SNSG Mathematdcs fol- Junior
..

High School Volumes ."I an&-II. These solids may be'used inedounting
__.

edges, verticss,'and,fices, in verifying Euler's formula, and are very.help-
4

Ala in developing space pdrceptions.
: 0

\

A ,

' +. el . \I
.

TlaNNExercises ,. v . 0
A

et.ween
J

till apex and the base, that portion.A...-

of incluaethe apex is'iallad a truncatld
. ..k

ncRted pyraMid with fl hexagbn,:. al!base. 1

.
1

16. *bketchthe,patteTntor a trianguiAr'prigm.
,

1 l!'t /- ,
..---

7.`.Does a cylindrical tarfaceseparate spate into two subsets?
.' . ''.4

- ..48 ,Does.a conical surfacetseparate
, .r ,

ka au

..1.5 ' If a plane cutsuts Et p ramid_

br ti ia which oes

am d. Sketch 4 t

space
h
into two subsets?

t ser

'
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11.5 Side Trips (Optomal)

There are a variety of side trips in geometry that 'are non-metric in

nature. Many oT these are of a puzzle nature, and although they can be cast _

1 in a humorous vein, they are important on another level
.

One these problems,that is related tp the Koenigsberg Bridges. prOblem

.1 is the
4
fo owing:

)

.4

Draw a continuous line cutting each segment 'xactly once.

J

1

This seems to be a simple problem and indeed it is simple to state;_

ever, its sdlution is elusive. A first effort such asthe following,

?No

1 <

seems to need only a littlb change to be successful. However, such changes

always seem to require other adjustments. Students find thisproblem very.

Challenging and enjoy seeking a solution, Actually, a,solution is tpt pos-
i

Sible ELS maybe shown by2treating it aq a unicursal problem. Think of each

crosqingolgf a, segment as.a.path, and let each region shrink to a pOlhot. If

we letter the enclosed regions A, B,-b, D; and E; and the exterior 1?,,
'4W. ..

then drawing the-requAxed line is eqUivalent to tracing the .figure below
- ,

.1thou lifting your pencil and retracing a segment. Then it becomes

ven vertices! Points. 1r, B,

introduction- that no,patternwith,more

clude.thr problem ip impoSsiblkj,,

, ....

which maybe examined for Md
-I-

,

, f . r' .--... ;. ,
titan two odd vartipacan Ile trade4 we co...,

arid are all bc1c1, neoLling fi-om th

.,1

:

' ' - e- i
ot.::-5. .. t

:.^1:.; c
1 ;

fr4t,",4't
4- 44,

4' t* t
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A paeuliar ObAg$ that contradicts, maw
aurf6ces, and edges, is the Nbebitas Strip.

out common notio s about
is 's-made, from, a trip of

paper, male into a loop by giving one end tWist before fasteni

C

. If you attempt to color "one" wide of the
cover the it has only one side! Also, following
has ,only a single edge! A still more surprising suit occurs, when you .

\(or studvts) attempt to cut it into two pieces allg the dotted tine. You

will also find it interesting to investigate what hathens when you cut one-,
third of the 'way in from one edge. A Sufiday newspap, a roll of scotch ,

tape, and a pair of scissors will provide. many interesting questions about

ebius Strip, you t.Tia,,1 dis-
one edge will show that it,,

s Moebius Strip.
Anaher "problem that

cians WithOut success for
problem is the
to color a map so that no

is easy to pose and as been tac
many years. is .thp; fourl

"WI:1dt is the minimum n ber Of
two adjacent countries bave the

;

led by mathematic,
olor map roblem. The

co ors necessary
same color? It

is easy to dral,t a map that will require 'four colors.,
9

.

1

Here ,nume als have been.used to designate c lors.
r)

I

' It i generally 'believed that 4 colors are atifft,c4.ent ,o color any.. \"af:), but as yet no proof of this conaecture has been gil*. ,,,liel:ther,has
anon` been able to draw a.-map that would require more than 4 colors.

... e . .
Zoll'owing are some maps and a way of scoloring,,them 4 or (fewer, col\

,

nJ
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Junior high school. students enjoy drawing such maps. and attempting to

color them in four colors or less. They also enjoy'ehallenging 4pn to-color

such maps. With a -Tittle praptice,.you can color most maps in a few Minutes.

A discussion of this problem, which at present *las neither proof nor''

disproof, provides a good opportunity to exlpre with students the difference

between proof in'general, and drawing conclusions by examIgning manycases.

.The fact that it seems"possible to color all,maps we may draw does not imply

that 'weVe wj.11 be able to d3 color all maps in the fsture. lOu may alsi,dis-

i

40-x.

cuss the importance of a single counter example, which is sufficient to prove

a statement !else. Such a discussign.will help to illuMinate the, statement

attributed to Albert Einstein regarding his theory of relativity, "No-number

of obsi-vations 4dila ever prove me corret: a single observation may prove

me wrong.5/

IL* Conclusion
, .,

(in this chapter l'ild in the precedi

geotetry.that wpre not dependent upOnm

of the-geometrical facts familiar to yo

eral,triangles, ng convent

etc, Ae nect two che'Ptdis h

established ar we

g one me have loDied- at aspects ,6,f

surement'or-distance

Have been omitted.

iguies,no rectangle

suer: will

5

m-proof s

r objectr study of geopetry

geometry'or to

ents yrith, eno

:a<L43dTtigre

. Aus man
ave. seen

, no right

Conn. r many:of these,

uence 'that you undot.4.1 edlY

e in_seyenth grade is:not.,11
.. .

iomatic 3yst2m, but,rather
-f

and so that"..tIleir.forrp.1 study "0,

In grade ten Or.whei-ever:..formal.
,-

0-t-
- -
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geometry is encountered\ p,a ful logical study of the last two chapterstt
land the next two) will be 4nd aken. At that time a'carefal a.istinction

*.
between axioms' and theorems 14 be made.. An axiom, a statement accepted_

as,true :without proof,, has mpc he._,,,same position as an undefi ed w. d;
',..

.,..

Theorqms are statements that.are stablished as true by.proof, using Toms,
-...:-, ' /1'1"

definitiobs, undefined words, and reviously established theorems. Th
,....---

roughly correspond to Our definiti s made frOm undefined wWds.
4

*-It ia importantto'bonsider car fully the space over whin -our axiom

are meaningii".-- For example, how woul ourvgeometry differ if we limited
,..

2-OA: .

our "space" to a circle andits in erlgarp All ouv axioms could remain
44, 4

unch ed, but the results would be quite different. ts- ownuid still be

point, but would allbe located on the circle or its interior. Instead of

line e%tending indefinitely, they iguld sop at the circle. How would
4 * -4-

'ray, and "angles" differ? 'If "parallel" lines are still defined as non-,
/

. - \
inte edting, how do\they look'in o r new space? What can we'say about egay

. , ,...

qu lateral with its vertices on- t. e circle?. Is it a ::.parallelogfam?".
, .

. .

"42

"parall I'lnes

Do every two intersecting lines form vertical aaglesl You migl1t fihd
. .

-interesing to sp culate about the differences between such a limited

gebMetry and th e we are in the pr eessof.establishing.

You will enj y Cedirig Flatland, A Romance in TWO Dimensions, by:
(

E.k---Abbo. This, is an interesti and amusing book describing a world

two
\
dime4sions p 'opled by geometrical igUres. JIhe hero is in jail for

, ,

claimino have talked to a mysterious office from sdine higherdimensi

\

,'.

\

, :`

.4.
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. Class 'Exercise (Optiona.)
-,. . 'A . .;,;;;

3:9. a. Is it possible to want. in the house with the floor plan below,
passing 'Nrough,each door exactly once? If sO, can you 'start in

---,

any room? .' .

, 1 'kV-.

4

N t

YJ



- N\\,,,
Chapter,Exercise,

1. ftedraw .the pitttetti lzelti,./ on _stiff paper and,make models of the prisms.
7 What are th:eir name?

2. Nhic of

simple?

(a)

7..'

,./ , 4.- , ,
----,,,,

---,.N.... -I. r '
,..""

.. ... ----.....__

1 .

the
4,
followlng are closed -t'nrYes? Which ',Are both closed and.

'

(I); (c) (d)

-k

=

... -

3 In the figure below

.



formula5. Does EulerJs o bcad.-,for the followi solid?

ft .

..

',.
. , .

(6. 'Make a Md' ius Strip with two twists instead of one and investigate
\
its propprti ''.

..

N,. .
\

::.7. ColOr the follow maps with as feurcolors as possible.

"1,, ' 4N.,
-1,
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Ans'.tes to Class Exercises

The exterior of an angle is the set of all points of the plane

neither in the interior -of the angle nor on the'angle.

The exterior of a trilangae*is the set of all poin-es.of the planet a,

thEit are

that

' are neither in,ethe interior of the triangle nor on the triangle..

Other definitioris maAobe given, but must be examihedicirefully to

e. PBDE,

f. AC and point B

3.. (4:APD, 4:..CPF)'; (.4..BPC,1_DPE); z_DPF);

',(there are other paIrs):

.;:whether they include or exclude anyregions.

a. point ,-;'.e% 0

\bi points -B and d. point B

see

4. D - side of E;. A - sidA of CD; - side of AF; (there artivthers)...
&f.

5. PE.

6.

4

.

Number of Si e

---__

Number of Diagonals
---

4

,

4

5

8

.

.

n

,/

4

)

.

,

1

;-"'

\

\

.

.---

.

j

'0

2
r.---.

/ 5

--- 9 .

14 1

20

.

1-n (n - 3)
2

J

. ,

7. This question is intended only to provoke some thought on simple close, 1

, .

. _

curves. It is interesting however to ekayine numbers of possible curves. ..

. ,

From the Jordan -Curve Theorem we know that any Simple closed curve '

will bound some interior, region.

eftlbinations of adjacent regions..

point i common, every combinatiori

'with d imple closed curve.'

Thud we may examine"the possible

Except Por.those that have only
.

of jacen regions isas oeiated

I



I

;i

6

. ,

01.

6

.1.
,

' r e.
%

-Thus region 1° is determ ined by,a,simple.closed curve, ai.are the.

:double co binitions 1-2 and 1-4. 'The pa4rc1-7

hoWever,ts 'nce'th'ey hSve%onffone point in coon and would not'there-° '..
fore_Xesult from,a simple clpse4 curve. The following comtidiOns. of

V
three regions',a;so result,trom such curves:,1,7,g,-3, 1-2-7, 1-4 -5, ,1114'- 7z.,1 -2 -4.

Analysis of this nature, taking advantaigfi syMmetrk'oere,possible v.
. . qv? ,A4... i .. ,, 146.will reveal that there are 63 'simple. osed curvestioasined,in the'

-I.

t,
Origimal.figurd.

I , ,t
The word "line was used only with the connotation of straight4thusa
the term "curved lime"

the "stall'
.

is probably a coptradiction.

b. the line segment, he "moon "'

c. tb -"dog" Or-the "bone

.10. P is akthe exterior; is

1. Befre the last utilityjhas b

a Simple closed curve with on

in' *the exterior.

'12% i No.
°

43.

Z13:AD.-

. ABF

BAD, G ABE. f
- ,

, v

P

0

n the interior.

.
f

n connec4ed the of Alto have. formed, *4- ,-
r

house in the inters and

.

c- GCAB, .GBAD

"" CAP,

QBF

.G.-ABFv` EBQ

one uttli,ty
.;.

9 CI
o.
O

,

' **Jr . _
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14.C.27 DEMG is partially in L17.7ACLGa(other answers.are possible):

Mere are nine parallelograms, three diagonals, and seven triangles.?

I5

4.
lk

17. No, three subsets; the SurfaCe, its

18. No, four subsets; the surfa

interiors".

et,

.r

interior, and its exteriors

4-
itself, an "exterior",'"and two 1..

4111111b interior

nterior

hat we Most commonly think'of as a cone, however, Zoes,seperate

space into three subsets.
. .

. c .

,19. ,a, Yes. Any path must Otat in one.fof the rooms with five doors
ft,, . . - ,

and end in the other.
.

.

. tos Not possible, since more than ewO. rooms have. an odd nun of

'doors.

fl-

411

.

':218

4
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.Chapter 12

MEASUREMENT

a.

is Introduction

In the .last.two chapters some of the non-metic properties of certain
f .

sets of.Points were developed. In this and th

will be relaed to the rhysicaiWorld throug

fallowing chapter these ideas,

measurement,. Hllitorj.cally,
, -

geometry,developed through the needs of to measure and compare certain-

physical thing ip.his'environment. Even the wor'"geometry came from words.

which meant ".earth m&asure."

These chapters will not develop

properties, but will attempt to fur

volume concepts as presenterin't

Volume I. It is imbortant that

of measurement, the developmen

physical objects, 'and the mat ematical interpretation placed on these concepts.

A major' point to be made in this,chapter is the fact'that in measurement our

units are completely arbit ary and although we are free to choose a variety of

units, we intimately sett e on the most common standard units for convenience'
. .

-

and ease of communicati . Scientists are frdquently confrohted with measure
e

ing situations where i is mare convenient to create a new unit than constantly

work with very large ultiples or very small parts of other units, ght-
.

year" and "Angstrom", are both coats Created to fill such especial heeds'..

rigorous explanatior6o1rtrasurement

jah intuitive ideas of length; area, and

e SMSG Mathematics for Junior High School,

oungsters understand the approximatevnatbre

of arbitrary units for,measuring various

Such c6mmon questions as "How,many people went to the ball game?"'or mieow

.mueh mea shil,I'buy?" or "How fast can a jet travel?" have answers which are

- alike irrphg.:ieS They all Sir/0117s numbers.. Some .of thee answeR are

found by'qourr4 g, while others are found by measuring.

.The. qu

.;cstijetr and

e/used

es/ion "How many?" indicates that you'arethinking of a set of
.0'

ish to know how many there are in the set. Such seOis_called

Questionsas "How muah?", ."How long?", °Ilow fast? , etc')

descrite apkWiIing thought o'f.as all.in,one piece, without any-

breaks. 'such a 41 Ted a continuous "et. Sets of people, houses, or
:1

anitAIS are discrete. s4s a:rope, a road, or a flagpole areall tho'ugh't .of as

ont'nuous since they are aike models of line segments; you eän count a

of.line segments but you-cannot count the number of all,points on.a

segment. A blackboard' and'a pasture may be thi4ht of as sets points

used by simple closed curves and as being continuous. Such sets of points

a e not accounted; they are

being

numbe

iin

' en

277

9 ,9
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12.1 Congruenc&
-

The sizes of some continuous sets.may be compared in various ways.' For

example, to compare segments AB and CD, lay the edge:of,a,piecs'Of paper

'along CD and markipoi,nts...0 and D.

',. . 1

, .

_,

Place the edge of the pape± along -AB with point C n point A. If ,D is

between A and B, .AB is longer than .CD. if D- falls on B, the seginents

have the same length. If
,

B is between C and: D, ZI) is lonher-than AB.

bi" course, -;we need to recognize hdre that what-Aare reallyrdoinA"is. ,
,

, . . , -t 1 .

idealizing'this situation: It is impossible-to draw representations ef two

'llkie segmentaso hat they both hatejfactlY the same length. This again is
.

4

anmabstract intuitive ideathat should not become ,entangled with the.physical .'
. .

representations.` Stud4nts should realize the differehce's betweq-ri abstract
4,

co,ncept_ and phyLcalsinterpretationa Of these abstractions, that thedrawings .

. they make are only to help them interpret th4.ma:the- matics they study. .o

,

`-,i .-. , Let us i;4turn to the segmentsoabove And consider particularlyAhe case
o . .

_
, - s'

-dey'both have the -same length. When we write 4 = 2 + 2, we ,mean -that,.,
.J'

. "0 ana."2.4- 2" are two names fbr the same ntmber. Whey we'l.rite. p F CD, We
--, ../

mean that AB and CD are two 'names foF the ,same segment;, that 4is, tie two
i. - , -........

,same
' e 'segmentS 2.'e the samd set of points. If AB and CD- have the 'leng-Ud

. .

but are not the same set of points, our definition-of equality does not allow
.

us..to say they are equal. They hTe equal only in size and shape,-.:,'Ileive.the A
c 1 . , ','f . .

'word congruent to describe"this relationship. -Me symbol
.
dengtlpg'congruence

is " Z.", aiiii we may nowArrite': _AB =- 6. Ais. is read:, "Segment AB- is . i. .
congruent to seglieri CD." ,.If we, wish to say that the lengttt,lof'the*twO seg-...,

. ,: .

'menta are the saite; we may use the notation "AB': the length of segment AB,
6 1 ": 1

and write AB = CD. Here:we mean,that tlie:.lengt .of "AB is, the Same as the
,

rtriged-er- i is use of the,word "congruen i:p an extensitanthe use
. . .. , , -NP -

you probably remember frot high'sclteal, geomet where:congruent" almose'al--
.

wey1 referrc ed to triangles. The meaning nee e iabasically:tile same as.:yith
. .,

k trilingle.s.arid ,is the same meanimg'student Will enc.,3utter when they study.
,

. .- 1,-..forma/ ometty. Congruent, means equal- i sizeend shape. . ?



, #.

In working with the above segments we tacitly assumed the followi

erties of continuous/sets of points, which, along with one more prope

{stated later) are till bases of measurement.

#
Motion Property. Geometric figures may b0moved

without canjing their size or qhape.
.61

- 2.' ,Comparison Property. rThe'sizes'of two geometric
1

quantitiesmay be compared provided th4e

ties have t}J'same nature.

3 Matching Property. Two geometric quantities hame

the same size if
2

every part of one can be madeito

coincide to a part of the second so that no pat

of either figu±e is omitted.

rop-

These are some.of the properties that elabi.' the "stz_den-4,t elate the ab- .

e aware th'at these

ilized.

In elementary school.mathematics, studentsM'ake mod%lI s and tracings of

geo metric figures and,test.for congruence bydeteimdni whet* two figures

have the same "size and shape" by supeldtposition. 'In junior high schoO) the

ground work'is being laid for a- more defi'nitionr congruence that will

uctive geometry course in high school. For example, two spheres, 4E,

, . ,1
ctraction

0
s of geometry to the physical world, and we shoul,

'or

,
need to be -pointed out to them as the measuring proAss id

.-.

4.0

ler

. .

. ,

may be."congruet" I but imposing one sphere on anoth r doesn't make much

sense. From theliidea of superimposition0.et us_try to move to a more formal
.4.

definition of congruence. i . ,

. , .

,

'

.
B

X'

01,

t Q ,

Suppose PRQ ',can be superimposed on ABC with R falling,on B,, )
P on A, and Q on C. Then there exists a one:to-one'correspondencebe-'

tween PRQ and C. ABC, e'achrp?ini of ,L PRQ, correspondingeto that' point

of CsABC. which it "covers" /When PRQ is superimposed on -L ABC. For

example, the point X would correspond to thepoint UndeiYthis corre-

spondenee. But it is not enough simply.to say.that there exists a one-toone

".7 correspondence 1?etween PRQ: and LI ABC. Something else is also involved
, .

29z
0. ,

.
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- .- ...

;.n the notion of congruence. Distances must be preserved. Suppos
. .

is superimposed on A ABC, as indicated by the following diagram.
i

P A

R- B
Q C

o

;.

.

(lcte: The doubleheaeed arrow shows that vertex. P of APRQ corresponds

toth vertex- A of 7\ ABC, and that A corresponds to P, etc.)

Then forieny two points of A PRQ, the distance between them (i.L, the

letlgth of the segment joining them) must.be the same as the distance between

two point of ABC to which they correspond. As examples, the distan

b'Awetn °IR, and X must be the same as the distancebetween B and XI0

i(B1 = .ux1), the distance between Q and P must-be the same,/as that, tween

e and A (QF CA). These conslderations' lead us now to our deg i-tion:

Two sets, of points ar,e said to
.

provided that there 1s a gne2tP ne cor% pondbnce
.

N...o.
i

between them that presery s distance.

/j By naming our triangles care fly, We c -' see immediately the correspond-
, \ _..--:

itig parts. Again cor:sidering e two triangles in the figure, we may show
4 . 1. . .

. :,, :. the correspondence' as follal.
.

4. ,ro

Given; ABC =`A PRQ

o A P,

C C Q

AB .7.: PR

SAC Z. PQ

RQ

....
.

c . ;

The.importanee of the preserva4on of dista, nce for congruence-deeds to.be

ssed-tpause,,rt-tii-yost-i-bie"to eia,12Iish a one.-to -one correspondence
-..

.:_ .....

........

',.

'..----;--1'

.

2:9 '3-;:?8o-
, ra

0 I
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...

4' ) - ) ,

4 > - - ..
between tii6 s.e.t'1 of poillts that does not preserve distance. For example, RS

°
and TUe below may be put into a one -to -one correspondence in the following*

. ,

I

manner:'

Draw TR and
figtre

I

._______j----.,R' v I

- -4
-...

T t2
1

)T! and call'the intersection of these rays .1D, as in the. ;
.1

S

ii . *

V .
. .

. s ,,,._
NA for any poltirrt .on S a corresponding point ,Yt's may be found by

.
drawing a, as the .foLlowi g drawing , 1,

: -

.

- -;

i 4Y1 .
, :

,4-.. I.., -. '. tp - .
Likewise, for any point ..Z on TU, a--corresponding point Zt on RS rmay.be,. - :, .:..., .' __, , .
locatpd as ,th4. nt_,1 section of .Z1D* sod RS. This is Sown in _the followink . ,

) .,-
..:.

drawing: :; r

/ it

_ .

,

S".

?

4

14.S"%rstC-1",ck..4 14'41'- t

'4

Ifs
.

, 4
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*.1

This shows thatfq each point oH::ohe line there is a, unique or the other

line, and xice versa. Therefore, a one'-to-one correspondence between all the

points on RS and all the points on TU has been estabdihed, even t1ourt4m

distance haenot been preserved.
, -

With two congruent angles it is
.

stcndente. Given, LAEF I LguJ,'

,

possibre to set up more than one carrel

i.

.

wed see -1-1tt LDEF :4. LpH,T;'or LDEF !--= -LJHG. Remember, as lorlgas the middy
.

letter names the vertex, the order of.the letters.for naMingren angle is fin-/-

material.. .klso'i'ae have not said thatr LDEF lequls 'Lptu.' If we do this, then
0

. 4
.

w are probably talkin about the measures of these angles as Ding the same e
,

.
. , .. ,

number aedwill show his as m(Lp117) = m(LGHJ), where "m(LpEV)" is a numbefr
Ao

.

indicating the measure or' the apgl. Here, as in segments, ye are making.aif
,

diStlVttiati. b'etween the angle and 'its measure. Even though we have not dis.A
P .

'4 cussed "measurinc,
It
angles yet, We probably have assumed:the foTftingI btate,;.

°

ment and its converse: "If two angie4 are congruent, then their measures are
A II

tO

4
H

t

4,

' r,

equal." '; . a

Our.def'niti.on of congruence ip a mbresophist9cated idea.than we would

-'sexpect seventh graders tp accept, but it is the idea, for 'which teachers of

tb:ese,studnids'aresla4ng the groundwork. ,Ey cutting, superimposing, measur-'

ingr and comparing various mode 4_0f sets of points, Students discover certain,.

characteristics ofsegments;'linea angles .polygons.,1 and solids. We *idl 4

.consider some,9f.these in this chapter and the next.

11,

Class ExerOises
,.-

oly
. -,..,__

1. Given the figurewith thetwoitrianglek:

cong ent, list the corresporWns parts,
,

,

.

7

.s/



t04 2. How would you test whether' LXYZ is'

congruent to aa? Does congruence'

of angles depend on the leAgth of

the sides o the angles? Explain.
..,

'
.

It the three sides-of one triangle are congrueni.respectively to the three
'.

..
.'

. -.

' .- stdes.of another triangle, do yo' think:the two triangles are congruent?
. . '

.

./

S

Explain your ,reasoning.

4: 'If the three 'angles of orie_trianae p-re congruent, respectively to the
_ .

three aneies ofanothef triangle, db you'think the two triangles are con:.

1"gruent4 Explain your reasoning.

*-. -

t
r,

12.2 The Nature of Measurement-. 4

:,'"

4. We have said thdt there are some sets of points,' balled continuous sets,
--\,

- I

.e,i, , which .require measuring and for which counting as such, is inappropriate; An-
...

.

swers may be given in terms of whole' numbers or they may li.nvolve rational'num.
..,

.

bel.s, ha these answers are not absolutely precise.' The accuracy of the number
, .

used in the physical measurement process is restricted by unevenness in the
.

object measured, by the measuring inStrument.we use, and by our o roxima-
.

tipn 1:o an answer. Thergor,e.,..we,,saz that all measureinent,ofphys objects.
... , '

'is approximate*. s .

.

.

. .

We used the motion,
.

comparison
)
an matching properties frog Section 1 to

, .
.

s deielOp an intuitive idea of congruence. These three properttes, together
IN.

with.a,fourthche Subdivision Property, are the' b6X-s,for measurement. '"

4. Subdivision Property. IA geometrN continuolis-
\

figure or set may be subdivided,

-
If a seglaien .AB is subdivi by point C so that AC r CBs,-t4hen

the length of, A i one the- length of AB.'

AB may be sub d-. in other ways so as'-to compare the leng th of one

segment,with the length of a ether segment. Suppose a segment is c1osen-5i

an.,A length less than the length AB; call. the length of the segment:



Beginning'at t point A in the figure above, a segment of length n is

4 marked off 4 times so that AF is of length 4n. The symbol n4h" means

"f"our times aslong as the segment,of length. n." It is said that the length
,-

of AB 1.6 approximately equal to 4n, rather than to 5n,- because B falls.

closer"to P than to. G. A symbOl for the words "is approximately equal to"

is a wavyrequal sign.like this: ". We may write in symbols AB 4n

and read it as: "The length Of segment...AB is approximately equal tblin."'

Notice how these symbols are used:

4 is the measure,

n is the. unit of measurement,

4/1 is the length. ,

. .

a In the example above, we picked an arbitrary unit "n" which we used to 1

measure AB; but we could have used any unit of length. Man first began CM11 ,

paring and measuring' physical objects by choosing some convenient unit. e Often

-thh was.some part of his body and was quite satisfactory for his primitive

culture. But 9s tribes and countries began to trade with each other, a need
-

..

for more standardized unit became necessi ary, and the head of a country might -

decree that the "standardUni would be.7the ditz;nce,from the tip of his
.. %

.

no to the t p of his middle fingey,"<ir some such unit as this. Even today .

Ik.
the system c mmonlY used,in English-speakiri countries is based'on these primi-

tive hotly measures. . : u -
4 .'t .

4 In-the,past, disagreements about linear units becameso common that a

.group of-French scientistwith representatives,from many.counttate4p;:44m....
.."

/

an-international set of measures. This group developed \the metric system

which discarded the old units
,

and based allunits on the distance from the
4 .1

.-North Pole to the equator. The, meter is the basin unit of length in the-metric
r
4 system. (The meter was planned tokbe one ten-millionthsof,the distance along

a meritdian from the North Pole to the equator, but recently an international

congress of scientists defined. the meter in relation to the wave length of a

certain-Color of light.) The metric system is used4iy most scientists in the

world and is in common use in all countries except those:in which English is

the main language
,
spoken. We will ncosider,the metric-system in mpre;detail'

,

' -'in the next'chapter. However, the history of measurement is interesting to

junlorhigh students and can be correlated with, social study units quite

w.

effectilvely.

Another aspect to be considered is what is meant when we say an objec,t is . .
, ,.-. . .,..,,,,,.,

'6 feet long. We' will adopt the convention. that we mean
1

ithe length s closer
. . , -: . ., .

--to this number than to any other comparable One. In other words,we say that
. . ....._

the object is closer to 6' than to 51 or to.71.; that the "true" length is

. . ?92 7



to

between .'5' and 6.5'. The greatest possible difference between the asserted
$

. .

length,and the "tkne" length is not more than one -half the unit use-d,for

2

meas-

uring (in tiis case, foot)., This one-half unit is called the greatest
, 1

pogsible error. e

'

.

$

.
1 u

As_ another example, assume a measurement is given as t , measured to
1 u 3 uthe nearest half inch. The real length then lies between 27 and 27 ",

f 1
7

If
and the greatest possible error is7,of 7 , or .,.. A diagram may be help- I

fulhere. NOte that we say the length of each of,the segmellis below is 22

. inches., when 'measured to the nearest hili irich., ,

t

_
.

possible segments.

/ . ''
17 i. '3ometimes,the form, *27 ± v', is used where the "± .'!'indicdtes the

greatest possible error. This shows that the object was measured to the tear-
-- l7sesT inch. Another way. to write this_would be 2

IT

', not changing, the frac-
. ,

tion to lowest terms, althbugh the first method is usually preferred.
_ . .

The,precision in any measurement is shown by naming the smallest unit
..1 ,

. * .,
.

used. Thus in the example above the measurement is made with a precision of
4

.
.tea.. ,f 4 .

-, one-half inch, or is precise td1-,.*e'nearest one-half inch. ,Greatest poSaible

_ error, however, is the grea'test possible difference between the real length of
.

a segment and the
.
measurement s tated. Greater precigion is obttinedloy using

an instrument whose units are subdivided by fractions with greater denominators.

sik

445iTh.
,\,, "'Measurements made with a ruler marked in eights are more precise than those

o

made with a ruler marked in fourths. il-Ania-bmeter,i6 an example of a PreCision
-

.

instrument Whose,subdivisions are named by fractiork with denominaprs of100,

1000, and 10,000. Constant efforPto develop better precision,instruments,

.

are ben* Made by,industry bedauseof the increasing need for very close.

tolerances.
We can see some of tine ramifications of precision lina gredtteTt possible

0

' error when we use measurements in various comput4tions. Let us say that we
/

/

3 1 -have two line segments c both measured to the neirtrait4 1 ginch: 27 ± inches ,
.I ..

1and It g± inches, respectively. We would like find he sum of the measr,
$0,:*

urements or the length of the two segMents when /51aCed end to en4. We could

lay these segments end to end And theasare them, but suppose we'decide, to add

. the numbers 2,i and 11,7 . We have Made some.cOmputaiions-revealing the /..
1

'

,.greatest possible error of the sum:
. . .

,.. : '

224 8
o
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,.-- '1

. cast Vague Reported Meastire Greatest Value
ai

4
',.

3
2*:27

+.. .

-1
...

47 .47 4/3
.

. q 0 --
7.

_7,71

1Thus the sum 7 really has he greatest possible error of 7 and is. not as

precise asrcur original measureme nts. A further discussion of cOnVation with

approximate data will be found, in *the next. chapter.
'o . -

. Finally we should !tote that some problems of measurement are psychological
ain nature. For example, whit does a youngster mean when he says that his age" ,

is 12? What does a woman mean when slae, says that 'she is 3 years, old?'

'
Class Exencises

25. If agengt iqh is reported as 5 inches, the true length must be bytween

and.. . ; The greatest possible error is

6. a. Measure the lengths of each side of the triang,le to

inch and express your answer in two ways.

a
.

I

4 *

- .

the nearest 16th.

?
f-

I
b. Add the numbers rep-resn I gthe- /Matures tricrlaidica e the, greatest

possible error of this sum.

Indicate the measure atdthe--tinTrfdr each'__ of the following Measufements.
a. 3 feet

A
b.' 17 pounds

c. 2I hours

d. 16 ounces

28E2 9 9



12.3

and

heed

Angular` MeApure

Let us recall the definition of

AC not on the I4me line, with comm

to devise a:teth d\for measun,
t
an

ement'or-AL
-4

'VPAN
'eym;-,

, -
°tialllSos we did measu

a segment'Xad to be a s

d

angler given two different rays

A, All U A.6%. LBAC, We

with unit se ents; and.

%igrme.."..*nt.'21, c4it

which*tO compare the angle

tad with Its interic14.

Initangle:

Students can

angles can-review

epsily obtained and

dxvi} ,

o be Measured.

To maasure*an'angle,

n endpoint

ngle, and we will attack this essen-

hat-is, (1) the unit for measuring

t to be mea,puied was compared

of l segment wasothe number o' unit'

Simil-.4,,we need a unit angle with

-lieasure of an.dngle is associa-

its interior is subdivided by'the

select some arbitrary unit

again many-,of the ideas of

simple unit angle tp use
?,

paper as follows:

Fold it once :to make

lit H3.

-
a model of a

". to 00
",

. c

Choue.a.poi nt M on AB aad fold through

angle and in measuring various

approximation in measurement. Tal

is formed by folding a piece of

line separating twohalf-planes. Call

At.

...Bo..
M so that ,MA fallt on MB.

.

Then ZplA is a model of a -right angle. AP

-- A.

.

4-

I.

87 0.411);

. 2



s .

01.
.

If you unfold the paper, i't will ap ear like this.

' .

/.4

This!shows four models of angles, all congruent, that together with their

interiors fn.,1 the pliine.
, , ,

Refold,the papett* that yougain re a model of a single right angle.

Now fold so that the r s represented by and CM "coincide._

V/

This provides us with a model of an angle such that any four successive'

angles.wi

r

acomaion vertex will exactly fit in the ,balf-plane. 0

4Ref° ort you:paper. FrocEedto make one moxefold a before. You now

, . '.
.

,,

s.
have a model of an angle, eight of which, successively placed with a common_

Vertex, will exactly Tit on the half-plane, and it edge.,, The picture below

shows a model of sixteen suph angles. Since.thisiisjot a common unit, we
. .-; 7 ' I - r

might call it an "octon," since eight fill a half - plane. .

- t .

.

,.. .
. , 1 ' . e\ 4--' 1

,

't,--.
)

1 , > .
.

i

7..,'"

0
V

t



We may use eight of these octons 85 a simple protractor. Each ray of the

successively marked-off octons may be associated with a whole number, taken in

.order from 0 to 82 to give a protractor with a scale on it suitable for

use in-measuring angles. It should be emphasized that the measuYe of an angle
,i,-11

'.4

- ,
is a number, We read "m(LABC)-- 7",ia'rLne measure of an angle

.

ABCs i% seven.".

t-Viiit`itet`eine t of e'citiaiiti is ftrmissible since themeaspre of-asgle' ABC is ..

a number.'
'N .

,-. ...
.

Eventually'the pupil recognizerthat approximate readings
.ii

of ankle melt.

lures "to the-nearest octon" lead him into a.situation such as shown below'in
r

(clearly not the same size) hale a leas IONW 2,to4lich both LA, and

the nearest deton.'

The need for. a smaller unit soon becomesote.:
apparent.

.anglemeasur.e most commonl used is the ee Other units are used in more

advanced or specialized wo but wi rnot be discussed here. The degree may, . ,

be determined by a set of r an from the same point on a line such that v.

they fletermine 180C.V.naOtt angles. These 180 angles with theinlinterioi.
, . ...

form a half-plane and its boundaxy, the line. Each pf these angles is a stand-

ard unit angle. Its.measurement is called one degree, and we /'write it 19.
r-

When 'we speak of tyesize of an angle, we may say its size is 459.. However,
aii.
upi. we, wish to indicate the measure o the angle, wersust realize that a meas-

ure is a number and say that its measure, in degrees, ig!,45. If we lay off1 0 1
,Ia_

360 of these unit angles, using ma single point at a'comon vertex, then these
i , ,, , ,angles

,

ether with,their interiors cuter the entire plane. 4

, .
The standard unit of

O

289
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O

,r



0

cm
.

of 1° as ±he angleEven'in ancient Mesopotamian civilltzation the ang e:, <

, of unit measure was usad. The selection of a }snit angl wh.i.ch could be fitted,
,

-."' into the plane just 360 times, (as above), was probably i fluenced by their

cal.Cautdtton of the number of dais. in a year as 360. In t s book we concern._.
. .----, -. __, a

ourselves only with angles whose measures are between 0 nd 6 Because
*

., oaf our definition of an angle, it is not possiblto have an angle whose Prays

coincide or extend'in a'straight line
-,

Thus.the measurement of anIgles essentially becomes a process of;determin-
.

ing how many times tie given unit angle ,is contained in the given angle. yhat.

we are'assuming, of course, is the existence of a one-tb-one correspondence

bdtween all angles and all Qhe numbers between 0 and 180. In fact, this

very one-to-one correspondence is pOstulated in many new geometry books. The

corresprnidence is similarlto the one -to -one correspondence betkeen all' p*intt

on a line and all reaCriumbers%

Relember that measurement is only approximate, and often it i dif icu1:t

for youngsters to dramw and measure angles precise t.o 1 °. The keirk* s on a

standdrd protractor are glOSely-spaced, and the width of the side of a model

of, an angle may fillthe space between two of these markings. Thtrefo e,

when a measurement of an LABS is given as 65 degrees, it shold b
. .

indi-

cated ad: m(LABC) 65. Protractors of clear` plastic are. available nd are

quite effective for demonstrations on the overhead projector:

An exercise that students can do is tocivw,4.several angles, the kind the

measures, -1n "octOns:"of these angles. UsiiaPrOtractor, the mea ures, i -n,
,

'degrees, may also be fourfd.t Students also likt t excilange.papers, nd measure
t

tile angles their classmates have drawn.

'o

-pe
'.Class Exercises

I"'
`8. The aketch shows alrotraetor placed on a set of rays from

of
the melture, in"degrees, o' each angle named.

.

. .

int ;K. Fi nci

ti fire
I.,

IN.

A

2.0 '



4.4

17'

la. . LAKB

b. .Z.FKE

LAix 7,

d. LFICO

e. ZAKD

12.4 GlassifiCation of.Angles and Triangle is

Now that we are mere familiar with congruence, nd linear and angular meas-

f. LBKE

A L.CKD

h. LWJD

i LPEB

j. (JIM

ure, let us explore some geometrical facts relat G ideas of distance and

measurement. This section states many definitions lready familiar to irou but ,

are given here for-your referent re Seventh grade, students sometimes encounter

difficult in visualizing_thegiaLL12111-Hdefinition We

will attempt to point out some of these trouble sp9ts in this section. Again,

-howeter,'students'need to have ,an intuitive f 'ells for the-ideas-presented,

hereibei:ore they can verbalize them meaningful
%.

We may how+refine a right angle as an angle hose measurement 4s 90 degrees,_,.

one whose size is less than 9t5 degrees as an acute ngle, and one whose measure
is more/than 90vdegrees as an obtuse angle. Notice t'at because the measure

of an angle is associated with its
e%.

interior, we dot need to say_that an ''''

obtuse angle has a degree Measure of less than 180. .
.

--.) .
pr

..... When two lines intersect, they are-perpendic1ular (symbol: _L I if One ,of

\ the aages,deterMined by the lines is a right angle. line segments and rays,

ate said to be, perpendicular if the lines Containing them-are perpendicular.

.41,12serIe federal of 'the posspilities below. Students sometimes donOt'want to.

accept the conditions as displayed ii (c) and (e).. Two pieces of wire, or .4'
.. .

even pencils, representing 4 segmens, p d on the stage of an overhead pro-
, .

',-.,...10ector;"Wiil often.helpoto make this clear:/

$

, ,
If. -g..*'* 1.) '..1'.

A v
(b) Line ,e' ...L ;.

'"

...

14t i-.1



M4

(d) Line .e 'MT (e)., ep .J_ line

.4 e

If two angles have the same vertex have a
, .

4 interior points in -common, thAthey ar called ad

of the' measures, in degrees,, of two an les is 18d,

supplementary angles. sum.of h measures,

a

,common ray but no

adjacent Angles.t "If the sum

then the angles arsicalled

in degrees, of'two'anglep
01, -

Ls 90, then they area complementary angles. Supplementary,and complementary
.., t i

angles may be adjacent but tills is, not necessary.: Again, .these tn,terms are

okte.n nfused, and students need to 13eei-many instances of bothkbefore the-
. r' -.

'definitions a 11 established in'th minds. The English usage or theetwo
.

.words as well as th.e_word "complement *) is also a little different than't4e

mathematical usage, and this may need to be'poilted out.

Class Exercises
-

9. If two adjacent angles are supplementary), wfie-4 can yeu say about theline

r 2

formed by'..'-'8he "ouesidZ
f . .

.

Q.

10. If tide adjacent angles' complementaryfrhat can you say

aig?

about the



A n-for\eour reference; yedimay classify triangles according to either

their sides 9:t:Ahair angles.

S

S

A .s

0

F

J

In triangle ABC all the angles are a6ate, angles, and, p, ABC is cglled,
an acute trianglei also L EDF with the obtuse Ingle EDF is called anrobtuse

1
. , .. -triangle. One of the angles-A- ,L7GHj" iso. right angle and the triangle is_.,

called a'right.trianele.
A

Using sfdct- o`T a trfange for classification, we say that if none of the
,

sides of a,triangle are congruent, then the triangle is scalene. If two sides
......7.-,- t

are .are, congruent, then the triangle is isosceles: If. all three sides are con-
gruent, then it is equilateral.'

a .

.0'' Some of he following exertis4 are examples of ,trouble spots for students,,

but they often enjoy 'trying, to ilinoba counter-example. The converse of a,con74
0 0ditional statement may cause difficulties Isee Exercise 16)

1
but here is a

.
-' eplace where logical reasoning marbe stressed to-good advantage.. 4

I

!

(('Cass Exercises' ',,. 1.1; s .

,...,,,,_..

11. 'Is it possible to have ,%,:,i

a:, a scalene' right triangle? .

- (

..,

b. f.n isosceles right triangle?
, .

c. ap equilateral right triangle?

d. art isosceles obtuse triangle?
r ,

i- e. an equilateral obtuse triang10-
, 1 ,.

L. What seemstcite, :true ofthe_angles.ofan equila
4

t
tt, ., ,,

13. What seems to be frue of two Of the angles of isosceles triangle?

";..

,c-

120 '

.

ral triangle?

" _
1 If a triangle is equilateral, 'i5 it also isosceles?

5. Is the

. .

converse of the statement in Exerci e 14true?.



O

In Chapter 11, names were given to certain pairs of an for ed when '

two lines are cut b/a transversal, namely, correspond' angles nd alternate

..interior angles. The SMSG text, Mathematico for Junior High S ool, Volume I,

very effectively ieads students through a di overy of the relationship bet een

curespondiag angles and shol that then 15aralIel lines are -tra-t-1-7-6-transver-

-gal, the corresponding angles are congruent.

r
1

r
2

.
b .

a ,'

c
a , _',

e
f

h.

,-,

In the figure above, r1 and
1

,r2 are parallel (i.e.
'

r
1

n r
2',

= 0), and

t is a transversal.

' The-tk:o g,anglei in eadpaii-af corresponding angles are congruent and
.

hence equal in measure. Thus, We,may write:
- \e,

LP. '1:- & m(La) = m(Le) ,..
, .

.
.

I

.
Lio-= Z.i. m(L9.= m(L.1.)

L.,'.'1;... ..Le _..a.-1-4.k.:/e}.....,,,,
.

-7111(LO '-' m(&)-

. , L4 = & moo', m(L4),= m(&)v
:r.

Wewill not-go th rough this development but will list this property and

'two others which ;,rill be used in ,a subsequenfgqmetricproof.

I.
,

Vertical'angles formed by two intersecting lines
.

c .

are congruent. ,'
, < . ...

%

II. Wo links -in sa* pi* andintersecied fVa

transversalr A..: and only if a Air

sl,'"&ke

7-
ve congruent.

\\Ik-ftte=4
Let us now prove, through a c ass exercise,the following statement about

.triangles:

Th sum of themeasures, in degrees,

of the angles of any triangle, is ilaa

f'

Q 7,



`.,.
;- \.. -:....

.

\
The proof is baSedron the property.that if asset of angles and their interiprs

form a +if-p\lane and its boundary; then the sum Of.the'rrireasures of the anglea-
.

is'180.
\

s' -

.0 f .' 1 \., 14 o::''

that m(Ly) = m(Lyi),

is drawn, through point C so

V

Answer the questions and use a property

following
=--- 1

a. , pas rallel tp, !AB? Why?

b. What name is given,o the ami angles markedT,v, .41.

x' and x' ? Ia, ''111(/"4:g.. m(Lx' Why?
,....!,

What name is given to the pails of a ties marked%. .
i

z and z' ? s m(Lz)' = m(Lzi)? A ,' Why?
,, _....L __

' d. ril(LY) = 111(gtYv-
I

. . .

Why?

e. m(Lx) + m(Ly).4 m(Lz) .., m(LX) +m(Ly1).+ m(L,z1) Why?

f, m (&) + m(Ly),f4 M(Lz) is the
.
sum of the measures
--

%. of the anglecof the triangle.
_ Why ?.

l a...

:g: . m(Lx') '4. m(L -1", m(L1) = d.80 ..-.
Why?4_

h-.. m(Lx) -i- m(br), t i(Lz) = ,o.. t7. Why?
! - . ,

y" for,gach of the

-L

4 ,

We conclude therefore that the sum of th.e.,measUresi--
,,

. A

i_n'degrees, ofIftre angles: pf the triangle is 1807

-
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f
. , 4

,Aformal proof 1 a geometric theorem, usu lly appearingl>tenth yeas. ,

geometry texts, has just been developed. However, it is important-to-note
1 1P

that this should not be done with,ieventh gradeiT unless a great deal o44f,ground-
a.

work is laid.and an intuitive development of these properties has tncurrede
I,

1,--

.Students. need to measure and find the sums of the measures of the.anOes pf, 4..',

. many triangles. They should, cut off two Angles of a paper model.of a trian

lar reglbn and place,them beside the third angle and see that the three angles-

end theirinteriors seem to fill the half-plane. \Also, before these properties

can be used as reasons ip a proof, the pupils.haveAo state them in precise

mathematical language and understand fully what they,medn:

In -this section we have not stated many of the properties of geometric

figures, and we.have 'not given a definition of many of'the common polygons.

Some of'these are left for you as class exercises and chapter problems. As

with much o2 the mathematics presented at the junior high'level, geometric

concepts can best be developed bbl having students use paper And pencil as they

reaciand listen, by letting them constuct models, and by the teacherasking
- .

leading vestionsc, On thdtother hand, much
lg
"qf mathematics is quite abstract,

4.4

and thestudenteneed to be.led toward these abstractions as they progress

throtah-ythe junior high school years,

Cldss Exercises

4 I,

17, Given a line r, and a point P nsit on the line, define the shortest

ie segment from P to. .r.
,

- r'

- k
18., Define,what thitk i$ meant by the distance between two parallel lines.

4, Jo .10

19. Inn Chapter 11 a parallelogram wa' defined, but a rectenglecOuldnot4be

defined. Why not?
.

20. 'Prove: If two parallel lines, 22, and

.

22, are'interseoted by a trans-.

Yersal; t, then a pair of aiterpateZtAterUxe-ang.les., _LF and
.

Lf, a(re congruent. (Hint: Use Properties.I.at nd II a$ stated in

this section. )--____, se, - a 4.
..4-, `4c 4,44 4

12':-5. Circles

94

.one of the most common simple closed curves is the circle, yet in'the
f,

k chapters on nonmetric geometry we were pot Able-to giVe,a definition of a
.. .

.

circle. Why, no? The reason is that we need the Conmii* of distance and

measurement to definea.cizcld., Prqm the.primitiiie idea that a circle is

k

29
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4.

"round,wthrough.the idea that it is .Ehe set of puluLsat a Fixe
11
d distance

from a giAreif point, students may develop the follqwing,definiionNi;:,
-.

A cirelns a simple elpsed curve in

a plane, each of whose points is the same

distance from a fixed point in the same

plane called the center,

we repeat again that the dkinitions stated,in this secion are in-

eluded only for completeness and handy reference However, some of these,.

might refresh your memory, as they:certainly are"-
junior high schoollorograms.\

In the figure below, point P

/ V

new to many of the more rent
iv

is called the center; but, by definition,

th.e'benter is. -not part of,the circle The segment PT is called a radiris of

the'circle and is defined as any segment which joins the center P to a point

on the circle. The word "radius" is sometimes used to mean the distance efr640
the center to anyspoint on the circfe. .UsageAwill,generally.indieate_the

correct interpretation for the word.

A diame.teria:f a circle is .9 segmeht that contains, the center of the circle
. sr

. ..'and whose end nts lie 'obi
,the,circle. The, tUe. ship between the radius and,

.

. GI

the diameter ot" a circle can be expressed as:,,,

. t
."--

l
d'

2
d. .= 2r, or r = -- ,

important a litt in
G

our development of areas of,eircnlar clospd-regions.-7,t4
4,'*"
C:;:tain other sets of points ofteniksociated with a circle may b

tioned%

297310'
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In the figUre above, line i contains exactly one point of the circle and is

...\called a tangent to circle P. The,intersection of the circle and the tangent
a.

,.

, u
.

?S poitit T,called the point of tangency. The endpoints of se ent TB are
,

on.the.cirele; and AB is said to44a,chcird pf the circle., By this defini- '44
tion is a ,diameter also a chord? --

.

In Chapter 10, separations of lines, planes, and space were discussed., A

point separates
I
a

I.

iline'into tree subsets: the two half-lines and the point

itself. t line separates a plane into three subsets: the two half.-planes and
..i

the set of points on thAe line. Describe how a plane separates space into three

. subsets.
I

1

Does a circle separate a plane into thre ubsets? Yes, the three sets

If
. a

are the
.
interior region, the set of point's on he circle'itself, and the ex-

tel-ior.region. Does a. single point on a circle separate the cir'cle).nto. three.

subsets? Does point X, for example, separate the eirp.e beloV into three sub-:

". sets?-
-

-'..!'"1,--
-.. ,

- . . .1

4

r. e-"-

X

.

We see that whether we move 'in a clockwise or a,counterclocktise...-direc7,

tion, 1,Te will eventually return to X. Therefore, a single point separates, a
,.

circle into onlyVo subsets, Unlike the "situation with the.line.
.-

. Just ag we considered parts of lines called tne,segments, we,will consider

parts of Circles called arcs. ., .''
. ,.

* ",z

i

a

a

1.:
Y ,

e

In the drawing above, the'cir4e is separated into foulpparts, or subsets;
_

the two points. and y and the two arcs determined py them. If no ambigU-
,

ity results, we u sually consider the "shorter" of the arcs and name it XY .

I

-t.



The symbol "

When, the po

wed Mei a po

" represents the word "arc.'

Of bllity of confusion exists,

int on the arc as in the fig-

ure to th- r' ght. We may now speak of

XAY without j biguity.

In working with arcs we often wish t, co'mpar'e them just a we cpmpare
a -

lengths of line seginentsOr measures of ngles. Thipli.of a' circle divided

360 congruent arcs. Each such arc dete ,
nes a unitof arc measure called one

'degree of arc. Rays from the center o the circle; passing through the end-
.

Points of an arc, determi1 a central angle. We may think of a degree of arc

as being determined by a central ang e which is a unit angle of one degrte:

-- 3rr -the abole-:'-if the me ure

70, then the measure of ,AXE . in degrees

.t .

of central angle ALE, incd greet, is

is also 70, written: m(01) = 70,

Remember that arc measure ,is not a measure of length. For example, cOnsider

the two concentric circles below:

A

.

The two arcs ARE 111a same;--ce*ral angle, icpx. There-1 - ,

fore, ARE arid). DSE must have the same, arc measure, even though the "length"

of ATD. is, shorter than the."length"'pf DSE: The length of _a circle is called
.

the circumference and this will be discussed in ,the ne4,thaptei.

,, One not of caution: :Som. e students havedifficulty using rulers,, protraa*

tors, and compasses for drawing figures and measuring. Although mathematics

is not a course in which drafting should be taught, it is- essential that stu-

denfs receive some instruction and practice in the use of these devices.
.

*44,,
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-



... Class Exercises

fl. Two meanings were given to the word "radius." What are the twP.meaniangs

of the word "diameter?".
.

. .

111.22. Define diamEter in terms Of.a_rhord:. .. ,.-.- v..... rt........,+..r.......... ,.. r,
, .. . .. - .

23. Dreg a circle, and an angle in the same plane so that their ;intersection .
tae

e i' consists of: a. 1 point, b. 2 points, 9
c. 3 points, ,

.

. d. 4 points, e. no points.

'24. Describe thelinterior of a circle using the concept of di4tance.

25. How many degreeein a quarter Of a circle? iA.,:bne-eightfi of a circle?

in five:sixths of a circle?
.0

/

26. Given twoconcentric circles, demonstrate a one-to-one correspondence

between the points in AMB . and the:points-in. CND.

A

L.

12.6'-'eticlusfon

91.

This capter has atempted to extend nonmetric geometry by de'veloping the
A*

c6Itepis'Of-d0h-grile-PCe'llture of meelUrealent) and 411brief discussiop of
J 14 1

circles. In ;the. next chapter we will cdntiiue this discussion on the detri":----,

_propertie f .sets df points by examinkg perimeters,-ar,eas, volumes, and-
system of measures.

Sometimes the intuitive and, measurement aspecis of: geometry become bogged

_ down in a dictionary approach. It is important thgt this be avoided. Students

',...olgycloji nonverbal awareness of many of these ideas before they can state them

Throuih dilicoveiitfiey see relationships in seta of
.

hisand ef,jOymeni'in understanding this kind of, material is aroused.

3 3,
300



s

Chapter Exercises

1. Draw a segment 2 inches long a
A
nd divide it so that it 'can be used as a

ruler to show a.precision of one-eighth inch.

2. Drama segment 2 inches long and divide it so it can be used_as-a. ruler
, .

to show a greatest ,possible eWor of one-eighth inch.

1A rectangle has a length of 5 incites aild a width of t inches. Each
1 ,._

measuyemeht is given ,with a precision of f incn.

a.
.

Draw I rectangle 'using the longest yossibpossible segkents that have these
. et.

measurements. ,,

.
, . .

b. In the in' eri3Or of the rectangle in -(a) draw.anothe rectangle that
. V

has the shortest possible segments with these-measurements.

,,Name- as 3rteny .,special kinds.of quadrilaterals as yob, can.

5: 'What do you think is meant by 'a regular poiygon?

0,
'6. ,Slhat condition(s) are necessary and sufficient for. two circles to be

congruent?

7. Given -a*circle and a 'tangent to the circle. What do you think the Tela... .

tionship is between the tangent and the line which Soin; the center of

the 'circle, to the point of tangency?

-8: Draw two, arcs whos, degree measures are each 60 b:a.t such that one seems
1

4
'to be twice' the length of the other. What seems to be true,. hout tte

radii of the circles that contain these arcs?

.

9. Define a sphere.
!

10. We prdved 'that the sum of the degree meagb.ras of the angles of a triangle
Iwe'

A

s 180.. If a "triangi is.drawn on the surface of a sphere, is this

-Still;:true? Give a 'dEfinitiorr of a' "triangle,ogn' a sphere.", What is a

r 6 - r angle op a sphere? , '' f,
" i ht t i ".

..--'=.;.,:,; , I

.
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1. 4 ABC = EDC

AB ED

. BC = DC

,AC = EC

2.

Answers for Class BYcercises ,

. . ---/ .

'.
_

,
.14......,,,,.'

.Z.A LE

LP 1-1 LP NH
LACE :41. LECD ,,

,

'.'. '

NO. The' sides of angle are rays and havetno,lengths.

3. Yes. reasons will vary. (A formal proof is not required) but intuitive

' reasoning by testing several cases will show that this seems to be.true.)

The angles. of these triangle - -re con-

gruent respectively, but the triang

are not congruent. They are called

similar.
4 ,

4. No.'

/'

5. 57-) and 5f5
]." ,

6 96. a. AC =4i1
1 AB,= 37 , BC = 27

BC . 2 9AC = 47 t s-f ,. AB=_376.t , , 7-1

. The greatest possible

7:

la.

b.

est400ssible error of

Measure

3 o

17.'

24 ,

16. 0

. a.
-

m(LAKB)= 20

m(LFKE) m 90

C) m 17

d. m(LKG) z

e. m(LAKD ) -x'70

0

.,;,"They are perpendid4lar.
,

Ye's b.' Yes

ey,taye ,ebhgruent.

-. 32

error of the sum will be'three -qmes. the great -..

the,lengthof any one side.

Uhit,

pound

hour

,euncel

m(LBKE) z'70

m(LCKD) m 100

11(LIVF) 65

p(Lpics) 5o ,

111(Lpn) z 35

.,, 10. They are perpendicular.,

c. No ".d.

302 3.15.

Yes e. ;,No

,4;44



14. Yes 15. No

16.-a. Yes, by Property II.

b. Corresponding angles. Yes. If 2 anglls are congruent; their

measures are equal,

c. Vertical angles. Yes. Vertical angles are congruent, and her

-measures are equal. .. . ..
.

.

d: Were draWn so as..to,have equal m asures.

4 ..e. The measures in the sum on 1.e left equal to -the measures

. . -

.*,in the sumop the right. ...;- i

4
f. By 'definition of "sum."

1 ,
g. Propei-ty.IIL.

- ..

h. Two names, for the same numberas inditcated'in,steps (e) and (g).

'17., The shortest segment from a point P to a line r is the Segment

from P perpendicular to r.
, r

18. The distance between twO parallel lines may be described as the length
e

of any segment . contained. in aline perpendicular to the two, lines, and

having an endpoint on each of the lines:

19. .Thedefinition of a rectangle depends on the use of a right angle which

was not defined until angle measure was discussed.
Ittr.

20. Given.: )l 11'22, and transversal t.

Prove: Lc Lf
a. . Lc = Lb because of P operty I.

b. - Lb =4tlf because of Property II.

c. in %c) = M(60) = M(Lf) because congruent angles have equal measures..

,

I .d. Lc =. Lr because angles with ecival meavres are congruent.
0

Hence i!f two:piallei lines are cut by a transversal,a. pair of
,, ..

alternate interior angles are congruent.
.

,1 I , , 4

.\-
' 21. "Diameter" can be used to refer to'the length of a line segment joining

two points of a circle and containithe center of The circle, "Diameter"
. .

can also refer to the line segment itself which contains the center and-

has endpoints do the circle.
.

'22. A diemetevis a chord which passes
*4
through the .penter of a-circle.

et

f



0, ,
23. One possible answer is given for each Case:,

'1

a. b.

d.

CC.

e.

24. The interior is the set of all Points X such that PX < PR, where P
,

1
,is the -center, of-the circle. .

\ 25. 90, -45, 300

\ df% , f d

.2b. -Corresponding points may be determinea in the following manner: Select

any point op Art.. Draw a ray froM' 0 through that ,,Point. The raye..
passes through a cdrresponding point on CND. This may be dbhe using

points on either arc,.and for any point on either arc a, corresponding

oint on'the other arc may be determined. This establfshqs a one-to-one

.
orAspqndence between'the two sets of points.

7

-71.77-7;r7:



Chapter 13 .

G

PERIMETERS; AREAS, VOLUMES

.

Introduction
,

. .. . .

This chapter is a continuation of Chapter 12 in that we discuss the
, - r'use'of measureme

4*:
int n

.

finding perimeters,, areas, and volumes. Although

there are several ways of approaching operations on numbers representing .:

measurements, We have chosen a fairly traditional one as described in the

first seotion. ,

.-;.

,An attemptois madeto point out*difficulties that students encounter

in dealing with suoh topics as the approximate nature of measurement as it

elates toperimeters, areas, and volumes, the number n, and the relation-
..

.
,

ships ween the various geometric figures. For example, the concept Of,'

area is approac z,discussing the closed rectangular region, then relating
.,. ..

areas of the regions of other simple closed curves to this.
4.

A brief discussion of 'other units of measure relating to weight and

time, along with some of the problems that students may encounter In their

futurestudies of mathematics-and science, will end this chapter.
6

f

13.1 Operations with-Numbers of Measure=

Binary operations orf numbers hae:beetdefined in Chapter 6, but how '
.

. NN , -* , .., .

may we define an operfation-on the so called,"denominat4nuMbers? This has

not really bcyther&d'us very much, but students sometimes enconter,troixble_-

.;

both'In operating with these numberaand in convertingfrOm ont,Unit to
.. ,._ .

,another. Thereforey we need to consider these:aspects briefly,
. ,

. - -
If we- have 3 yards of ribbon 'and 2 y4ds bf r#bon, how do we find .,

. ,-.4 :-
. - 4

the total combined length? We know how tp add numbers .but "adding lengths"

is something differept. We could say we have segMents cli, 3 yards and. - -. .,.

2 yards, respectively,-;alfetfid:to ea so thit'theY'.114e)USt one point in f
, ...

,

common: Then we get a segment lahose'
s.

Beasare, in.,:yards,,i42k .eankselose
,,, ,-- - .

length is 5 yards.

. : Let ua reemphasize our terminology. Redall that in a phrase,Sudhas 4
f .

-3 yards isthe length", :we said "3 is the Measure". The measure ef.$rs ..
.. . . ft

'''to the number 3. (The pit of measure is the yard.) Now we can apply '
,:1;--7-.71.--

I ..,.

aritgmetle operations such as addition to these numbers'called measures..

aIf we have 3 'yards'of ribbon and 2 more yardlof ribbon, then we have.

f. IP

'



5 yards of ribbon altogether, because the sum of-their measures is 5

r.

-(3 + 2 =5).

However, we must be very careful 'here.- example, It'makes no sense

to-attempt to find the sum of 35 wand 12.,if _35,. is the degree measure of,

an angle and 17' is the inch. measure of a°1ine segment. ,We need to exparid

the Comparison' Property of Clhapter 12 which said that two continuous geometr'

',figures or,setS of the same kind may be compared as toe size. It as furth

agree, 'then, that when we operate on two numbers of measure, that they rep-
, , ,4

'resent the same "kind of measurement", with the same unit. You have already

tacitly assumed this when you did some of the exercises:in Chapter 3

Ia the British-American syStem of units there is a hodge-podgeof stan-

dard units. As an example,' 2 feet, 24
2

inches, and - yards are,all

4: "

3
names for the4same.length, and we may use the symbol "=" to :how this

2 feet = 24qinches ,
5

= T. yard. Also the interrelation among the units ip
,

capricious;' 12 inches make's foot; 3 feet make a yard, 1760 yards make

a mile.

It is important that students be able to change a measurement froth one

unit to another,,so they must know the relationships among the units. Mess-
:

urements in different units,Ipt treated asif they were in the same unit

are often the basis for . In other words, reeding the names of units
..-

as well as the number of theseunits,ousirig common sense to determine which

is the best unit to use fozH icular problem, and being aware that

operations are performed on the lumbers reed to be stressed with students.

As we stated earlier, Most scientists and most of, the non-English

speaking .i...puntries of the. world use thgtmetric system .of measurement.. ,Even

our units are ndw defined intertms Of the metric system, and moat rulers

that" children use in schooLtOday are gradupted
11IF

in bgth inches. and centimeters.
<r*

Our Common units, were originally used on body measures and developed

over a long period of time, whereas the metric system was 'arbitrarily made,-

byinan withno relation to hiS body.' However, it Baas related.to our base

ten system of numeration, Which allows us to handle such measurements quite

easily. ,Let us combare base,ten with the metric system.

a
I

,,

71/
319,

306-,
,7'



,

Length Weight Volume

Thousand
.

Hundred

Ten
. .

one *
..

Tenth'

(Hundredth

Thousandth

,1000

100

10

1

0.1 "=

.0.01

0.001
.

1

=

=

.

=

=

=

=

10
3

102

101
.

100

10
-1 .

10
-2

10

kilometer kilogram

4

kiloliter
i

:

hectometer hectogram hectolite

° dekaggeter dekagrad decaliter.
4

meter.

.. , ,

, deoimeter

graM ..:

decigram

: liter-
,

%

deCiliter

centimeter centigram
4

centiliter,

millimeter milligram
. Is

milliliter
f

In a manner much like our decimal system of rrne'ration, each linear unit
1

is either ten (or times- large as the adjacent tulft. Thus otte dekameter,

is
10

\

the same length as 10 meters. The saki relationship holds for weight

and volume.

The prefixes' designating positive powers of ten are adapted from t

Greek and the Prefixes designating negative powers o4 ten are adapted f om

A the Latin. This system of units allows us to write such a phrase as:

4 kilometers ' 7 hectometers 2.dekamete 9 meters 8 deCimeters

6' centimeters in a much.simpler way: 4729.86 'metqrs. ft should be noted (
.

that the prefixes "deka" and "hecto are seldom used. We included them for

completeness .4

lOnce studentSsunderstandhe prefixes and how the metric sy iem is
,,,, i .i..

1--. -4-'iir-Itted--ttr-base'ten, it then becomes a simple matter for them to compute with
, , .. )

-0

i-

,, )

thee measured jppantities. For example suppose we.asked students t find
, , _Li > ,

the sum of 4 'dekameters 6. meters 2 centimeters and 7 meters
1r.

decimeters 6 ceritimetersThia,problem could be written in, this form:

46.02 m.
-.4 7,36 m.

.

and the ,sum of the numbers found quite easily 15k.thd,bas.tensaddition,
,,_

4tn.d.ents-,often-thiffle-that usinehei'Meiric'sirSiem:is a 'grine7or la

"dilig%''this is usually-caused by too much emphasis being placed ,on trans-
. , ,

; latinareOhis system to the English system and not spending,enOugh time;
.

In' looking at the metric system in itsown right.
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Class Exercises

. 1. 14.vide ,6 yards 2 feet 5 inches by 11.

2. Divide 7-meters 6'deaimetels. 4 centimeters by, 0.

3. Which of the above .problems is "easier" to do? Why?

7.---;---:---3.1 Perimeters and Circumference, ... .. ' 1

4
,-

..P.-...

Thd.total length of a simple closed curve is called its perimeter. In

the figures below we may think of the yerimeteT o4 each 'figure as being the
,

. * distance an ant would have o cnawl along the figure in order fa return to
1

the same point from which le started.

4

Often students think that the perimeter of a closed, curve meahs,"somethingi

?Ake "P = 24+ 11,07, or "I) =j4s", C These,a24 just mathematiclk/

sentences (formulas) which state precisely a recipe for dealing with tile num-

bers used'in,certain geObetric figurds. These sentences should be the end

result of thestudent,s experiences with measuring and finding the total
.

lengths of many 'closed curves, and:classifying them according to some eon-
.

sistent pattern. Students,usually'have little difficulty with the concept

,Of perimeter, even though it is subtle. Often, however, they 'do have .diffi-

culty with the approximate naturi_of Measurement; "plugging" pumberVnto

.4 formula which has very little meaning to them, and.operatiii.an

demoNaniate-MAls,qn: ""?--

For instance, let us consider the perimeter of 'a triangle with sides of
3 4
Is inches each. A is has no,trouble With,what we mean bY "perimeter"

but let us explore what might happRi when askilimto find t e4erimqer

in different \iays.

-



3The measure, in inches, o'f each side was givewas l.. 'This immed-

iately tells us that it was measured with g. -inch precision and that the

greatest possib e error is = . Therefore, we ca write the length of
, l3-

'-±
1 %," si -L.`"

$ , A.

kone side 'as
lo

, and the perimeter can be expressed asg-7,
tie(

,(4- ± Tt) ; On the otherAnd, supi5ose we did not tell the stude'nt tile

measures of,thesides, but-esked him to measure each side to the nearest half-

inch, then find the perimeters He would report the sides as 1 inches each
. . 2

1 '
and the,perimetev as approximately 11 inches. If the sides are measured to.

the nearest inch, each would be reported as 1 inch and the, perimeter as

approximately 3 iiEches. But if we ask him to lay 4 string as closely as

possible on the segments so that these segments are all "covered", then
. .

measure the string to the nearest inch, we,would expect him to say.that the

perimeter is approximately 4 Inc es. ich one-is more nearly correct?

As We'seif in §ection '2 o Chapter 12, the greatest pdssible error may be -

increased dramatically b addition or multiplication. All this example does

is to poipt ou t the nee' again to lay careful "grOund rules" for measuring

'and approximations.

Another commop uble spot in perimeter is computing the circumference

a circle-: One o the student's:first contacts with-lrrational numbers,

'Occurs in using it to find circumferences by the form4as C = nd or

C = 2gr. They do not realize that the symbol "n" represents an exact number, .

and that if we want to represent such an irrational number in deciMal notation

then we may do,sQ,,orkl.Y 414150ximately. One state legWatureewn_
Lattemptpd,__

7, to passa,law establishing the value of t as two rational numbers,

J.

,40,>

3.14.6 . .
. ,,,,-.

.:i
,

It is interesting to note'that rehe decipiaMFPlanSion.of. n has been
W. ''

Carried outtothousands of deciAmel'places by computers, even, though mathe-
-

ticians have long known that it is an irrational. number. The fascination
.

4 ,
q . .-

of the expansion of n has intriguedipeople since the time of Archimedes
,2

.

and Pythagoras These long, computations.are ,probably of no practical,value,,
(

hut the computer has helped in an examination of the distribution of the

digits,inlhe,epansion.pf

Zk
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Most seventh grade studOrts have hadxperience in elementary school

with confuting an approxlmatzo=o it through finding the ratio of'the

length oa piece of string laid around a circular object and.the length of

the diameter of that object. A variety Of methods.are available fir
**

com-

puting approximate values of A. Often an infinite series.is used to iCempute

. -An example of one of these series is:

11 LI 1 (1 LL
'2 3' 3 525 5'

. A value of it correct to 55 places is given in the SMSG Mathematics for

Junior High School, Volume I.

1 1 \
-7) +,

2'

The important point in this discuSsion fg-that nobody has anycontrol

4over the value of g; it is an irrational number. However, we, may approx-
..

, imate it wifiTrat'ional 'nrumbers'to any degree of accuracy we wish. We may
'

----th,ink,of it aS,',Geing squeezed or brAcketed :between successive whole.numbets,

then tenths, then hundredths, and soon.

3 < TL< 4

3.1 < it <

3.14 < it < 3.15

.! 3.141 < n < 3.142

4

22 -- .InIactualpr6d'tice we oftenuse the rational numbers 7 or 3.14 As

,approximations for 'IN,
,

,

, .
. t .....'

Questions usually arise with respect to how to use it in computations.
. .. ,

If the radius of a circle is 10, theft th9 circumference of the circle',

?nr, may be written in the form 20n, which is a prfectly goad number. It kt T.

1

is he produdt of 20 and n. Numerically it is between 62 and 63; .' .

wii,
62.3 correct to 2 decimal places.. For man `practical purposes; a sat=

. .

isfactory ansrer for the circumference of a. circle is usually found by using
22. ofoi. 3.147 as on approximation to n. We say that-,n is'approximately

. '. ,..

.....e.qual..to_
22
T., 7,wri 22grz 7.70r,F7g_.-...: .3.4-1-10.-working-PrOlems. Ow: ----1-----, .---

ever, Weoften instruct youngsters to use one of these values in their cam-
4

aputptions, and it is legitimate to say in thisfaase: "Let n . .--
11 ,- or

° "Let, it =°3.14". On fthe other hand, students A1 the °juniOr high Isdhool
, s.e

should get lots of practice in ekpressing answers in terms of n es well.

310
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Class Exercises

4. To five decimal places A

to this: 3.14 or 31 , ?

is 3.14159 ',Which is a closer approximation,

State a mathematical sentence (formula) for the perimeter of each

simple closed, curve .below:,

(a )

1
ti (c)

*,t.r

(b)

x°
t,

2y 4. 1

4

6. If a "wire is strung around the equator of the e h so that it is .

10 feet longer than the circumference of the Barth, how far above the

earth would it be? Assume that, the.equator Is a circle and that. the

wire is the same distance, above this circle at all points. Use
7 .

13.3

22

for It.

0.

In discussing perimeters, we stated the students usually had little'

..trouble with the conceit of perineter...This is not, true of-the, concept -of 'T-7- -----7.
'44g,'area. AsX most people ?Oat the "area of.a'rectangle" is, and they 14'4.11

-4,:-,
,

,,, .

probably:say, "It isthe length times width." Again it iscertainlyPcon-
,

. ,-
-vef nient that we can find areas of closed rectangular regiops by, multiTlyin 19.4..;.7.. .

.

\ltfie.number.representipg the lehgth and.theynumber,repTesring the Ykth,r r
,

.,.': but.this.in no way cohVeys any idea of what 'area really is .1..e-6 us idves-
,,,

tigate this matter-in this section. . '

---1.-.....-

.

. .o :s.. The -terra "area" means the measure of the dared region of a simile '..
, . -

closedvcurve. InChapter 11, Closed region was defined as being the union



i'-- -----.bt'd simple closed curve a$E-its interior! :'In.ch

4Ft .agreed that our units must be of the same 4 as

'-measured. Aperefore,...41,DIde-T, -t7Wmeacure ciqSed

-. some clgle4region-k,S-a"eirlit.

1. We mag.pick any arbitraw shElpe for a stand

may.-approximate areas by using "units4 of various,sh p s: circles, tilvngles,

hexagons, or everr_irregular shapes. This'activity-will 114215
_

students undeTstand the SAZ6-t'darea and perhaps convince them that fit

-r
.

osirig units of measurAlie

the set of points tope

egiqns,'we should cos

n't of ArearStadents

1

-.is only for convenience of communication that we adapt, as a standard rITITT;
,

a closed reeon:Whose boundary is a square with each side being a standard

unit of leligth.. Ail measurements of.,area are then made by comparing adtInst
a'

this standard unit o4 area.
_ -

Students are'col4traed_WhentheY'hear 'Statements like: "Inches times
. _

inches is square inches,", and "Feet.timesifeet is square feet." Remember,
. .

....

in dealing with numbers of measurement
,
we agreed to operate on the numbers,

1
_

...-- and that opZrating on t*. names'of the unfits has no meaning whatsoever.
..- . -1,-----... , .... ,=, f , '';' '',

BA,en though we hear,the,se statements often and they are mnemonic device's,

we should probably avoid them with.students. We ,Call these units square

inches, squarefea't; or square' centimeters because their boundardes are

squares,

Let us agree on an-4te

s

that will saver us a little time
*. . , ,

' throughout the resi oelAit chapter. We often heap the phr
,-,1

d space

"area of a

rectan e". We previously defined area as the measure of a clotILEezion.

A rectangle.is not a dlosed reg;on, even though it determines a closed reglon.
---

Thus,, the phrase&.':area-c>f, a rectangle is Meaningless. .What we really mean
.

is the area of a closed rectangular region., However, this is, quite a mouthful,'

:Id

.and we will 5gree to return to our "mathematical sung" if fto question of its

, meaning results. We',Use ,''area df a rectangle" to mean "area Of the closed
4

,rectangalar,region".°, ,

Why,then, can we firia the area of a
,

representing t4 unitp bf.length and the

width? Let U8 lOok ap a rectang],e whose length is 5' glocips and whose

rectangle by multiplying -the number
f

number representing the.units of

., width is ,3

5 gloops

33.2

0 r
la 0

a

.1



.
We choobe a closed square regiotiwhose side has leng hofohe gloop,

and call it a squpre gloop.

sw n.
% 1 square gloop

siedl
Now, how Many of these congruent closed sqdttre regions are necessary

to completely cpver the clOsedjecangullt region'? We see that J5 are

needed and we may state that the area of rectangle ABCD is 15 square

gloops.

D C

B

A shortcut to obtaining this area would be to consider this as a 3

by 5 array 'and then find' the product 'of the numbers 3 .and 5. This is
; wok

what we mean. when we state the mathematical sentences A.= tw, or A = bh.

The symbols A, 2, and w represent numbers, and the sentence A'. tw
states that, some number' A is'the product of two numbers, t and AW. TI1USI

,
in our figure above, we should_state that the area of rectangle ABCD, in

sqUare gloops, is 15.

Again, we have idealized this situation by assigning the number 5' to
4

the length and the nUtber 3. to the width. Practically, in measuring,,we

usually encounter parirof units and either havtto Subdivide our unit Or

consider fractional parts of units.- There is a large gap between the idealized

situation and the practioel situation that needs to be bridged carefully. 'A

simple closed .curve drawn on an overhead projector and overlayed With grids

of differentoni elps develop this. concept of area.
. .

. We should also consider greatest possible error as4t relates to area.

Think of physically measuTinengof a rectangle.vith a '

ruler whose precision is one - fourth inch, and obtaining approximate measure-
3,'-' i . ,.e.

ments of 3E inches and 24- 3..ccheS. . .

3266

O
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I

3 IT

3 1
We day write the length and width in the forms, 37 ± g ,. and

;,1 1
Observe that there, is a'largest rectangle and a smallest rea-

tangle between which our given rectangle will lie.

0

This may also be

L 1--I

shown by a table:

-J

4.

Minimum
,Rectangle

Mutsured
Re tangle

.. MaximuM)
Rectangle

1.-

Length)I
53. in . ' in -

7
.

i, 3g in
-a..

Width 2g. in

.-

27 in ; 2u in

Area
:. .

0

49374- .
"---"

45
.

insq n

135 540 : 589 _,

-.7
i
28 °

sq 121
13

964. sqqn

From the table wb see that the measured area of the rectangle lies
45 13

between '77-r- aq in.in and sq in. The errors fronl the reported#area of

47- .49
sq.in. are g. s4. in. and 7 sq. in., -ow

49
The greatest possible error for this rectangle is thus z7 sq. i

we can indicate the precision of the calculated areq_by writing:

g8 , 49
Area = (8rr ± g) sq6

Usually we ,p.Ist find the calculated area and do, not concern outdves.

with the possible errors but in fields like to4des.igA and al.'et ng , these
. .

tolerances often are very -Critical.

3 2 7
314

o

3
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M`.

.S.On ly after the`concepts of area, precision, and greatest possible-error.
have been established should students Spend ti.7 an developing the formulas .

for finding areas of simple closed curve regions. Lest us pow show one. .

"..
approach to these formulas. We havatstated t t, the sentences,' A = kw,.c.
or equivalently,,,,c A = bh, will help`itts, find the area of a closed rectangular,
regigni Ii thjta, discussion we shall use the latter fo ula, 'whereab is
the fn.easure of the length and h is the mess e of the Id t of a rectangle.

, ,- -.
An attempt will be made to relate the formulat f parallelograr4fs, triangleS,

_._

trapezoids,' and circles to this.
' If we are given armoder of a closed region 'representing a parallelO resat,

then till's mod4 may be clxt and reassembled in' such a way so as to make it
to rike a _closed rectangular region.' See the figures below.

(a)

O
h

It may be proved that thefigure. onithe right is indeed a rectangle
A

whose area is given by the prod iq bh. Our Subdivision Property, which
tells u.s the two areas are the same, now allows- us to state that th',a formula
for'the area of the.pargllelwram is also given by the formula A = bh.

Aread of triangles may now be a-elated
/-
to areas o± parallelograms, .Think

^
of ainaef of any closed triangular region, such as is pictured. below. The
height of a tfidnglq. is defined as bein the length of the.--perpendicular
from the vertex T to the base S.

;Tip .

No sidef another mode, .. 4,4.10ST, congruent to 4,
4.n 'position shown b,,tow.

7
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0

*,
7 ..

R
4,

b S

,
t

i, .
It can be proled thA-- figure RSW iT is a 'parallelogram, but we will. accept

this as being tru e. Observe that the area of parallelogram R6RfT, A ..-- bh

ng,

is twice as large as the areaLf the triangle-. Therefore, we may state -t-he
. . 1;11

"Formula for the area of a closedtriangular region as A = -T. .

.
Moving on to the area of thet'closed region of a trapezoid, we shall

need to add a little notation. A trapezoid has two sides p-a'allel, and
. .

both are often calledWbaSes. Let us call the bases b
1

and , ad in

the following model..'

o

4

W

-

as

If another model congruent to WXYZ is made-and placed as..in the die-,

---, .2_,.-gram below', it is possibly again to prove'that the resulting figure is ...a.
_2.. \ v
.

:_,._gram
..-

., parallelogrameWill accept iti:'§-64-crue,-also.k- --,'...
. !.'

'V:el:f b
2

Y b
1

.-/ -

W1

-;:t.v...:..,*
...,,,,:,

Thr X b Z

The areaiofthislparalleogram WZ'W$ mapbefounh as hel/Srodu,t

the height and Base.' As the le;gth of thebase,may be expres ed as + b2)

then the formula for the area of the larger figure may be expressed as:,

A = (b1 +b2)11. . However,the twotrapezuids were congruent,

again,twree as-large as we wish. Therefore, the formula to
0:--z

.
.-

.

area of our originpl trapezoid'may'be stated as:
., . ,f ,

. .

...-...- - . ,

ti

A =

+ b
2
)h'

2' -1
a

d ourVeajs.

us find thehelp
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The last formula that we will develop here is the one for the method Of.

computing tfie area of a closed circula4region_in terms of the radius tfa

circle. There are several possible 6pproacheS, and many are-dIscusad in

SMSG Mathematics for Junior High Schodl Volumelf: We have said that we

would relate our foriulas to the formula for the area of a rectangle% Let us

pursue this train of thought by trying to transform a model,of a closed cir-

cular region into a model of a parallelogram, then applying the formula,
.

A = bh.

Let us imagine drawing a farge circle with several radii, as shown,

below, so that all the central angles are dongruent. -For4convenilance we

chose 16 central angles. Note also that two semicircles are forMed.

Now imagine cutting arOgpdtthe circle, then cutting it in two, then
,

cuttiing along the dotted lines. Eight of these anelOr portions should.
,1

look something life this,when carefully laid out: i
,. .

.I

o

If both portions are cut in this manner and fittedtogether, then we would

have fomething.i,Iks the f4gure4elow.,, ,., , j 1 ,

I

i ,

, ,
.. ._ ..- . ,

the Upper and lower boundaries Of,, the completed pattern have a scalloped- ..

'-eappearancgl If, in the samelmanner, we cut the circular region into smaller
, " ;

iand SMaller slices, it would seem that the bOilladaries,yould.approach the
, a

3i.78 0

a



,appearance ol4the following fdgure:

S

. .

But this is a rectangle and the area may be found by the sentence A =,bh!

All we have to.do is determine the measures that correspond to b and h.

Do you see the-b.-the measure of the base will be approximately one-half the

measure of the circumference? In the last section, Vie relation of the cir-

'cumference to the diameter and the radius was stated4as C = nd or C.,.= 2nr..

'One half oft the circumference then would be just nr. Now, if we ctn state.

the height, h, in terms of the radiOs, we will have our problem solved.

"- Notice, however,' the measure of the height is the same as the measure of the

radius of our\eriginal circle. Therefore, in the formula A = bh, we may

substitute "ris" for "e and "r" for obtaining:

.

-A = nr re
"tor

A = nr
2

.

This is the well-known formula foi' finding thelkrea of a 4kcle. Remember,

this has been striekly am intuitive approach .that, seems to suggest tha'form-
.

ula for the area of. a circle. Nowhere have we proved that this is true.

We shall leave the proof for-later courses in mathematics.

We have developed a few of the more familiar formulas forereas. Many

other, simple clqsed curved regions may, be subdivided into these common figures_
,

go that their ,area. may be,compuped.' This i not the only approach and these
\ )1 ., \ t

t

?ormolas are ntt th@ only ones; there 'are m ways to present these ideis.
1 ( 1,

. " 1 r ; ct '
.

. .

lq>agp taken,a strictly intuitive approach, but students will encounter mom_

sOphistioated-methods as they contiritkrtheir bathematics education.
11, .

t

Class EXercides

7. In a rectangle, does the length always has7e to be

.width?

8. How would you justify the statement', At= s2, as the, area forMula ,

7
)

4Tor a closed, square region? 1

longer than the

-Nt 31B



9. If a farmer has 100 feet of fencing, what is the aufkximate area
.

of the largest garden he may enclose With this fence?.

_13.4 MeaeUrement'of Solids 1

The concep%of volumes of bond regions is a bit More difficult than

that of areas of plane regions pilimarily because students have troublg..vis-

ualizing solid regions when the diagrams of these are always in a plane. As

was suggested in Chapters 10 and 11, sketches and models of solid'figures

made by the students will help them understand three dimensional space better.1

ivibical blocks to "fill" a model 'of a solid, models of

a cubic foot, a culiiC yard, and so on, also enable students to picture the

volume concepts a tie clearer.

The -discussion the previous section relative to area also ap

volume, and waskwill not spend much time repeating'thany of these topics. In

other words,. we should proceed with students in a manner simi'ar to the way

n which.linear,angular, and Brea measurements were developed. Let us

briefly mention these 'ideas again.

Recall that, we have said .that, theoretically, a continuous quantity may

have an exact measure, but that practically it never doe4s., _For example, we

are talking theoretically When we say a segment has a length.. We are talking

practically when die "Say its length is a particular measure correct to a cer-
.

tain number of places. We have also sgid that the set to be Measured mu
A

be measured by some, unit of the. Same kind: a unit segment to measure s gmentO,

a; unit angle to measuile angles;'and a unit closed region to measure 4osed
I ,

regionS. Similarlycwe need to chOose some unit solid to neasUr4 solids)
. 71

Let us'pause for a moment and consider our terminology. fi16napter .

we did not define right prisms because the ideas of congruence agd angle,

' measures had not been discusfed. 'Sight prism is a prism in which the lateral,

edges are perpendichlar to the bases. All lateral faces of a right prism are

rectangular regions. A right rectangular prism is a prism whose oppoSite,

feces are congruent rectangular regions. The term right,rectangular solids
refer to the set of;points-consisting of a right eectangular,prism and

its interior. The volume *of a particular solid is_the number assigned to the

] measure of the space,it occupies. We will usually speak of the volume of:a
I .

right rectangular prism; by this we really mean the volume of the correspond- AN.
ing solid.In other words, the volume is associated With the solid and not \

_ ..
with the surrace which bounds,-the,soiid.' , 1 1

I

i ,
) ':

s

. 319
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A cube may be defined as a right rectangular prism whose edges are as 1

congruent. A cubical solid isthe usual choice fin-. a unit/Of, volume,'and

through discussion with studentS, they soon rea ize that this is the peel

'ferred

If we wished to find
/
the measure of th surfac

lied the surface aa Surface area will

to say thatthe areas of- he faces_ of a solid Figure may be found as in the

of a solid, this would-

bd discussed here except

last section, then -khe surf of these a yeas would be the surface area cif our

solid. Students can often be helpe in determining surface areas by "opening

up" the paper models Of.the solids they have Constructed.:

Two other aspects that we discussed in detail previously and that should

be related to volume are the d- elopment of the standard formulas and the

greatest possible error-. Let us consider the formulas first. The volume

of a rectangUlar solid is m sured by the number 1!X'w X h, whelp i J

and h represent the of length, width; and height in,the same

units. This may be expre sed by the familiar formula:

0 V

7
Since the measu of the area of the base is equal to "/ x w ", we

frequently say that the volume of a right rectangular prism-is the product

of the' area of its 'base by its height:, Lelking B stand'for the measure.,u

the area of the base, this becomes; V = Bh.

The importance of developing the concept of volume before the formulas,

,cannot be streSted7too much.

understand thiiponcept; they
, _ t

is understdod., The formulas;

-deal with thel,numbers invole

Students do not really seed formulas if they

can always develop their on recipes.if volume .

Statelin concise mathematical sentences hoy too-
.

i &

r

d.
,

Just asithe formulas for area of closed regions were all related to ,.

the area, of a'rectangleithe formulas fdr certain other vo
A

related 'to the volume ofa right ictangular solid We-me
r j

right prisms fwith differentl,shapedbases and see that the

--=the areaof-Pts base tithea its height:

=`Bh..
k

rA
320 0 0 .0

es could all be

first eonstdeik

olume is equal to
I
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An oblique prism such as pictured in the drawing below ..

1'

may be thought of as a deck of cards which has been pushed into an oblique

position but still having the

It differs from a right prism

gruent, are not pgrpendicular

necessarily rectangular.'.

,%t

same volume as the corresponding right prism.

in that its lateral edges, whilp still con- '..

to the ,bases. Also its lateral faces are not

The only word of caution needed he is there refer to the height of this

oblique prism as the length of PQ, the length 4f a lateral edge.
.1

The same approach with slight modification can X made to apply to

;volumes of cylinders. .

In each case shown abOve, the volume is.given by die produbt of the
,

the base and the altitude. The right circular cylinder.on the left
=

volume given by V = Ar
2
h, where Ar?

i

gives the area4Of the base. ,

;

We may State in general that for.any'prism on cylinder, right or oblique:
1 .,

V 7 Bh .

1

i
e,

,

Formulas for volumes of solid regions bounded! by pyramids, cones, and
1

Spheres are more difficult .(0 justify
"l

the way ,that we have been proceeding,

and these are nOt often developed for seventh gradL'youngsters. We may,
I

I, ...

''''''........ :.;,,t,.,
1

-.. -. -..

. ?4 ;-321.3 3'4t , . .. .

area of
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C.



,

io ;

4P

however, make the following"relationship bptween pyramids and prisms, as, well

as cones and cylinders, plausible, by using hollow models and water or sand

to establish the'i relative volumes. By this method we can show that
4'. 1,

for any pyramid or cone: y = Bb.
. 3e

Study the figures below.

(a)

(a) The volume of a pyramid is one-third the volume of

a corresponding prism.

(b)' The volume of a cone is one-third thevolume,of a

'corresponding cylinder.

-

The voluMe of a sphere may be related to the volumes of a cone and a

cylinder in the following manper. If the radius' of a sphere is r, think

of a right circular cone and a right circular cylinder each with he

same radiUs r and each with height equal to the diameter of the sphere,

expressed as 2r. Consider hallow models of h as in the drawing below.

S.
Noy, if we asked'students to, perform, the fcillowing experiment, certain

resulti would seem to be indicated. If the cone is filled with sand and this

sand is poured into the cylinder, we ImOw,from tee previous experiments, the

cylinder will be about' One-third full. If the sphere is also filledl4with

'sand and then emptied into the cylinder which is,already'one-third full with

sand from the ,cone, the cylinder will appear to be completely full. Several,.

trials will convince students that the volume, ofithe sphere seems to be 1

.

two-thirds that,of the corresponding cylinder and twice that of the corres-

ponding cone, :S,iyice the racliusfgf the base of the cylinder and its.

al^; volume Bh is
-

V = (nr2),XI2r) .

322 8 3 3
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Therefore, the volume of the 'sphere is

2 x

x=
3
- X kgr

2)

or

4 3

0

2r)

From this experitent, we are fairly sure that V =
4
gr

3
, but remember

3
that we still have not proved it. A Physical measurement can not prove a

mathematical idea, only suggest it and support it. We will leave the formal

40-,_

proof of this for a more sophisticated course in mathematics.

The other aspect we mentioned earlier regarding greatest possible error

is the last topic in this,section to be discussed. Recall that we observed

that the multiplication of two numbers used in measurement quickly increased

the greatest potsiblp error. The involvement of a'third number in computing

volumes qaiteradically increases this again. A-Jirge amount ,of classroom )

time probably should not be spent on this topic, and the use of anpverhead

projectorvill help-accelerate-the presentation and understanding of greatest

possible error as related to volumes.
.

ular prism measured with one-half inch

a = 10-a
1
± 1
7

3
.3..w =

1
,

1
41- and

For example, consider a right redtang-,,,,,

precision with the following

7

dl.mensiO4:
1

h = 5 ± . A table simhar to

the one used for rectangles in the preceding section of this chapter could be
.

,..

drawn beforehand on the ovrhead projector and completed by the class. This ..'

method would show the development of the problem and is quite effective with
o s «. 6

students. We will not do the mechanics of the computation, but
v
the greatest,

. \ ., ,
I - ,

possible error in volume here is 27.89 cubic inches. This seems large for
N

0

the measurements originally made to the nearest half-inch, but illustrates
. . z)°

the Tepid s,

.

increase possible-in such calculation.
.. ,..

Class )Exercises r

' 10. Suppose t and w of a right rectangular prism are each

doubled and the lateral edge left unchanged. ilikat is the

effect on the volume?

11. What is the effect on the voltime when each of 1 , ;;r, and h of y

a rectangular, prism is doubled?

12. The sides of the square base of..a pyramid are .doubled - and the

height ,is halved-. How is the voldme affected?

323. 336



13. 4sif a truck is called a 5: ton truck when its capacity is 5 cubic

yards; then what is a truck called which has a body 6 feet wide by

9 feet long by 5 feet high?
. -

141 Compute the greatest possible error in:the example given in the last'

paragraph, if the meastirements-aremade with one-quarter inch preciiion;
2 1 2 11,1= 10 7 ±,g w = 37

1 , and h = 5 g

. ,

13.5 ,11clusion 4

i.

r . -.

Several topic abtut geometry, bpth
.,_

metric and nonMetri6, have not
t--

been mentioned in these last feig chapters, but 1181-tecause they are.unim-
4

..,

portant. We should not be left with the impression that enlx lengths, angles,

areas, and voluntes are measured. Time, weight, and mass, as well as other

quantities, could have been presented here, too;- but a discussion of one

topic like area was congidered'in, depth rather than lightly covering many...,

ideas.' Many definitions were not stated, either, but may be ,found in

SMSG 'Mathematics for Junior High School, Volume is hoped that the..

presentation here will furnish you with.methods of introducing these other
/topics to student"; Much of this material on measurement has always been

,

included even in the most traditional textbooks, but students often,have

-- -:'not really -.6hdeistood the concepts i6olved.°
.

:
. . As you have probably observed,. measurement is the.vallidle by wil

,, , :

° MithemItips \ ib related to the physical world, it is the lariguegeof
1 i ..-

Ihlereaing'elcamPles of how mathematics may be introduced through mea
.

and scientific experimerits may be found in t o SMSG,publicatiory MatheS. .. ,,,;, .

Through Science. "StadentsShould find in thif book somgdifferent approaches

to the developMent of some-of their mathematfcal'concepts.
i

' Scientific and engineering problems are requiring more and 'more precise

measurements and measuring devices, and,new units of measure are invented to
,,,,: ,

meet :Shese needs. For example, an angstrom is a unit of length which is
, ,

. = . .
. . .

one hufidred millionth oflcentiTeter, and=ipicro-second is.a unit of time .

,..

--.,- .

\:,
,_L.

which is a Millionth of a second. These units,are very small. On the other
,

*hand .asironomerg'also need very large units s ch as the light year'whic,r.r..,.. ,
need

the distance;light travels in one year at &p roximately 1861000 miles per
.

-,' ,.
. second. ,

1 -
.

StUdents should remember that Measureme t is always approXimateand

answers are expressed to the nearest unit, whatever unit is being used.

324,,
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Also, a decision must be made by the student as to which unit is'the most
, . .

appropriate for any particular problem. +venth grade youngsters should

begin to have some exposure to a few ofthe unfamiliar units of measure as

well s.the relationships between these and the more =anon ones.
.

Answers to Class Exercises

1 ft.,' 0--. in.

2. 0.955 m.

$

I
3. The second problem is easier because we can use the standard base ten

division algorithm immediately,

4t .37 tls ecloser approximation to n than 3.14 .

1 .

5. (a) P.. 4s .(b) P = 4x -11- 6 (c) P = ga + 3) (d) P = 10s, +,8

6%. The wire would be approximately or l2g feet ab-547Er--61te earth at

all points. The cisrcumference of the earth can be represented by' IC = 2nr.

If the circumference is: increased by 10 ft. then the radius is increased, ,

a

by x ft. and we have

10= 2n(r + x) .
I

But V 0 + 10 = 2nr + 2nX .

9

10 = 2nx
". .1,6

1
thus arid x . '.---- n . ..

2 °. . , -a
It is interesting to Ate that the prciblem can be.solyed' h0v,temet

.. .,:, .

knowinetheradiub Or circumference of-ite earth, t..

In everyday usage We think of the lelgth as being longer than the width,4r t , ,
but it itakesno,differenJe *14a4 is the TengtiPAndwhieW 4, ,

14
b5cause4this may be interpreted as.an application of the commutative

property of multiplication.'.!

8. Using the formula for the area of a rectangle': A = realizing

that a square is a special kind of rectangle, allows us to substitute

1:for bot' and w.

a closed circular region with an area of apprwtimately 795 square ft.,
_, 119 1".

$-10. The, volume is 4 times as great.

, The,volume 8 times a-igreat.

,12. The volume istwica, as great.
oit

13. it is a /07ton. truck. $

31214; 5 or 13 bit cu. /inches, .,
9

-



(a)

Chapter Exercises

measures of the sides of a triangle in inch pits are 17, 15, and 13.

W6Ett would be the measures of the sideS,if measured to the nearest.4,

foot?

(b) What.:is the measure of the perimeter in inches? In het?

(a)6 How,d6 you explain what seems to -'be an inconsistency?

2. Which plane region has the greater area - a region bounded by a

- square with a side whose length is :3 inches or a region bounded by

an equilaW triangle.with a side whOse length is 4 inches?-

3. 'Here is atprobi'

',

which your students might do: Take an ordinary

half dolla
' 1TrAce,an04.outline of it on a graph papergrid with unit. 10 inch.AP,

Estim4the,area by u ng the grid.

'(b) Usethilad to represent tie circumference and.radius-, measure.

-them on the graph scale, arid, use them to compute the area.

'(c)- Compare-the two results.

4. (a).-A-child Measures .a rectangular prism With.a ruler whose unit is-

an inch and obtains thesemeasurements: lenith,.5. inches; width,

3 inches; height, 6 inches. What is the volume?

r. (b) The same prism is measured with a ruler whose unit is 0.1 inch.

The length is nowrepofted as 5.2, the width'as 3.4, .and the

,height as 6.3 inches. What isrihe volume?

(c)t How do you explain the large discrepancy in.-the answers to .40

and (b) ?

. J i
A cone hasiheigh 12 feet and base a circlf .a 1are.,feet.1 --...,

e of area
,
6

- equ.

What is the hei t of's,cy in er whose base and volmetre equal to
..

7.

that of the conel

isFind_the volume of a bailbearing whose radius i 0.1 inch...

The radius of an Unopened tin can is '2 inchestand the height is

3 inches.

Et) What is the ,Pircumfet,ence of the base?

'4(b). What is the volume,40%he can, .

4 ( T:

(c)* What is the total.surface.area of thecan?''

7
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/ ,
: ..- -,

..1i .--..... ,...
8. A rectangular prism is measured to be .10" by_ 8" by ... 6" with

40,
f -1 -inch precision.

( la) What' is the smallest possible measure ,of the true length?

Width? Height
. 'AIKA,A

, A,'

(b) What is the largest possible measU;iof the true length? Width?

%/--
0

Hiight?

'(c) What is-the smal.ggossible measure of the'true volume?p
,---, \ v

(d) What is the 2:arg t possible measure of the true volume?
...

..t. 'a
. (a) Consider a model bf a square region with a side of,_- 8 inches

'-' and cut along the 'lines as in the diagram belovi., What was the

11

".

area of this square?

11

(b) The pie9,esitut
`w.7*..
ffOM sqthe uaraAgOe plaged.SpAs4tf form a

`' ')..; -

rectangle similar to the following. $hat is the'area of this
: V.,rectangle?- ,..

1E1111

8"

It

13"-

4*.Note: Students enjoy this problem. aria invent several theories about.

a

why.this Paradox s ems to happen.

.)10. If the radius bfa circle is do ubled, .wha't i-s-the effect on, the

circumference? What: is the effect .on the area?
I jM

a.

Q-327
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'Chapter 14

, v.

DESCRIPTIVE STATISTICS AND PROBABILITY-

t

A

Introduction

The gathering, summarizing, and presenting of data is an important and

common activity a today. Information is presented'daily in various media by
.

table's, charts, and graphs. A variety of descriptive terms are used to sum-.

mariza,large-tipantities of data. Whi;e 'host people are not directly concerned

with.the prepara ion of such data every educated person should have some

ability to correc y interpret statistical data. For this reason descriptive

statistics is introduced at the junior high level. The main points discussed

here are graphingopf data, and measures of central tendency and dispersion :0

In each case solving problems of this nature gi)2es students an understanding

and an ability to interpret information more clearly. Having made several

broken line graphs and bar charts, they find little difficulty in reading

. and_ interpreting such graphs.

The gathering of clata may range from simple reference work such as

'looking up previously recorded infoimatiOn, to the more sophisticated random

sampling procedures used in various types of quality'control. Although we

will not be concerned here with the problems of sampling, students are quick

to see some of the flaws inherent in different sampling methods and enjoy

discussing this topic. Information for such work is easily obtained. Student

'heights, weights, distance from home, number of brothers and sisters, ages,

areall easily obtained and lend themselves to statistical treatment.,
.

4

0

14.1 T Graphing

Havgpg obtained a set of data by some means, we are Usually confibnted
.

with the task,of organizing and preparing itofor presentation.- Often,,sets'

of data May be pAsented in table form as the example below. However, it

Is usually difficult to abstract information friOMtables. Rraphs.ar,gen-
erally cleariss-r, easier to read, and often show relationships not readily

O _ .apparent,in a table.
ts

-
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PopUlation Facts About the UnAed States

Census Population,in
Years Millions

"1790 3.9
1800 5.5

-; 1810 . 7.2
1820 9.6
1830 12.9
1840 17:1
1850 23.3
1860 4 31.4
1870' 39.8
1880 50.2 .

1890, 62.9
1900 76.0
1910 92.0
-11920 105.7

1930 122.8
1940 131.7

1950 150.7

i

-Increase in Percent of

r
Millions , Increase

1.4 : ,

1.9
2.4 ...

3.3
$, 4.2

6:1

V;44':

10.4
12.7

13.1
16.0
13.7

17.1.
>$,' -.8.9 ,

--, 19.0 '

4

35.;
36.4

33.1

33.5
32.7

35.9
35.6
26.6
26.0

25.5
20.7

21.0:
14.9

46.1'
7:2

143.5

The broken-line graph is a common way of picturing data. Such a graph

is made by first lozating points on graph paper andthen connecting them consec-7

utively witif line segment's. The_graph below show's the data in the table

given previously. Here it is easy to see the changing rate of poPlation

increase, the decrease gh rate during the 193020 the population imithe

years labeled, as well as an approximation to the,i)pulatign at any given -Cline.
1.

,

Students generally need help inthe_preliminarycwork vhich mush be done

before apy actualgraphing takes place. One of theiiigestl*blems in.con-

structing broken-line graphs is deciding upon the scale. How,much each unit

spade, should represent so that the graph is of the appropriate size must be
.

decided before any points, are put on the paper Some students will even need

step by step instructions-as tohow:to decide bn the scale to be used. Such

directions as, "count the number pf spaces available, divide into the largest

quantity, to be Shown on the graph paper, and round off to the next larger,

unit, "' may be necessary.

Bar graphs are another way of representing data graphically and are also

relatively simple tosconstruct. Thesame'problem of acaling oCeti's as in

.drafting a broken-lin_tgraph. 'once they have mastered the basic techniques,
-

students mainly need.practice in making neat, clearly rabeled graphs which

display the desired Information.
, .

-...
. .
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Circle graphs'are still.a third type of graph with which students must

be ramilia!r. Their preparation requires'the use of a protractor and some
.

calculation as to the size of angles needed in a particular graph.. RaticLand

probo,tion or percent are usually needed. .Thus to prepare a circle graph of

the data presented in thettAble below we need to determine the size ez
t
each

angle.

Fruit Preference for Lunch

Apples 8

Oranges 12

Don'l care 214

Total 48

e ta n age a 6 11 r sn.te '1 oe.N
fr ape, sne f 30 i 0 ad 1 . pret f 0 6

f cuss..rpolm°vl o ie sc xc eut u on.p,0
TererWerd wl uuly b s acrt s ncsay fr ms gah,'

ri rfrne fr Lnh

0' \In either catwe'see that an angle a. 60 11/1 re esent."the ',16 votes.N
for apples, since ; of 360 is 60 and 16 2. percent, of 0 60

2 "
Of cdurses,.a.lr\problems°,vill not give such exact results but round.ipg,50,

The'rieareWdegred will 'usually be as accurate as necessary for most graphs,.'.

Fruit Preference for Lunch

B
ir

Apples

Oranges

Don'l care

Total

8

12

214

48



Class Exercises`',

,Use She figure below,to answer questions
4

,

Fl. ' What percent'of he circular region is
.

.

I1
fir .

. ''.
2. you many Wgrees should be, in the central angle if region

. 37.1 percent"of the total area? \
2

I

3.
__'

4
If, he same it as C- Tityciimwy degrees are

.-. of region B ? "`-,,
.

0 .. " .- -,-..

4. Make a brokens-line graph to show a po'ssible trend in the 12 successive
sr .

.c.," tesirscores given: 72, 80, 77, 9 84, :I, 98, 75, 80, 100, 67, 77. :.

16
region A 4'

C is to be

f

the central angle

5. Show the'data in. exercise 4 by:Means of a bar graph.
.

11.2 1 Siimmarizin Data

Although information preseneed in graphital form 'is often easy
.46(.0

in

to under,,

1M-18 '4smore"Sbouthedi?ta.: Two liestiOnd which generally,
..

, .

arise pre, "What is an;average Or-typical Sigurel" and,
, . . - - . - S .

e

observations

for, a single

second ;goes

tributed about t
a.

wide range whil

diffe

umbe

from this average?" In the..ficrst citietion we are looking

which can4be ubek.itb represent alt. the data. In the

are congernecwith hOW the va4ibus obgervatiqns aredis-,t .

is average. Some ss sf.observatiOns are *reed over a

some maylbe very close togeVi e The.terme used. t8 answer

`e

.

_the first, question are measures of central,tendency: . The t'erm used,t(5,
. .

janateatHe second are measures of disperSion.- f ). -

Mathematicians have thra't6chnical terms used to measure central ten=
. .

...

which iri some idlise may serve to represent all the data. Unfortunately.

al. -so use- I %. I .11

I ,
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I!

each is adsociated with tlie word "average".
!i

1

1 !

1 , (

The Mean or arithmetic mean is what most people gelerally tfici.nk of when
i i r"'' they use the word "average"-. The mean of a group of,nuMerical obserations"is

*

I -,-:

..calculated-by adding all the observations and dividing thatsum by the number
,f of observations. Consider a small company of n;ne employees with salaries

.,as shown below. Adding the salaries and dividing by nine gives a.mean salarybelow.

.of 414,000 .

4.1±5,000 (President)

35,000 (Son-inLlaw)

10,000 ( (vi'ce'-president)

9,000 (Custodian)

7,000 (Treasurer)

_ 6,000 (Designer)

5,000' (Salesman) ,

5,000 (Salesman)
4V.

4,000'. (Production)

O

Although the mean is frequently used -, at times it marbe,misleadirirl:

attempting to recruit a Aew employee to-the .company, it was pointed out that

the "average salary in the company was q14,000 t It is true that this is
. the mean salary, and theAerage of 4si4,000 duet in a way represent all'

the data. -On the °titer. hand eeMs misleading' and we arec31ot comfortable

with,j,t since seven of the nine salaries are less than this average salary.
0

Thisfis one characteristic of 'the mean. It is sensitibe to observations such'

at the president's salary, which differ markedly from the others.
1

Another type of average, not affected by a few observationg winch deviate

markedly fromthe other's, is the median.

- The median is defined to -bf.the.,middl, number,if hpn,data is ordered with

respect to size. If there is no middle Clamber, as is the case wi41 tie total,
\

.
0

'seltcontaing an even number of elements, then the median-is the arithMetic. ,,

mean of the two middle, numbers. 'Thus, in the example above, 47,000' is the
) . .

median salary.
ft

iThis. seems to be a more signiicant figure than the meqn
%in

. . %
..thie'case, since row halT"the salaries are higher (or equal), and Jhalf the,

salaries are lower (or-equal). You-recognize the'median as the 50th 'per-

s

. ^ .. . , 1, e
centile, a term used in reporting test data. giice-that the median would,

remain unchanged even if the President's salary were doubled, while the

mean wonlil be changed sharply to 419,000: We should not fault thd Mead--for-

.

.
being affected by indiidual observations; its may be,that this is the exact' ..

.

.point we wish to emphasize. ' . ,

,
, .

-
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Still another measure of centrfl tendency is the mode.. The mode is
t

defined to be the number which occurs most often in a group of..obs#rvations.

Using our previous example, we see emo e to be $5,000. Occasionally,

a set of data will h4".' m re than Ole mod.

These three measures mean, Median, and mode-, are all used at time

to descrlbe.central tendency.v.Any time xi ference is made to an average we

miust understa 'id what measure is being used. Either careless or deliberate

misuse 'of these terms can lead to erroneous conclusions. Thus the saying,

"17igures don't lie, but liters figure."

'It isimportant for siudents to realize that very different seta of data, .

mayhave the same measure-of central tendency. Consider a second company of
ni eemployees. Salaries for thls company, .Company By are listed with sal-

, ,

a ies of the previous company, Company A, for comparison.

Company A

4Moo
3).obo
3.o,000s

,9,opo.

1,00o
6,000,

.54,000

e`"" ;OM

lit3(3°°

-

Company B

19,000

18,000, a

17,000

16,000

14,00V

12,6co ,

11,000
,

- 410, 000

% 000 c-

41 /0 Examining the salaries aspdisplgYed in tabulated fOrm shows a very

d4fferent salary structure; for instance thelowest salary in Company B. is

greater than'the five lowest in Nagti] A. On the other' hand,
--
both

.

have -the bamelmean salary, 1,14,00u . An importantdifiference between these '.

two'situepions is, the difference between the highest and^lowest salary in.,

each case. Ip Company A this:difference is 441,000pwhile in Company B.
'T P.it is only 416,000 . This number, X.he diffeAence.betWeen the largest and

smallest number in a set of observations, is called the range. We see thae

the smaller-the range the cloer he individual members of the set are tsthe
4.

measure's of central tendency;- that il,the closer they "clusterCabout tie
mean. The range thengivess,us some indication of how tile,clata is distributed

4gaili'fhe mean. At,irs w-measure of dispersion`

Ano4er'."measUie of dispersion ietfle average deviation from the mean.

The average deviati a is compqtellpy finding the slifference between each
k

.4t

a d 7
335 .
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a.

76, 3

1 '
0.

t ... , ,,,:i"'

!
.

i
.

I
1,..

numbly and the mean, and then,findipg the mean of these differences. -This
A

giveJ us "On the average" how mach each individual observation deviates from

the mean.
,

r s

!let us refer again to our companies, each with a mean of 414,000, and' s
.

i
1

compute the average deviatio 's in each case.
i

i
.

Company A Company .B

(mean 414,000)' (mean 414,000) t

Salary Deviation from 4Selary Deviation from mean

45,000 31,000 19,000 5,000

35,000 21,000 18,000 4,0610

4 10,000 4,000 17,000 3,,p00 '

9,P00 5,0o0 16,000 2,000

7,000 7,000 14,000 0
....

.6,000. 13,000 , 12:000, 2,000

5,000 9,000 11,000 3,000 e

5,000 9,000
11

10,000 A,00cA
..

4,000 _ 10,000 9,000 5,000

? .''
I 104,000 ,28,000

.

Average. Deviation Average viation

-$1544-,-119Y9°)

'

4 gL10.25
43,1

9

; ,

Here agaiLl the relative sizes-of the average deviations give in
. ..

mation on the scatter of the data about the mean.' Although other measures

of central tendency are more commonly used, the average deviation is easy
.

. ,

. to compute and does give us an indication,of dispersion. i ,

,- The range has the,disadvantage that it is affected by individual obser-
.

vations, and thus,may not always give an accurate picture of the diseribution.

_The average deviatiriiis less influenced by any one observatioh anCtilds

eves a better indication of the scatter of the' data.

You are familiar with other measures of dispersion such es'standard

deviations and Variance, but theselre much more difficult .to Compute and

their interpretation requires,muchtkore timg than is generally available in

grade seven.

..,,
1 336 3
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Class Exercises ,
, . .

. - . :
..;.

6. Find the mean, median and mode of the following observations:

5, 5,5, 6, 8, 8, 10, 10, 11)

7. What is the range of the above data?

f

8. Find the a.verage devaation from the mean for the distribution

in Exercise 6.

,

14.3 Probability

The study of probability and its- applications is an important part of

many disciplines. Relatively simple ideas whiCh can be expressed interms

of coins, cardsdicev,00;pd marbles in bags, nave developed into a powerful

tool used in a wide variety of areas. The methods of,statistical inferente

developed from the ideas of probability are used in making. decisions in

such diverse areas as medical researCh, quality control, and i surance. An

understanding of some of the key ideas of probability shou121\be,na of every

junior high school student's education. These Ideas are relativel simple

to grasp and can be used to answer a variety, of questions about chance events.
1

When we talk about the probability of some event occuring we are asking

th ti estio i es can ye expect an, event,..tp, ocur in a given ....... .
n

- i

. .1....._trials ?" In the si e example of ,a co n, we ' s ..- -.1. ....

fafi,tjelt. 'ari.4land t.S.toz Vraysreier hea s' or 3-M1s . It seems reasonable
,

'doM\esis jUStittilikely tohoccur as the other and we would expect
:--- a .....t-tar.... :,. ,. _ , ...:. ...---V-:- -'..,.. 4 .-a. - . a, . .

...
.

Ittbriat twenty-five heads and twent -five tails in fifiy'ti;ials. i4e
.:-

. . ,

would say:that the ratio of theolumber-of heads.to t'e number of trials is
.

,

1 : 2.. Since this means that about half the -Unt we would get a teactwe sty
... _._

. ,

ihat_the probabil,ty of get .a head la --- The Sate -reasoning,leads ud to ,

expect a given number, ay a -3, about oneout of six ties whe4,rolling an
.

ordinary die. ftwoul expect the ratio of the number of threes o the number

of rolls to be 1 : 6 . .Again we would say the probabiliti7,ofige getting a.
. .,

...,

P-
N ice tha es only one of the possible outcomes

s*"

three is 7.

can occur at a time and each appears equally likely.,

This idea leads is to one of the basic notions ok proliebAlity. ITI'eL10
, . .

;...-

the possible"outcomes of an experiment are equally likely, then we may express .

:'-- -the probability that an event g will,occur as
. % -

-

,
' s P(E) 7 , .- ......, .

1-t, , ;' ...,-,...

1 \
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where t is the number of possible outcomesoin whichevent E occurs,

s is the total number of possible outcomes.

Thus the probability of a head showing on a Single toss of a coin is

since, of the 2 possible, equally likely outcomes-(f and T), only

is a success.

The probability of a 6 isshowing on a single roll of a die

P(6) =

A
sine.% of the 6 possible, equally likely outcomes (1, 2, 3,'4, 5

only one (-6) is a success.

What can we say about the number
_ t

P(E) = - ? If every possible outcome

- = 1, and the prob

success, t = 0, -
s

If an event A

1 0.1)

and 6), .

in'the probability formula

is considered a success, then t = s,

ability of success is 1. If nd outcome-is

= 0, and the probability of buccess is 0.

is certain to occur, then P(A) = 1 J

If an event B cannot occur, then, PB) = 0 .

Further; we may late

0 < P(E) < 1

AS the probability chrges from 0 towaritt 1, we become4more and

more certain,of LCCess.

40IP

Example: What is the probability of drawing the four of hearts from an

considered

it

ordinary- deck
_ _ di

Solution: Since .out of

one way, the

of 52 playing, cards?

52 possible outcomes a
,...

1

2
obabil;ty is

5--
We assume each card has an.'

rf

success can occur *in only

anequal chance being drawn., 0

Example: What-is,the ,probability of dral4ng"ati 4Ce,ifrom th6 Same dqk of

52 playing cards?

Here weimay draw any one of the four aces so that I success may

occur four ways out of the 52 possible outcomes. %Thus the

prObabNlty of an ace is '" P(ace)

Solution:

' 4 1

.. .

52 13

Class Exercises.-
.

What is the probability of getting an even number in rolling an oirdinary--
Ye"

die with six faces numbered, 1, ,g, 3', 4, 5, 6 ?

0. "What iVthee probability ofgetting,a priMe number in rolling the die

in Problem 9?



11. What is the Rrobability of drawing a five from an ordinary deck of

52h playing cards?

12. What is the probitbility of drawing a red five from an ordinary deck

8f 52 *cards? A

6
tSince the probability of event A is given.by P(A) = -s- ,,then the

probability of A not occurring will be given by

P(not A) _ s
s :

(This is so, because if,..--A can occur in t ways, then it will fail to occur

in s - t .ways.) But changing the form 'of this fraction gives the following:

. P(not A) =
:

s - t
i

1* s .s.

s t .

s s

\.,= 1 -
t

s ..

P(not A) = 1
0

- P(A) .

1,64.

Therefore the probability of an event not occurring is 1 minus the prob'abil-.

J i

ity of the event occurring. This seems necessary since vie
,

,pr obabilities- for any particular, situation to add to 1'.

.

...
P(A) -I P(nol A) = 1

,

To answer many questions of probability we need aMethod of determining-
. .:

all possible outcomes of ,certain types of events. One way of listing the
.

.

.outcomes is illustrated below. Suppose we wish to enumerate the posbible

outcomes in-flipping a penny, nickel, anddime._The tree dIammbelow-1 11- TIFil-Ty. --,.
shows

-all possible artangemdnts for the three coins. .
:

__

4
.! : Penny' Nickel

. 1

i , 1 , ,
4

4 '11

wPlAth,sum.of the -

DiMe



From thisotree we see there

4

are eight possiblaTou comes, listeci.

POSSIBLE OUTCOMES

AAA ThUi

HAT TAT ,

-11TH TTH

liTT !ITT

,

Since each of these possible tcomes is equally likely, we assign t .each

the probability .-'The Sum of the probabilities for all /msiible utcomes

p this situation, as in all cases,' is 1 . W e are now iJ a.positio to

answer questions such as the following, "What is the probability.of getting

2 heads and one tail when three coins Ore flipped?" Referring to, heable.

we see that 2 heads and one tail cats occur three ways out'6i,theeight, so

that the probability is
v

"Class Exercises

Use the table developed above to answer., the following:

13. What is the probability of getting at least two beads?

14. What is the probability of all three_coins being the same?
N',

14.4 Probahtlity of-,1* or B

AN.=

Our preiribus discussion was limitled to single events'. Other situations
2. \

arise when we want to know the probability that one of two or moregevents

OCCUrs.

the numb

t us consider the poasible outcomes if we roll two dice and record
--"r7t

s showing. We coUld'use a tree to lia7sErfO7;ible outcomes but

another,way would be to think of-tthe two dice as being different colors, ray

red a white. The we see that ye could get, a4d. ;:lys.with any face.of the_

R1-W1, P142, R1 -Wt. The same possibili-

ties exist fOr ared 2, a rRd,....3,-suldPso forth.: This, leads s to the

s \

,

' \\
1

4

table below.-

-=--

o

o r



.1(Possible Ou4mes with Two Dice

R W RW' R W , R W R W R W

(1,1) (2,1) (3,1) (4,1) .(5;1) (6,1)

(1,2) (2,2) (3,2) (4,2) (5M (6,01

(1,3) (2,3) (3,3) (4,3) (5,3) (6,3)

(1,10 (2#1.)fw- (4,4) (5,4) (6,4) 1

(1,5) (2,5) (3,5)' (4,5) (5,5) (6,5)

(170 (i,6) :.(3,6) (4,6) (5,6) (6,6)

In the table we are using an ordered pair notation. For example, (3,4)

means aL 3 on the relilSie, and a 4 on the white die, Notice that this' is

quite different from (4,3), a 4 on the red die and a 3,1..on the white.

Sometimes the pOasible outcomes of an exeeriment are represented ip a

sample space as shown below.

1

white

die

6- x x x x x x
5-xxxxxx

f

4- .x xQx x x
3- x x x x x x

c 2- x )xxxx
\ .1- x x x

1 2 3 4 5 6

red die

The circled x correspon s to'the outcomes To each of the 36, x's

in the sample space we ha e assigned the probability off' since each

outcome is equally likely o all others. Thus P(3,4) = .

)
this type, many probability problemeduce

,

1
, With 'a. sample space o

,
themselves to.simple,proble s bf counting applied towthe formula P(E) .E .

This relationship of'counti to probability is very impoaant and ,is One
, 1 -.,-

of,the reasons why probabili y makes' an appropriate topic fcr the junior
1

high school. mathematics clasd. , \ ..
0

..If we ask for the probability of getting a sum of ,3 on one roll of-

tile red and white dice, there are two possibilities associated Mith the event,
. \ I

.(/,2) and. (2,1). The probability, hentikgiven by, . .'

1-7 . . .-

P(,stun.of .3) = .[(1',2Yor- 0,1)1 .= ---p12

. ,

i ,

'
3°

1.
k NOtice.however, that. each individu41 event.. has a probability of 7

30 i
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0

: *... -..,
, , .

r4-...r.,.... . .

so that we .ould have arrived at the same answer'by adding theindividual

.

t

probabilities. . if,,, . ,

"''O.

3 P (1,2)
. .0'..). = 'r6"

1.,

=
a , .2 .

r r

This property of adding probabilities hold only-Wen the outcomes under

question are mutually exclusive; that is, when theg' c'annot occur at the same

time. If events A and B are mutually eXclusiye and hive probabilities

,,P(A) and P(B) respectively, then ...

, , P(A or B) = P(A) + P(B) .

j

Consider again the pr,abilitiy of getting a sum of a or less on a
.

single roll of the red and white dice. The sum of 3... or lees means a sum
1., .

of 3 or a sum of 2. (Note tnat 2t is the lowest sum possible. on two

dice.) The event 3 arid the event 2 'are mutually exclusive, hence we
i

14roceed as follows. y.

P(sum of 3 or less) = .13(sum of 3 or sum of 2)

P(s of 3) + P(suEof 2)

= P (1,2) r(2,1 P(1,1)

P(1,2) + P(2, + P(1,1)

: 1 e 1= +-3

la

Our result:of course, agrees with that fouiid for the sam e problem

solved directly by counting pOints in the sample space.

,Class Exprc2ses

Use the table developed in this section to, answer EXercisesi#15-18.

. 15. What is the prbbability of a result with a sum.of- '8?

--16. What is the probability o, getting a double? kb apes the same)

17. What is the jorobability'of g4;ting a double o sum of nine?

18. What' is the probability of getting -a doubler a sum of eight?
a.

.19% From a bag containing 3- red marbles,_5_ white-marbles,, 4 black
. _

marbleS, one is drawn. Answer the followinuesticIps.

(a) What is the probability ofig7ting a red2 whi bl;fclv?

(b) WhIlit, is the probability of ,g.etting ared or k?

-,,(c)1 What is the probabilitieV/getting a . white ±. red?

-(d) What' isAUP he ii.obabilityrof getting a red white or black?
t:

342
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4.5 .Probability of A and B

The questionquestion consi ed in the last section, the probability of either

A or .B, -has its.couriterpart which may be asked as follows: "What is the

probability of both events A and B occurring?" If weconsider,the simple

,case of flipping two coinsr then we hive four possible outcomes: °

(H,H) , (11,1411 {T,11) , (l,P) .

. .

Again, we adopt the notation where the first lel.ter'coresponds to the first

coin; the second to thefsecond coin: We agree that each of these four pos.-

sible outcomes is eqUally likelyto each other. fence to 'each we assign the
1

robatility 7 ..},ahus, we may write

4(F,H) q

If A is the event that the
4
first coin shows heads,bnd '13` the event that

.
- .

.

.

the second coin shows then'we
1hows heads, then we have P(A and .B) =

. .

Notice, however, that individually

In this case then,

In other words,

P(A) = and P(B) =, 1

P(A and B) = P(A) P(B)

P(H,H) = P (first,coip H) andf.(sepond coin H)

P(first coin H) P(second coin H)
1 1

2 f

1=

e-
4

t us try this'apOoach on the probability.of getting a-11(1,1) when rolling_.

the red and wate'dife. ''W-e-SlreapY:know that this probability is,
36 but

. notice again that tie probability of each individual event (a' 1 on the' redz.

/ ,
,die and a 1 on the,hite die) is so that the desired probability is .

;'.

a. $

given by the product 7 .
0 . 1

..,,
.

This observationis.true in general whenever the events are independent_. 0

,'

By 'independent we mean, that the:outcome a one event has no effect on the
- 0 0,4 ' e

outcome of the second. In ge neral:
A

If events- A- and B are independsrit,.with - -

probabilities -P(A) land ,P(B) respectiVOP
. 4
- -' then the probability thst,both events occur

is giefl.by

P(A and B) = P(A) P(B) .
.

3'4fi 55
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As an example. of the above, suppose we flip s coin- and roll a single dieana

ask the probability of getting both a head and.a 5. Certainly the two

tare independent, and since the Probabilities of the' wo events are
1

and
1

respectively, we have 4

P(H and 5) = P(H) P(5)

1 1

444-i

1

Z- 12
, .

This,example'is simple and could-also be saved by a tree or tale showing all

possible outcomes.* In mofe complicated examples, howevexi., the use of the .

Oindividual probabilities is simpler. . e

Class Exercises

20r Find the probability of a head showing on each of 5 tosses of a coin:

21. A coin is tossed and a die is rolled. What is the probability of getting

a he/ad and an odd number?

22. In'the preceding problem what is the probability of getting a head and

a number less' than six?

O

/

5
34.4t)

6
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Answers to Cl s Exercises's')

1 9

-g". 135a

3. 45
o

6. mean =

riiedian;=,,6

mode = 5

7, is 7

8. ave.rage dev1ition = 2 'fr
11

,...."

1 .

2
1

.
__ 10.: 3.

1 . 4 4'11.: -3:- (7)

'12., (5g
13. 1-- A), i

1 2-C' 14. y (g)

) .
-4.

5.
a'

15 .: 3..6.

17..' .-- + .564 =
....

.
. .

18. .- I ON) . Note that these events are nol mutually. .exclusAve.

.A (4,4) gives p sum of 8 and is at the same time.
1

.0

S

a
.t

4
(a) -3i- 12 -12- :\u/- .

--

120.
32

21.1

22 IL
12

(d) 1 t
t?

.

4

a

c.
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Chapter Exercises

1. Six darts were thrown at a.circular dart board. The following ) //

observations were obtained:
1 i'

(8, 7f, 3.-', 4, 5, 4).
A , %

Each observation is the measured distance in, inches of a dart % .'

from the center of the target.

Fin&the mean, median, and mode ofthe data:"

2. Wiet is the range and average deviation)of the-data in Exercise 1?

3. Suppose'in Exercise. 1, all the measureshad been doubled by mistake.

What would happen'to the mean? Is your conclusion true in general?

WEat would happen la the range end average deviation if the data in

A Exercise '1 had been doubled?. Are your conclusions true in general?

5. a bag of 100..oranges contains bad, what is the probability of

the first-orange chosen beini good? If you 11E ve given away. 37 Oranges,

one of which wEe-bad, what is the probability that the next one is bad?

%IMO
e atable showing the possible outcomes.iefripping four coins.

ing,the table aboveranswer ExerciSes 7-10.

What is the probability of all hoilds?

8. What is the probability of exactly three heads?

-9. hat is. the probability of_ one or more heads. (Hint: First find,

the probability of^no.hea

10. What is the probabi ty of e actlY one heador alltails?
-moo'

11.' An ordinal deck of 52 playing cards is shuffled, one card drawn,

rep1ab4d, the deck shuffled, and a ,second card_ drawn.

'-(a) 'what is the probability that both cards are red?_:'

(b)'"'y'What is the probability that the first, card is .a spade and

the secon)lis the ace of .hearts? I ,

(c) What is the probability t'hat the second card is the same

; as thefirst?; .

What is the probabi
-

and- tIle 'three- of

r
that the "two of hearts_ to first

s is .chosen second.? _

.

12. A.coin is flippedlten times and a .headlippears each time." Assuming'

to be honest, what is the probab 1:ity efe,a head appearing

next (Ilia: The c64,1 does not haverp emorye). -;
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ANSWERS TO"C ER EXERCISES

.

*Answers 1:o Problems in the Introduction

1. SEND 9567
+ MOPE ,,-- 1085

-1. MONEY ---- 1565f '',.1q1

2. The winning strategy for the sanje number game is to always choose a

number so that the total after your turh willalways be a multiple.

1 ,of seven. ",

The second number ante, where the winning sum is 85, an beOlvon-by the

player reaching. 77 first. 'Regardless of what number his opponehtthen

calls, he will always be able to choose a number that.will make the

sum 85. The magic number is eight, ozie more than the largest number

that can be used. Since 85 = 8 lo +.5 all critical'po4.nts are.'5

more.thanmultiples of 8 ; i.e:, 77 72 + 5, 6p . and

so forth. The first player may win by choosing 5 andthen each time

afterwdrd, picking a number to make the total 5 more than a multiple

of eight;,i.e, 13, 21, 29, .

a

3

°

s=,-

The problei of the counterfeit coin, among six coins differs from.the

heavy marble problem in that weighing three coins against thtee coins

will yield. no netT information. From the fact that the scale does not
.

balance we,only,lea'rn that-the coins are not all of the same, weight.

To'do this problem it-will be convenient to label the coins a, b, c, d,

e, f. Suppose we Weight a; b against d. There are three possible-
,

outcomes of, such a weighing.

r

so.

.00
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Case I

Here we see that either a or b 'is heavy or c, or d is light, while

e. and f ,are good.

Second weighing -- compare. a, d with e, f. Again three outcomes are

possible.

Ilus a is heavy

(problem solved)

ad

of

thus b is heavy thUS d is light

or c is light' (problem solved)

(third weighit ne 'ed)

Third weighing -- compare b and e -- two possibilities exist.

e

b

'thus b-, is heavy

' (problem solved)

thus ,c is light .- ,

(problem solved) .r... -- :
----.

. . .
,
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Case II'

ra

Z:"
It

When a, b and '...balance, either e or f" is the false coin:

1 CAt. )
Second weighing --,. colppar* e. and a . Three possibilities. exist.

1'

4

thus e is light

(problem solved)

0 4,1;h :

thus o-f is the
counterfeit coin
(third weighing

. needed to determine
if heavy or light.)
4

47110^,

Third weighing -- 'compare f and a. Two pOssibililles exist. ,

thus e is heavy

(problem solved)

f.-
-r:

t}us f is light

(problem solved)

Case IfI

Thid ease is handled with,the same reasoning as Case I with the

obvious changes. Start with a or b in light and .c or d is

heavy. Notice that the key to the solutions of both Case I and Case III,

rests on the interchanging of the position of a coin from one side to

the'othere'- -;"

,a

thus f is heavy

(problem sOlveh)
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4.: Only figures b and c _May be, traced. Figures
/
a and d each have

°
.morethan tE40 odd'vertices.

5. It is not'possible to connect the4tilities a9d houses under the

conditions stated. this ,is discdSsed further in Chapter 10.

The smallest possible nuMber of,Weights needed to" weigh objects,
.

pounas, between 1 pound anl. 6 ptunds is sii; s of
r.

, 4, 8,-16, and 32 pounds.. A simila4-. problem occurs again in

Chapter 2. ''

V

A

35Q , 362

.1,_z_._

.k.,.. /. " '''-1. ....

r$

O



Chapter 1

Answer's to Chapter E*ercises

1. (4), (5), (6)5' (4,5), (4,6), (5,6), '{4,5,6}, 0.

All counting
numbers which._
are multiples

of 4-

410

a

Yes.,

351 4''63 .



A ()B (girl, chair)

P
A 1)(13(,) C) = (boy, girl, chair)! I ( (girl, chair, dog )() ( chair, dog, cat) )

= (boy, girl,chEar) () (girl, Chair, d4, cat )

= (girl, chair)

also (Ail B)J (An C) = ( (boy, girl,chair)r) (girl, chair, dog)) l) ((boy,

AFC = ( chLr) and CIA = (chair} -

girl, chair )1) ( chair;dog, Cat) )

. ) I j ( chair )

= (girl, chair)

,(d) 030 = (boy, girl , chair ) () (4 girl , chair, dog)() ( chair, dog, cat ) )

= (boy, girl, chair }()(chair,dog}

= (chair }' .

also

) Yes.,

(b)

Cr) (AnB) = ( chair, dog, cat ) () ( (boy, giyl, chair) () (girl, Chair, da))

= ( chair,d41, cat )11 (girl, chair)

= ( chair)

(.1

OUH=H
H Uy0 = H

.7MleTefore, 0 U H = 0 .

1\j0 0 n H 0

.

6. (a) Yes. the counting numbers are composed of the even numbers and

the odd numbers.
'f*F

(b ) Yes. Same reason as (a) .

(c). .No. A and B are' disjoint subsets of C.

has no' elements in common mith H.

(d) Yes,: the set of elements in A or B is the same as those

in B

,

'Sea rolEir sodkag c ) .

B = (1,3,5, )

They do not 'contain 'Vie same, elements .
..0



7. (a) F

(b) 0

(c) Yes. Set 'F could be, for example, the same as

. 8.. (EL Yes. Every element of A is an element of B.

(b) 'Yes. Same reason as $a).

. F is the set of odd)counting numbers.

9. No. You can'look for empty spaces.
$

140.

'V*

dilagam

sbc,i6 of

three times

11. The columns

4
d.

set C.

rt

,on a calendar,esiNlish such a torrespondeua%d

12. (at) ,1.,5,6,7).

(b) e9)

A.

i I

0 1 , 2' 3 -4
e

8 9

4 5 6.7 8 9

)
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12. .(continued)

(c) , the set.of whole mumberg.

0 1

(d) The set of all whole numbers

10 11 12 13 44 15 (inC.)

except "9, 10, 11., 12.

9 10.11 12 13 14 15 (inc;)
4

,

(0,1,2',0,4;6,7,8,9,10,14J7-`ttle set:ofjall whole numbers less

than 12 except 5. 4' /' /

0 1 2 3 4. 5 6 7 8 9 10 11. 12 13 14,15

3, 4,_ 5, 6; 7, 8, )
1

5, .7, 9,4,13;15,11, I..)
etc'

Set 0 is a proper subset of set W, 'yet for any .member of W we may

find a corresponding_member. of 0, and for any member of, 0 we may,

'find "a corresponding member of W. In other words, given an infinite
t

set, a proper_subset (which isitslf infinite) may be put into a

one-to-one aorrespondence with the given set.



1. (a) nllllllfll

34iive

25seven.

(b) nnfinn ffi
203

-104
seven

Chapter 2

Answers to Chapter Exercises

.

(c)" ,9 n n nnnnItitil

(a)

10131
five

1641
se-ien

.911)9 F nnonnn
30320five

500
seven

K
2. (a) (1 x 52).+ (0 x 5) Ho x 1)'

(b) (1 x 23) + (1 x 22) + (1 x 2) + (o x 1)

(c). (2 x 32) + (0 x 3) + (1 x 1)

(d) (1 X 42) (1 x (1 x 1)

(e) (1 x 8)'+ (7 x1)

(f) (P x 1) :6r (10 x 1)

.

(g) k 102')' .(o x 10) + (o ;110")
.

(h) x 7). ,(0 ix 7) (o x 1)

gr

-

"44



3' (a) "five

(b) 1101
two.

(c) .200
three

d'
(e) .16

eight

oz) (f) 9twelve

$
/I- (d) 10 .(h).(h) 166

a

.'

-

4.

4

.

' (a)

(b)

(c)

1

0

v

3i

4

4

2.

4

'4

122
five. .

44fiye

344five,

(d)'

(e)

(f)

6,

2

4

3

2

4

0

3

4

30'
five.

22.3,",,',,,"

444

5. .` Base ten Base five Base ten Base five

Numerals Numeral6 Numerals Numerals

1 14

2 L 15 AL 0

3 A a 16 0/
4 _ A L
5 I / 18 AA
6 19

7 L 20
8 21 /-
9 I CI 22 El L

10 1._f0 23 A
11 24

l'. 12

/1 ,k/L.,
25 / 0.0

13 L A

6. (a) 294- (b) 19 (j). 1511 (d) 525 .

-.

7. (a) 3145si;c (b711311°----(c) q°Etwelvet.,w0
(d) 11031folx.

8' 73eight

3563.U8

4



1.- I (a), 432eight

(b) 1337
eight

(c)
eight

2. (a)' 'O
eight''

3. (a) '.3237eight

4* ?eight

362
eight

s
(a) 9 = 72'1- 8 or 8 = 72 9

-2 = 80+040 40' =80..2

5 = 25 + n n =25 +5

1+ 21+ + n n = 24 + n

n = 100 -61'10 10 =100+ n

(b) 3fi,ve = llfive 2 five

nfive 31five 4iive

Chapter ,3

Answers to Chapter Exercises

(d) 71
()eight

(e) 303
eight

(b) 611
eight

4.0;o06k

(b) 3413 6
eight

(c) 12 -

eight

or 2 = 11 + 3
five -five five

;or 4five = 31five + nfive

(c)
seven

= 26seven + 5seVen or 5seven 26seVen
seven

1+seven
33seven

+ nseven

n = 100 + n
seven seven seven

. .

7.. (a) base ive

(b) baseseV

; (c) base seven

or 133nseven
' seven 4

seven

(a) base five

(e) any base > 3

(f) .any base'> 8,

369
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8. (11) 0

(b) 0, 1, or 2. Evenness cannot,be reqograiied by the last digit in,

to

0 4,

base three.

,.-,,, , '
r

.;

. IiirO or 1 - _., ,,' '(b) 0:Or 1

R i. , .
10. It is not possible under the conditions ,stated, since N + -T = N implies

T-= zero and E + H E implies If = zero. Both cannot, be zero, under.

she conditions st(ted.
. .

1.14" (a)
°seve:/-

o

4

(b.) 3seven

. 35 E8 7.0

(c) 462se--4i



1),

'
I,

.66.

0

.2'

3

2.. (a)

3. (1) yes

'(b) yes

.,(c) yes

- :
Chapter

Answers to Chapter,Exereises.

40 1 2 3 x
.

0 1 -2 3

0 1 0 '0 0 0

1 -2 3 1 0 1 2 3-

2 .3 0 1 2 0 .2 2

3 0 2 3 0 3 2- 1

1.

1 - (b) 2 (c) 2
.

(d) L (e) 3

6

. (a) tBoth ardommutatiVe.
E

(b) ;Yes, O.

w
-:5. No closed; 2

Not commutative.

Not, i)..4dbc'l tiv.

Cl sed.

of mmutat ve.

. (a) MTH

\
( d) The jidverde of

\N
1 is 1, '.of

3 is S.

(e) Necessarily. 2 x

(c). y*

(d) No.` 0 + (E x 0) = .0 + E = 0, - but

(0 + E) x (0 -1-'0) 0 x Er= E

25 + .3 = 53 and: 53 is not .in the set.

.

. , V H

I
B v

H

{b) Yes.. (ol Yes: (11) 140 At' (e) --Yes, I.. °(f) 'Yes. Each eIegiarit

is .itS town -4nitatise. 4

tt_rg.;
% 1 t

-e.

, 4',A7,,:.
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8. (a) Yes.

f .

A U(1s(1c) = (1,2,3;4-;516V,§,6) = 425,8)

(AUB) MAUC) = 1t,5J7,8)11(3.,2,3, 4,5,8,9) (1,2,3;4,5A)

(b) Yes. o.

dri(BOC) = (1,2;8,4,5)(1(1,3,4,5,7,8,9) = (1,3,1+,5)
t.

. (An Buono, (3,4-,5)(jt1,3,5) (1,3,4,5)

.

I

t



chapter 5

, #
Answer to Chapter aercises

1. This's-may be shown directly by simply computing.both sides. A more

interesting and illuminatingmethbd is through the use of the distribu-

b. t.i.f , law.,
I

A
4(5 -I- 6 + 7 + 8) =014(5 + +.8)

. 4(5 + 6 + 7) + (4.. 8)

4((5 + 6) + 7) +(4 8)

, 4(5 61'+ (4 7) + (4

(4 :5) + "(4 6) + (4

8)

7) + (4 8}

2. This may also be shown directly by computati8n,bUt it is instructive to

3 102 459
i. There are many and are two ossib 1 answers.29

see a method using the associative-law:

(((3 +20- +.9) + 5) + 2 ((3 1- 4: 9) +, (5 + i)

3 4 ,*' (9 t -T + 2))

:%%. There is nothing imporpeg about improper fractions. An improper fraction,'
_ r.

numerator greate'r than the,denominator,_may be written in another form,,

12 61e.g., . as . This aecond form,may serve a use
.

.

purpose and be better suited to some calculations ors commerce', but
! . i _ .,

serves no use 1 mathematical purpose._ Indeed there ar4 situations in

7-Which such,proper forts are a hindrance. .

li .

Yes. The eymboi 7- names a solution to 5x =).1. knee it can be
Av,,.;:, , ,:, I -1 / . 11 'slown.pathe equations 5x . 11 and 35x . 77 are the: same, -5- -

' must'alSo namethesfautiOh,of .35x ='77.,, ''''.

. ,-... _ .,
. .____----. .

No, The
9

he symbol - names a solution to _x .,'7, Since jx .
e

an
-

21X ,...: 27. -are nei, tha:Saffie-dquati9n,: 1 does not- name A. soluti 4 n .

of 21x = 7 ......--
..-
_lc .-

the flinitiDn for 'equivalent, fractions .



7.. 6; 9, 103.

r-- -.

_.,8. Yes, in each case. The counting numbers are 3, 2, 31,1 and a. Observe,
6

for example,,otheit:while is an answer of 2x . 6, so also 4 3. a .

so ion of this equation. .--
. 141*

0 ' 317, 3,-8, 3
t's-,

41, 2' 5 6.-

-" 7 ' 7 7 '

, 12. ..b, d, e.

C

Sr

3 3 '35, 2, 1:
7 9 1/;.

7.r 7 ' 'F.

14 19 ,9.9
15 100

0

0

csk

9
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4:2W

4.

8

(a) 193 fn 77 105
120 `-`'. 120 `7.' 120

(-8.)
-857-

I

4

phapteze6 ,r
Answers to Chapter Exercises

4- as

(b)
7 (cij

t

5

Fa)
127

8).,.

60 30

v.

I

2047
(b

The answers are not the same which shows .that division is72 :
I *not associative.

...

.e.
,

18 s -3/ . . . .7.. , ic 0 The nswers are not. the ,pame which shows that division is .
not distributive over subtraction.

6. The problel is. to- show that the two expressions,
a

. ,b Noi f
. )

.. i,e e.,
) are equal.

(N)

ace
bdf

e', and

iia .,te e.) a L9N ,

--. ff'
I) 'd . f ' b virfi

'1,
:::--

. . :17cr.f;!,: /,
: . . ,.:---

I .,'Thus, slate the two expressions' iir& each equal to ac* -we see that, the-,.
F. . i

iassociative lair does hold fox Multiplicatioti of rational numbes.
.. .. 5, f,....' ''...- .-:. f,. T. ,

-.(e)'13s -.(d)

(c), 24.7'-'+

(d) 1
37.,

363



r10. (a) 1 1
1 ,2 2

(b)

(c)

1 1
2 3

1 1,,
20 .

and

arid

and

1 1 1
9 -10 94 10

1 1
TB 19

1 1
(r) 1 2 2'

12.

1 1 2 - 1 1.

2 2 , 2
-

1 1 3 - 2 1

1° 1 5 - 4 1
5 zo

1 ,1 1 1 \
3 + + 1 + -51

1 ,
-2- +

1, + t + + .

1 1
.19

18
19

(b)

2
?VP

1
12

1
2-

1 '14*5
U

,

7:
,_

i-,..
L

:

oret-

+.' 124)

rff -1.131

(d) 18 (e)
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a.

d

Chapter 7

Answers to Chapter Exercises

r

L. '(a) 39 =. 3 x (e) 4-100 = 2
2 x

>

3
2 x 5

. (b) 60 = 22 x 3 x (t) 258 = 43 ..

(c) 81 =34 -(g), 576 = x

_<

(d) 98 = 2 x 7 2 , (h) 2324.f- 2 x 7 x 8y

. (a) 1.c.m. = 78

g.c.f. = 6
(b) 1.c.m. = 210,

g.c.f. = 7

b. ,

(c) 1.c.m. = 1517

g.c.t. 6= 1

N ' m Facto*rs of N Number of Factori

9

10

..11

12

13

14

15

16

17

.18a

19 4

20

21

:22

23

-24'
,

. 25 ,

261

27
28

29

-80

Sum of Factors'
t°'

t1, 3,9 3 13,
It

.0 " 181 1,
.

2, 5, 10
1, 11

- 1, 2, 3,74, 6.,. 12-'
1,:.. 13

1, 2, 7, 14.
... 1, 3, 5,, 15

1, 21,4, 8; 16

2 .,}4

6 ".-- 26 .

2- 14
4 24,,
It 24

5 '31
1,17 _ 2

18

1- 2. 3., 6,9, 18. .:":',. 6, _,
1, 19 . . .." ....4 2.0.A.0/,

1, 2, 4, 5, lo, -20 6 42

. 1 1, 3, ;I, 21 It

1, 2, 1,, 22-
.. !

1' 23 2

39

1,2,3,4, 8,12524 ' 8 .

4.

1, 5, 25 / 3

1,-2, 13 26, ;:' * 4
1, .3; ,9, 27 . . 4 Ib'

1, 2; 4, 7, 14', '28 6

1, 29._=. 1,, :
1,2,3;5 6,.0,i5.., 3o. ,, 8

(a) 2,3;5.,7,111;13,17,1 ,23,,2 ..(,thee--prime numbers

(b). 4 i25' ..the 4qua s Qf 'rime
'''' F.

(0' 111ee: 1,, p 'illhst '.p2 ,.,1 (d) ''Fqur: 1;p,qXct. The sum is 1-1-p+qtpq.

.--2--
..ft}:- The factors are: 1;2,22,23,.:.'; 2k There are k t1 of thein..,

.x

32

36

,60

.31

42

40-

t

-

ei



k

4.= (a) No. It is not Possible to have, exactly four members between'two

.odd numbers. -Between any two odd Primes there is alNays_an odd

MUmber.of numbers. If they are congecutiVe_odd-prime-s-all the,

numbers between,would,haye to be composite.

5

(b) Yes. For examee, between 23 and 29 there are'exactl 5

composite numbers: 25, 26,

(a) 135, 222, 783, and 1065 are all.diuisible by three.

(b)% 222. is tie only number divisible .by six'.

,(c) 1$5 and 783 _are;_dkvisible by nine. r p
'7.7

(0, 135 and 1065, are divisible by five.
... .

a , .

(e) 135 and 1065 are divisible fey fifteen

(f) None of the numbers are divisible by four.

6: Rows

1

' A
2

8

Bulbs per row

112

56

28

.14

-7

'(Bulbs androws may be .interchanged.)
%

The pattern is a five,..pointed star.

-'t
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do,

A t'

Chapter 8
15,-

Answers t'o Chapter
. ... i'i1. (aY (3 x 10) (2tx 1.). + (7 x,"--) + (8 x 12) +(5x --1--,)10

. lo-)
1 *(b) (A.x 5) +(2 x 1) + (3. x -) + (4 x ) (a. x 1--)
5 : 53

ft

.

2. a, c

3. (a) 0..27 ± 0.47 = (27 x) + (47 x

= (27 + 47) x 161.0

1
.1' 74 x 75.

74
=

1004 .

74
1(b) 0,4 x 0.3 (4 x 110) x4-37 x

*1-05.
_

. (lox
1 1X 3 ) X - )

1 0 0-'

111:6 X. 10160
1-
1000

.148

.
(a) 5,

= 8

loop 07o 16 0/0 (c)
II'

(

75 010` .(b) /333- 0/0 (c) 426 .010 (a)

6-

.
.

4

;1



.5.

1. (a) .1666 .

2 (a) 35353

4-10 T3- (iq)

4. rational: b, e *

irrational: -a, c, d

5.."rationy.: a, c, e

, 'irrational: b,, d

6. 'e;

Chapter - 9

Antwers to-Chapter Exerdlses

(b)

) 35555

16

r
\,...7. Antcrers will vary: '

/
:

(a) rational: 0.345335 ; 0.34534T ..,." ''--

(c) 27TT

(c) 35535

(b) 0.3453

8. = .142857i4757

= .285714205714

1 -= .428571420571
7

Azte that the same digits

Mete then reappear in cyclic
4*,..,

''. digits being in the er

9. 1 .7i7,6T-.

13
=

'"
. 3= .1538462 5.

21÷3 .76.
-6 :.-.14-6-tg.
13

8 = '615384

75-3-.= 77%
12 .i.. 7-27;7...c-

. 1.- .

liNt

, 4 (e) 2,

(f) '9',10 "
(g) 14,15

,,

(11) '0,9
..2. /

-14

7 41.

3345333 "o ; 0-3453373337

:74 571428571428 ..

7
714285714285

= .857142857142

- (d) .0202

r 5 '

appear in each repfeSentation4.11,4,2,8,5,7).,

fashion SOF each 4ecima1,.witb the initial

1, 24, '5, 7,, 8.

3 = f
13 2307
5 = ,384615

7
.13 .
9 4 923f 3- 1

.11 = .846153

(a) 1,2,

(b)' 11,3.2

(d 64
=3,4"

vt'IJ(d Et,

^
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(a.), Se4;5-

, (1) .A.T..

->
counting numbers : c, e,

rational number's ': a., d,

irrational.numberS b, h,

J

r\

18

0). 2

(i): 33

Xi) 10

fy m

g, n

1; o, to
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Chapter 10

Answers to Chapter Ekercises

2. (a) a, 0

(b) 20, 12

3 (a),,/,.

.

(c)

c (a) See Ekercise 1.

(b)

'24

4

(a)
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6. AB denotes the line passinig,through points. A end B.

AB s the segment with. A and B as end points.

"BA is the ray starting at point B'and passing thriugh A.

AB is'the.ray starting at A and passing through B.

2

Many answers are possible, one set is given.
54. :

(a) ABF, FBC
...' (1') HF, AC 4''''''''.: '-'1;

OD) HEF; TAB- 4_ .

(g), AB, BD, BG
. . . -

i'llt
...0

(c) HEF, ABF, FBC (h) HF, EG, ;..,M

'(d) ABF, HDB, fBC .
,.,-/--- (i). EAB, HDB, FBC, DABy--I

(e) isEA, FB
rk

:,

8. One plane, if the point ds
.4.,

':.'not on the line. , 1

,

%. , .
, 9. 'AtTirst not enough information seems to be given.

-1
How far apart are ..

the boUses? Th total disAhce walked, and thus the minimum dintce,

would seem to d end'upon,the'distances between each house. Let us

40 start, however, and for the toment assign distances between houses

.as shown.

2
44-... 3 '2 2

A,
dl ,7

B . d 2
C

d3
D

-

. - '0.. , .

Then if meetings are held at house A, 7 -boys,c'must walk distance ;d1,

,f- i± Ant walk d
2,

and 2 must walk d
3,

SC1 that the total distance

walked is -
.

.

. . 7d
1

+ kd
2

+ 2d
3

(house A)

Using the same ,piguMent giveshe followi g; . .

.1 2d + + 2d
1

401.

2 -. 3
(houselB)

,
2d

1
+ 5d

2
1+2d

3
(house C),

1

,2d3: + 5dg + 7k13 4 (house D)
.

s.

Examining the four casessshows that meeting at house B will minimize

is the same regard
. ,

)

walking. Surprisingly eno*, the conclusion

the distances' al, 2rand d3.

t.

371 383
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Chaptele,

Answers to ChaptelfEA-cises

g 1!

1. e modelsform a rectangular prism and a 4exagonal prism.

a and d are clOsedt only a is a simple closest curve.

3. The angles are not equal, since they are two different angles. Reall0117

that angles are sets of points and that sets are equal dilly when they

I

May vary widely; only samples are given.

0

A

are identical.

4. Answe'rs

(a) ;41*

414111,ILg""°

(c) c3
1

4

I

filer's formula does not hold. lie= 12, E = 20,
.
F = 9, and

...-
. .1:'

E + F = 1 .:
.

t
, 6. a Mbebiusrstrip with two'twists is cut down the Middle, 'it falls

4

into two loops which a.i'e interlocked.

1

.44
4
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Chapter 12'

Answers to Chapter EXercises-,

2.

v.

446-

1
Subdivided. to-' inch

Subdivided to

I

3. The dimensions of the larger rectangle should be 57 by :*7,.
in

1"The dimensions of the smaller rectangle should be 1- ,by 37 .

4. Square, rectangle, parallelogram, rhombus,trapezOid, "kite. (There

may be' others suggested.)
e7

5. A polygon whose sides are congruent and whose idgles are congruent.

,.

Two circles my. congruent if their radii are congruent.,

Z. They aye perpendiculal-.'

8. One radius is tInce theoth4.

9. Gin/en a point C and a distance ', a sphere is the set of all

points in space at distance r from paint C. ,

. .

;10. .Not necessarily. The definitions will vary depending on,vhat.'is

considered a 1:line" or "segment" on a'sphere, and intuitive definitigAa:,

'shZuld be accepted. This is difficult to define because a "triangle',

may have more'than one right angle. Note: The purpose of this exer-

cise is to causqFyou to4Consider the "ground rules" of plane geometry,

and that these rules do not necessarily hold in another physical

situation. c

;>*.st ' .1'"4."

3'085

,.1



ti

Chapter 13

Answers to Chapter Exp:rises
4

1. (a) 1 foot each (b) 45", 0

s

(c) .4 is not the sum of 1, 1, and 1. ,Even though each error was less

than one -half foOt, the,sum of the errors was over half a foot and

therefore must be.counted in the measure of the perimeter.

2. The square has the greater area.

.3. (a) 1164sq,units (b) 112:5 sq. units

J. (a) 90 cubic inches approximately.

(b) 'Approximately 111:4 cubic inches..

c) Even though each,grror was less than one-half inch, the product

of the-t l ee numbers in (b) would increase the'volume.measure

significantly.

4 feet

N

6. Approximately 0.004 cubic inches

7. (a) Approximately 13 inahes
2

(b) Approximately 38 cubic inches
1

(c) Appro;cimately 63 square inches

8. (a) y, 7f, 53; (c) 391; cu. in.

(d) 58cu: in.

'(Dy 64- sq.

1" 1" 1"-
.(b) lc , 87, 6

2 2

9. (a) 616".s.61. in. \ b ,
:This erWiS'difficult ospot.'iPlost pdople do not qut these wetly

,and ihss'inetfaci.that theb is Osmall parallelogram of area 1 square
. '

,14k.iI the center of the completed rectangle. The figure might look
4, 5

Xt.;P'Ati r;to this:

10. (a) di Terence is doubled.

(bi Area is 4

;r.

t

. ,P

times as great .

- ^

374

38G

1 sq', inch

04#

t.



Chapter 14

Answers. to Chapter Exercises
r

1. mean,= 5-
1

3

median = 41
2

.mqde = 4,

1
2. range = 4-

2

average deviation

.

'29

3. . The mean. is also dbUbled.

x + x '-i- x + .... + x
. .

1 2 3 nm
1

01
n ' 1

2x
1

+ 2x2 + 2x
3

4' + 2x
n-

m2
d 'r

10 + x
u

2
n

n

,

= 2m
1

-

The median is. likewise doubled, for, the riddle element till th0.,
.

e ..middle element.
° ' ,-,

1

'
41. , The range is also doubled for 4 :x the smallest and xio i

a
!

s.

cl the largest in the original diqtribution _the range is x.10 - xa. The.
-..

nevi range will be 2.x - 2xa:-; 2(x13 - x
a
). 1.

The average deviati ,en is doubled as thT following example consisting of,

four elements will indicate..

(a, b, c, di
.

a+b+C+d
ml = 4

,
a' - ml + b - mi"+ c - m

1
+ d - m

1Average deviat ioh

a +.b + + d - 4m

. r

. (2a,.2b, 2c, 2d):.

m
2(a + b c

/-

A,
2 4

e

4

2a-+ 213' + '2c + 24 -,

Average deviation =

. 26 2b +.2c. + 2d

,
=2



5 91 8

10Q T3

a.I

6. HHHH
H HHT . .THHT
H H T H.. THTH
H HT T T T

H TH 11 TTHH
H THT T H T

H T TH TTTH
H T 1P%1 TTTT

7 . P(H H H H) =
1"

o

8. '41:5(t =7ee H's)1,

( at least,4.ne H) = - P(no H)

` =1 -P(TTTT)

1
1

=
.

11;

"

10. P(one T T T)

= P(one H) P(T T T T)
1 t-s'

57..
11.° (a) 1-2/x =

(b) X 2108

(d). x
.52 5?

12.

1

I

of

4
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GLOSSARY

A

_ Mathematical terms and eXpressiodS are frequently used with different

meanings and connotations iii different fields or levels of mathematics. The

"following glossary exp'l'ains some of the, mathematical Words and phrases as

they are used in this book. These are not intended to be formal definitions.

More explanations as well as figures and examples may be found in the uiook

p reference through the index.
o

0 ?

o °
. I

A

0
AI-GOBI-TM (ALGORISM). A special 15rocep for solving problems --

ANGLE. The union of two rays which have the same endpoint b4 which do
e

.not lie in the'same line.

1

ARC. A part of a circle determined by two points on tlA circle.
6,'

AREA. A measurement in terms of a swcified unit which is assigned to a
closed regidh. Note that both number and unit must be given,,as
30 square feet.

.

1 a cs . ' , '. o .

,.., ASSOCIATIVE PROPERTY OF ADDITION. For the,thr4e numbers a, b, and, c
.

.(6. + b) + c = a + (b t cia
.-

.0
. I, -...; .

,

.

..,
ASSOCIATIVE PROPERTY OF MULTIPLICATION. For the three n and c...) ..,"

(a x b) x c = a >< -b x.c), .. . --.
0

BASE (of a, numeration syste . The used in the fundamAtal grouping.
Th 10 is the b::- of the de al system and 2 is tA hle base /of the "::

biny system.

BASE (of a geometric figur
figur

TBITTAR

A particular side or face of a geometric '4

NUMERATION YSTEM. A numeration system whose base is.two.

7 1ION. An operation applied to a pair of numbers, °

,
1 .

,( ) Symbols used in this bookexclusivel& to indicate sets of
objects. jibe members of the set are liptedor specified within,the -

braces. .
. .. . t

, . .
. .. ' .1 .

. .

. , BROKEN LINE CURVE. A curve formed from egmdlies'Soinea ebd to end bui
,

not forming a straight, line. , ° .: .
g

s.

4

IA,

I. 0



c

CIRCLE. The Set o 1 points in a plarie which are the same distance from
a given point. A simple closed curve in aplane each:,of whose points
is the same distance f;'om a fixed point.

CLOSED CURVE. A curve that can be represented by a figure that starts and
1 stops at the same Point. 14

CLOSURE. An operatiOn in a set has the property of closure if the :result
of the Operation on members of the set is a member of the set.

COMMUTATIVE PROPERTY OF ADDITION; For the two numbers a .arid b,

. a + b = b .

I-

0MMUTATIVE PROPERTY OF MULTIPLICATION. For,th&..61.5) numbers a and b,
a"x b .4D x &,_.

COMPOSili, inSER. A whieriumber greater than 1 which is not a Prime -

naber. 4

.

}

CONE.- A surface formed when a plane cuts a conical suface such thet the
'intersection is a dimple closed curve. The cone is that part of the
conical surfeie between the vertex and the plane', the vertex, and the
closed region cut from the plane that forms the,base.

CONGRUENCE. Tle relationship.betweeri:tWo geometric figures which have

. ,
. . .

exactly the same size and-shape. c

CONVEX POLYGON. A p4lygon who interior-is in the interior pf each of
its angles... It is also defined as a polygon whichRlies entirely%in
tor) on,tge eidgeof the half plampdetermined by each ofthe sides
in turn. '17

4
.

COUNTING NUMBERS'. e nuaers used in counting: . (1, 2, 3, 4,5,... }
.,

..,.

CURVE. A se;of 1l those points which lie on a particUlar path from
].', . . . .A to $.:° ;

.
. .

=

CYLINDER. A surface brined when two`taralael planes intersect a cylindrical
surface. Tt*.i,s thi portion-of the cylindrfcal strface between the ) " .

planbs,'t thbr With 1,he clOsed regions cut front the planes.

goaCXLINDRICAL. S ACE. -.A surface formed by all lines passing'throuih a
simple c oed curve in a plane, parallel to adine.liotin the Plahe.

4er'

v
4

_

C.D

4.
DEGAIAL A humeratnittewin the extended al plac value system.

.

t

° : . DECIMILACE VALUE SYSTEM. A*place value numeration system with ten; as
41 the base for :g.ouPihg.

DEIRIKE. .04 Common untt.fOr numerical measure of-angle The symbol for
',edegree is

I

,
1

-141.
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DENSE. A property of the sets of rational and real numbers. The rational
(reel) numbers are dense because between any two rational (real)
numbers thpre is a third rational (real) number.'

.

DIAMETER OF A CIRCLE. A line segment which contains the center 'of the
circle an? whose endpoints Yie.on the circle-. ..-- .

\,..
ilL e-,-.. .

DISJOINT SETS.fTwo or _moil sets which have no memlIers in common. '

DISTRIBUTIVE PROPERTY. A ,)dint property ,of multipliation and addition.
This property says that multiplication i(s distributive over addition.

le%
mF81 any umbers a ., b

...,)
And c,

a x (-1,,, +) . (a x b) + (a x c) .

1

.

E

' ELEMENT OF. A SEA An object in a set; a member of a set.4
1

EMPTY SET. The set which has no members.

4 . .,

,

EQUAL, symbol =. A = B means that A and B, are:two different names
''for the same Object'.' r

, ,

. : .

EPUIVAIENTNUPERALS., Numerals that name the same number. , b
a

. . .

EQUIVALENT SETS. Sets that can be'put into 0 one-to-one correspondence.
.

EXPANDED FORM. 532 written as (. x 102) + (3 x 10) + (2 x 1) is said
to be written in expanded form.4 ,

ti .

.., :

F.
FAQTOR. If bx = a, with a, b, and x, whole numbers, therly is

a factor of a., ,"

'FRACTION. .Any expressionlof
, pumbers.

the form
x

y
where x and y represent

GREATEST COMMON FACTA. The largest whole number which,ln fac'tor of two
or more given whole numl-jers.

'

HALF-LDE,. A line separated by, a point*re'snlb-:-.in two h4f-lines,
neither of which contains thepoint..

1

HALF-PLANE. A plane separated by a line results in two half-- planes,
..,

A rneitite"eof which contains the line.--,
$ -

HALF- SPADE. Space separated by a planq results in two half spaces,
.. . . .

-:711.elther of which contains the-plane. .

4 3793:9 'I.
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A

I ,

IDENTITY' ELEMENT FOR ADDITION. -.The number 0 which has theproierty

'
0+a=a+0= a

IDENTITY' ELEMENTCFOR MULTIPLICATION. The. number 1 whichhas the
,

property *at. 1.xaFaX1 =a k

2-'117E6E/1. Any whole'riumber or it opposite.

- .. , - ,

---, INTERSECTION OF TWO SETS. The set of common to each*of the
.

f p . eivedbeis"
J- --4 .

.,
%

IRRATIONAL NUMBER. A.reaknuAer which cannot be expressed in the form
-where a',is 'an .integer and b,,is a counting number, 'ite., any
number that inot a rational number.

It .* ' .
..

',.,

.

-....
. ,

L

LEAST COMMON MULTIPLE: The,smallest non -zero whole number which is a
multiple of each of twOtnenruh*le numbers.

'44*1 ;LENGTH OF A LINE_SEGkrENT. A measurement in terms of a-specified unit
q 4,4,-N-'wh4.ch is assigned to the segment. Note that both number and unit

must be given, as -3,feet or 5 miles, etc.

,

.

LINE (STRAIGHT LIVE). A particular set of points in space (an undefined
term in geometry). Informally it cart be thought of as the extension
of.a line segment. '

a

b

LINE SEGMENT. A spegial case of the curves between two,points. It may
be.representea.by a string stretched tautly between its two endpoint's.

M

01.
MATCH. Two sets match each other if their Members sap be put in one-to-one

correspondence."orrespondence.! ,
"

MEASURE. A number assigned toa geometric figure indicating its'size
with respect to a specific.unit: 4

MEMBER OF A SET. An object or element id a set.

METRIC SYSTEM. A decimal system of measure with the meter as the standard
unit of length.

.

4

""..i.-a&aaa-..r....,..aaaa,..
PIJITIPLE OF A WHOLE NUMBER. A product of.that number and any w oh le num er.

0..

4.

"pt,- , N

NEGATIVE RATIONAL NUMBER. The opposite of$ positive rational number.
§See OPPOSITE NUMBERS.)

NON - NEGATIVE RATIONAZ NUMBER. 5l the,positive rational. numbers and zero.

3.0 9
I

'4



NUMBER.

4 V.

See Whole number
Counting number.
Rational number
Negdtive rational number
Irrational number
Real number .

A

NUMBER LINE. A mobiel'to show numbers and their order. The model is used
first for the whole numbers. The mark,ings and.names are extended as
the number system is eXtended-until finally a 1-1 correspondence is
set up between all the points' of the line and, all the real numbers.

NUMERAL. A name or symbol used for a number.

NUMERATION SYSTEM. A numeral system for naming numbers.

NUIpER SENTENCE. A mathematical sentence stating a relationship between
!rbers.

3 .0

ONE-TO-ONE CORRESPONDENCE. A pairing between two sets A, B, which
associates with e'ach,member of A asingle'member of B, .and wit4

; each mer of B a single member of' A.

OPEN A sentence with one or more symbols that mar be replaced
by the elements of a'given set. . .

%OPERATION,: A (binary) operation_is an association of an ordered pair of
numberswith a third nUmber.

,

OPPOS21/, NUMBERS. A pair of numbers whose sum is 0.

ORDER. A property of a set of numbers which 'permits one to say when a

and b are in the set whether a is "less than," "greater than,W
or "equal to" b.

ORDERED PAIR. An 'ordered p air of objects, is a set of two objects in which
one of them,is specified as being first.

s.0

.P
,

%
.

.
PAIRING. A correspondence-between an element of one set and an element of

thanoer set.

PARALLEL LEES. tines in the, same plane which do not intersect.

PARALLEL PLANTS. Planes that do not intersect.

PARALLELOGRAM. A qdadrilateral whole opposite sides are parallel.

FWITCENE. Means "per hundred,"--dg,per hundred or 3 percent.

PERIMETER. The total, length of a closed curve.

381
3 9 3 .

-\
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PLACE VALU ES. Tile values given to the different positions in a numeral.

PLACE VAITA NUMERATION SYS TEM.,..A numeration system which uses the position
or place in the numeral to Indicate the value o2 the digit in'that
place.,* -

0

'PLANE.' A particular set of points. It can be thought of as the extension
0 of,a fiat s*face such as a table. Usually an undefined term in
geometry.

PLANE CURVE.' A plane curve is a curve all points of:wh,ich lie in a plane. .

PLANE CLOSED REGION. The interior of any simple closed plane, curve together
with tilt curve. E.

POINT. An undefined term. It may be thought bf as an exact°1ocation i
. ,

space. _
,

0 )
.

POLYGON. A'4simple closL curve in a plane which issthe union of three or
more line segments. .

4,

POSITIVE RATIONAL NUMBER.. Any number that can be expressed as E were
a is a whdle number and b is,a counting number.

. lf
POSTULATE. A statement which is accepted without proof.

PRIME NUMBER. Any whole. number that has exactly two different f tors
(namely itself and 1).

el

PRISM. A surface consisting two congruent polygonal region as bases
and plane regionsboufided by .parallelograms as latdal fa es.

4

PROPORTION. A statement of equality between two ratios.

'PYRAMID. A surface which is a set of points consisting of polygonal
region 'called the base, a point called the vertex not n the same
plane as the base, and all the triangular regions det mined by t
vertex.and the sides of the base.

cR

RADIUS'OF CIRCLE. TA line segment'with one endpoint the center of e circle .

and tlft other endpoint on the circle. '

.

,RATIO.' A relationship a:b between an ordered Air of numbers = and
b where. b / 0. *The ratio may be alsO expres 'd by the fr Zlion 4

. N it 0::

RATIONAL NUMBER. Any number which,can be written ,n the form where a
is an integer and b is a counting number.' -, ,

g.
.

RAY. The union.of a point A and all those poi s f the li e ,AB on the
same side

REAL NUMBERS. The.union of the set of'ration numbers and the set of
irrational' numberi.

4,0

382



1.1

,RECIPROCALS. cAny pair of ritimbers .whose Produccis

. _

REGION. See PLANE REGION.

REGROUPING. A w ord used to replace,the words "carrying" and "borrowing."

RIGHT RECTANGULAR PRISM. A right prism whose base is a rectangle.

S

SEGMENT. See LIVE SEGMENT. / ,

\,

1

. 41%
SEPARATE. To divide a given set of points such as a line, plane, sphere,

spacf, etc. into disjoint subsets by use of another subset such as a
point, line, circle, plane, etc.

SET. A sei. is any collection of things listed or specified well enough
so that one can say exactly whether a certain thing dmesor does not
belong to it.

dO

SIMPLE CLOSEDi.UURE.' A plane closed- carve which"does not'intersect itself'.

SIMILAR. A relstionship between two geometric figures which, have the
same shape btlt not necessarily the same size.

.1

SKEW. '2%4.6 lines which dd not intersect and are nok parallel.

SOLUTION SET. The set of all numbers which make an open n/mber sentence
true.

T- SPACE. The set of all points.

SUBS'T.. Given two sets A bnd B, p is a'subset of A if every member
of B is also a member of A.

to_
;

TRIANGLE. A polygon with three,sides.

U.

. . .

.UNION OF TWO SETS. The union of two sets is the set of all elements that
.are irk' at least one of the given setts. .

. . .

..UNIQUE. An adjective meaning one and only one., 4 ,

V

VERTEX (pl% VERTICES)

of an angle: the common-endpoint of its two 'rays.

of a polygon: the common endpoint of ty.segments.

of a prism or pyramid: the common - endpoint of three or more edges.

..4tir

383 3 9 5



VOLUME., A measurement in terms of a specified unit which is assigned to
a solid region. Note that both number and unit must be given, as
.3 cubic feet.

.

WHIL NUMBER. !The cOunting numbers .41.0 the number Or (0, 1, 2, 3, 4, ...) .

Z

ZERO. The' number associated with the emgty set.
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'addition, 51, 120, 185 '

algorithms, 52
, addition, 5t

aUbtraotion',658

multiplicatibn, 62
division; 68

angle, .247

acute, 291 '

adjacent, 292

a/ternate-interior,257,
central, 299
complementary, 292
corresponding, 257,. 294
interior 'of, 247

naming, Al
obtuse, 291
of a polygon, 254
of a triangle, 250,,
sides of; 247

supplemeAary, 292
-right-, 291

vertex of an, 247
vertical, 250.. .

apex of a pyramid, 265
approximate, 283
arcs, 298,

area,' 11
of a circle; 318
of a paralfelbgram,
of a trapezoid; 316 t

of tix4tirianglc,..1ML6

surface, 320
assoCiativity, 222
average deviation, 335

,base, 198

changing, 40
of a prism, 261

- 'of asyramid,265.
'vith-eXponents,' 31

baseA other than ten, 51,
computation,. 51

betweenr,238
braces.,-2

cardinality, 4
central tendency,,333
measures of, 333 ,

ci7Ele, 297 .

center'of, 297
chord of, 298 ,

circumference' of, 299
Aiameter of, 297

. obis

:294.

INDEX

clock arithmetic, 87

closed (closure), 133, 139, 221
collinear, 232 -
cemnutativity, 222
cone, 322

volume of, 322
congruence (congruent), 278,'
connectives, 14-

"and!', "or", 14

coordinate, 13 '

correspondence, 4
. one-to-one, h-

corresponding parts, 280,
curve, 252

' bro4pn-line, 253
- eldsed, ?511k

plane, 253

complqe (completeness) 1.229, 223 ,

'Counting Problems, xiv
cube, 320

cylinder, 262, 321
volume" ,of; 321,

data, 3

summarizing 3334
decimals, 181 -

nonrepeating,
'opera-1/4tiems On ,085

`decimal representation, 219
nonperiodic, 219

degree, 289 ''

of arc, 299
denominator, 106
dense (density), 220; 223

'dispersion, 333
measures of,,333,

distance,- 280'

distributivity, 222
division, 66, JA5,

72 -
1

elements of 6.,,set, 2
elements, 83, 84 .

identity, 83, 84
inverse)' 84

, 2

equations,

Eratosthenee; 168
Sieve of, 168

Euclid, ,168

Euler, xiii
formula, 259

event's, 342; 343

,independent, 343
mutually exclusive, tia
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0

-
exponential form, 29._
exponents, 31'

zero, 31' . -

factors; 157, 158, 164
factorization, 162

complete, 162
Fermat's Last Theorem, 170'
fractiOns,.102, 106

equivalent, 103, 106
four-color problem, 267 .-

fundamental theorem-of arithmetic,

geometry, 221
nonmetric, 227 '. -

Golbach ponjectiye, 69
googol, 33
graph, 13, 3305 332

broken-l330ine, 330
circle, 332
of a solution set, 13

graphing, 329
/. -giaateqt common faltor, 164

greatest possible er or, ,2,85

;grouping, 34, 54, 5 ),.80

half -line., 240

half-&pnes, 241
ha pace, 241

identity, 84, 100, 135, 140
- additive, 84, 100; 135

multiplicative, 84, 140
4 identities, 222

inequalities, 12
integers/ 112

negative, 116 '

operations on,d48.
Cpositive, 116
terseotitin, 235

of sets,. 7

inverses, 222
additive, 85, 149
multiplicative, 84

Jordan,Curve Theorem, 253

Koenigsberg bridge problem, xiii

I. )

Net

length, 44
----of-6egment.,2278-

line,.231

mean, 334&
arithmetic'b34-.

measure, 2847705
angular, 287, 289

measurement,

:g727411"Pwnature of; 8
163 .unit of, 284

median, 334
meter, 284-
mode, 335
modulus, 88
Moebins Strip, 267-
multiples, 158, 164

least Common, 164
Multiplication .14

nappes, 265
notation, 181.

decimal; 181
expanded, 31

number, v, '26

number game,' vi

number line, 13, 107, 117
extending,113

number theory, 169
numbers

amicable, 167
162

counting, ,g7

denominate, 305
even, 161 P
tie-rational, 212/ 219

odd,4,161 ti

perfect, .167

po'Sitive rational, 100, 170
prime; 1614 162
rational, llb; 212, 2l
real, 12, 218 .

whole, 97,-100, 110; 157
numerals, yi, 26

Dint u-Arabi* 26, 114 ,

numeration, 25-46
base five, 34
base tikive, 36

' base two, 37
Egyptian system; 26
otherbases, 34, _
Roman system, 28,,
systema'sf,,,25 -4v-1

`-numerator, 106
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1. 4.

S

one, 98,161 protractors, 290
operation, ,75, 127, 153 pyramid,'265, 322

s binary, 75,
opposites, 117

127, 153 'truncated,
, volume of,

265

order, 107,.223

parallel lines, 236, 257,'294
parallelogram, 257
pentagons, 254
percent, 181, 195
-percentage, 198.
perimeter, 308

perpendicular, 291
phrase, 12,

open huMber.12.
, 220

place value, 29, 35
place value tables 30

decimal system, 30
plane, 233

parallel, 237,
points,, 231

sets of, 231
polygqp, 254.

convex, ,254

diagonal of, 255
'vertices of, 254

polyhedroms,
edges of,-258
faces of, 258
vexlices,of, 258

powers, 31
precision, 285
prime, 117 v.

401ativelyj 173
prisms, 262'.

oblique, 321
right, 319
right rect u ar, 319
volume of, 0

probability, 337
laxoduct of rational numbers, 138
property, 79, g, 90,

-associative, 81, 134, 140; 222
o 'closure, 79
;commutative, 79, 98, 134, 146'
comparison, 279

distributive, 90, 129, 141
tching, 279

,,..._Anotion, 279 .

of addition, 133
,of multiplieaV1139

)

*

subdivision, 283. '

unique factorization, 163
_proportion, 194 `'

1

O

,

quadrilaterals, 254---
,

192
84

radius, :297

range,,335
rate,. 198'

ratio, 181
reciprocal,:)

region, 4
clos

close
relations

segment, 239
sentence, 11, 14,

angular, 312
ween sets, 4

compound' number,

open, 11
separation, 240
set, -20

closed, 79
continuous; 277
discrete, 27.7

disjoint, 4, ,)
empty, 2, 23
equal, 4
equivalent, y
finite, 2
identical, 4
infinite,,2
null 2 ----

-operations on; 7
ti"uth, 12

solution., 12'

union of, 8

simile.closed-curve, 252
sketching., 228.
solids, 256
solution, 13
spaCe, 231

sampre, 341,
sphere, 322

volume of, 323
square, 153

magic, 153'
statistics, 329
subset,'5,_6

proper, 6

subtraction, 57, 142, 182
,sum of rational numbers, 13.L

of"

a4
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superimposition, 279
surface,- 262, 264

conical, 264
cylindrical, 262

symbols, al, 26
system, 25, 75, 97

'mathematical, 75, 95
metric, 284, 307
number, 97
numeration, 25
real number, 205, 219.

tangency, 298
point of, 298 .

tangent 298
',tetrahedron, 258

topology, xiii
transversal, 256

tre.a,diagram, 339
triangle, 250

acute, 293
equilateral, 293
interior. of, .251 -

isosceles,.293 .

obtuse, 293'
right, 293
scalene, 293
similar, 203

ti

unicursal problems, x
union, 239
unlqueness, 232
units, 306 1

,gy,sttni,, 1306

':Venn" diagram, 5

vertices, 250
volume, 319

wei fling problems,- viii

, zero, 316, 160
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